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Recently BabǔskaOh introduced the Method of Auxiliary Mapping (MAM)

which efficiently handles elliptic boundary value problems containing singulari

ties. In this paper, the Weighted RieszGalerkin Method (WRGM) is investigated by

introducing special weight functions. Together with this method, MAM is modified

to yield highly accurate finite element solutions to general elliptic boundary value

problems on the exterior of bounded domains at low cost.

1. INTRODUCTION

In this paper, we introduce a new approach to deal with a general elliptic boundary value
problem of the form

−
n

∑

i,j=1

∂
∂xj

(aij(x)
∂u(x)
∂xi

) + b(x)u(x) = f(x)

on an unbounded domainΩ which is an exterior of a bounded domain.
Over the years, related to the Finite Element Method (FEM)([9],[29]), much work has

been done on unbounded domain problems ([1], [9], [11], [12], [14], [15], [22],[28]).
Several numerical methods for these problems were suggested. The following approaches
are the most typical: truncating the unbounded part of the domain and introducing an
artificial boundary condition on the resulting artificial boundary; coupling boundary element
method with FEM ([19]); and using infinite elements ([6], [7], [8], [31]).

The basic idea of these approaches is to divide the given unbounded domainΩ into two
parts: the bounded partΩc = {x ∈ Ω : |x| ≤ c} and the unbounded partΩ∞ = Ω\Ωc.
In ([16], [17], [18], [20], [22]), under the assumption thatf(x) = 0 on Ω∞, artificial
boundary conditions were set up for the artificial boundaries of the remaining bounded
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domainΩc. Thus, these approaches are not applicable unlessf(x) has compact support.
Moreover, this is impractical if the support off(x) is very large. In ([6], [7], [8], [31]),Ω∞
is partitioned into a finite number of infinite elements incorporated with the meshes onΩc.
Then the special decay shape functions are constructed for those infinite elements. Thus,
the implementation of this method in a FEM code leads to an alteration of the structure of
the standard FEM code.

The new method introduced in this paper, similar to the infinite element approach, does
not have these difficulties. First, we introduce an auxiliary mapping that can transformΩ∞
onto a bounded domain̂Ω∞, the unit ball. Then we apply the standard FEM toΩc ∪ Ω̂∞
(like one point compactification ofΩ for FEM).

The novelty of our method is that no artificial boundaries are created and no alteration
of any existing FEM code is required for its implementation. The numerical examples
show that our method is effective in handling unbounded domain problems. Moreover, the
method yields highly accurate numerical solutions at low cost.

This paper is organized as follows: In section 2, a cutoff weight function, which
makes the weighted Sobolev space being the usual one on the bounded subdomainΩc,
is introduced. Also, the Weighted RieszGalerkin Method (WRGM) is introduced and
the existence of a solution of the related variational problem is proved. In section 3, an
auxiliary mapping is constructed to deal with the unbounded subdomainΩ∞. The new
approach dealing with unbounded domain problems is described in the framework of the
pversion of FEM. In section 4, the efficiency of the method is tested with various types
of elliptic boundary value problems on the exterior bounded domains for the cases when
supports off(x) are not bounded.

For a clearer presentation of the method, proofs of technical lemmas, used in theory
development and numerical experiments, were placed in appendix. The method is also
applicable to elasticity problems on unbounded domains([26]).

2. THE WEIGHTED RIESZGALERKIN METHOD
Throughout this paperΩ ⊂ Rn denotes an unbounded domain which is the exterior

of a closed bounded domain enclosed by a simple closed curveΓ(see, Fig. 1). |x| =
(x2

1 + ... + x2
n)

1
2 , x ∈ Ω. Theng : Ω −→ [0, 1], is a smooth cut off function satisfying the

following properties:

(i) g(x) = 0 onΩc = {x ∈ Ω : |x| < c},
(ii) g(x) = 1 onx ∈ Ω \ Ωc+b = {Ω : |x| > c + b}, b > 0.

b is selected so that|∇g| is as small as possible. For convenience of coding, the construction
of a specific cutoff function is given in appendix 1.

Definition 2.1. Let the spaceHk(Ω;µ, g), with k ≥ 0 an integer, be the Banach
space of all functionsu(x) such that

‖u‖2Hk(Ω;µ,g) =
∫

Ω
e−2µg(x)|x|

∑

0≤|α|≤k

[Dαu(x)]2dx < ∞,

whereα is the multiindex, that is,α = (α1, α2, ..., αn) ∈ (N+
0 )n, N+

0 := the set of

nonnegative integers.|α| = α1 + α2 + ... + αn, Dα =
∂|α|

(∂x1)α1 ...(∂xn)αn
. Hereµ is
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a nonnegative real number, which is� 1 and will be determined later. Forµ = 0, one gets
the usual Sobolev space. In particular,H0(Ω;µ, g) = L2(Ω;µ, g).

It is convenient to employ the operators∇, div, and∆. These are defined by∇u =

(
∂u
∂x1

, ...,
∂u
∂xn

)T , whereT means transpose, div(f ) =
∑n

i=1
∂fi

∂xi
, wheref = (f1, ..., fn)T ,

and∆u = div (∇u).

2.1. Weighted Residue Method
Let us consider a general second order elliptic boundary value problem,

−
∑ ∂

∂xj
(aij(x)

∂u(x)
∂xi

) + b(x)u(x) = f(x) in Ω, (1)

u(x) = 0 onΓ, (2)

wheref ∈ L2(Ω;µ, g), 0 < α ≤ b(x) ≤ β for all x ∈ Ω, and the coefficient matrix is
bounded, symmetric and positive definite at each pointx ∈ Ω:

aij(x) = aji(x), (3)
n

∑

i,j=1

aij(x)ηiηj ≥ α
n

∑

i=1

η2
i , (4)

n
∑

i,j=1

aij(x)ηjξi ≤ β
(

n
∑

i=1

ξ2
i

)1/2( n
∑

j=1

η2
j

)1/2
, (5)

for all ntuples of real numbers(η1, ..., ηn), (ξ1, ..., ξn). Here the constantsα > 0 and
β > 0 are independent ofx.

First of all, we prove that the elliptic problem (1)(2) is well posed. For brevity, we
assume that the coefficients,aij , b, are constants,Ω ⊂ R3, and∂Ω is Lipschitz continuous.
However, arguments for dimension two and variable coefficients are similar. In what
follows, under these assumptions, the followings are proved:

(i) For eachf ∈ L2(Ω; µ, g), this problem has a unique solutionu;
(ii) The mappingf → u is continuous with respect toL2(Ω; µ, g)norm.

Let F ∈ L2(R3; µ, g) be an extension off ∈ L2(Ω; µ, g) such that

‖F‖L2(R3;µ,g) ≤ C1‖f‖L2(Ω;µ,g) (6)

(see, Chapter 3 of [23] for details). Then the elliptic problem,−∆w + w = F in R3, has
a solution of the form

w(x) =
∫

R3

e−|x−ξ|

4π|x− ξ|
F (ξ)dξ.

Now, the following lemma shows that the mappingF → w is continuous with respect to
L2(R3; µ, g)norm. A detailed proof of this technical lemma is shown in appendix.

Lemma 2.1. For some constantC2,

‖w‖L2(R3;µ,g) ≤ C2‖F‖L2(R3;µ,g). (7)
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By applying Sobolev imbedding theorem, Lemma 2.1 and the well known estimates for
bounded domains, we have

‖w|∂Ω1‖H3/2(∂Ω1) ≤ C3‖w‖H2(Ω1), (8)

‖w‖H2(Ω1) ≤ C4[‖F‖L2(Ω2) + ‖w‖L2(Ω2)] ≤ C5‖F‖L2(R3;µ,g), (9)

whereΩ1 = R3\Ω andΩ2 is a ball containingΩ1. Since∂Ω1 = ∂Ω, by (8) and (9), one
gets

‖w|∂Ω‖H3/2(∂Ω) ≤ C3C5‖F‖L2(R3;µ,g). (10)

Now letv be the solution of

−∆v + v = 0 in Ω,

v = −w|∂Ω on∂Ω.

Then we have

‖v‖H2(Ω) ≤ C6‖w|∂Ω‖H3/2(∂Ω). (11)

Let u = v + w. Then it follows from (6) ,(10), (11) and Lemma 2.1 that

‖u‖L2(Ω;µ,g) ≤ ‖v‖L2(Ω;µ,g) + ‖w‖L2(Ω;µ,g)

≤ (C3C5C6 + C2)‖F‖L2(R3;µ,g)

≤ (C3C5C6 + C2)C1‖f‖L2(Ω;µ,g). (12)

Moreover,u is a solution of−∆u + u = f in Ω and satisfies the homogeneous Dirichlet
Boundary condition, which, together with (12), implies the wellposedness of (1)(2).

Therefore, (1)(2) has a unique solution in the weighted Sobolev space even when
f(x) = 1. However, for practical applications, this paper is concerned with the case when
f decays as|x| → ∞.

Next, we define theWeighted Residue Methodcorresponding to (1)(2) as follows:
Findu ∈ V such that, for allv ∈ V,

∫

Ω

{

−div
(

[aij(x)] · ∇xu(x)
)

+ b(x)u(x)− f(x)
}

v(x)e−2µg(x)|x|dx = 0, (13)

whereV = H1
0 (Ω; µ, g) = {v ∈ H1(Ω; µ, g) : v = 0 alongΓ} (see, Fig. 1 forΓ).

Applying the divergence theorem, one gets

−
∫

Ω
div

(

[aij(x)] · ∇u(x)
)

v(x)e−2µg(x)|x|dx

=
∫

Ω
(∇u(x))T · [aij(x)] · ∇(v(x)e−2µg(x)|x|)dx
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−
∫

∂Ω
νT · [aij(x)] · (∇u(x))v(x)e−2µg(x)|x|ds

=
∫

Ω
e−2µg(x)|x|(∇u(x))T · [aij(x)] · (∇v(x))dx

+
∫

Ω
v(x)(∇u(x))T · [aij(x)] · (∇e−2µg(x)|x|)dx

−
∫

∂Ω
νT · [aij(x)] · (∇u(x))v(x)e−2µg(x)|x|ds,

whereν(x) = (ν1(x), ..., νn(x))T is the outward normal vector to the boundaryΓ. Thus,
the Weighted Residue Method can be restated as follows: Findu ∈ V such that

A(u, v) = F(v), for all v ∈ V, (14)

where

A(u, v) =
∫

Ω

{

e−2µg(x)|x|(∇u(x))T · [aij(x)] · (∇v(x))

+ v(x)(∇u(x))T · [aij(x)] · (∇e−2µg(x)|x|)

+ e−2µg(x)|x|b(x)u(x)v(x)
}

dx, (15)

F(v) =
∫

Ω
e−2µg(x)|x|f(x)v(x)dx. (16)

Sinceg(x) = 0 for |x| < c, the variational formulation onΩc is the standard one. That is,
(15)(16) can be rewritten as follows:

∫

Ωc

[(∇u(x))T · [aij(x)] · (∇v(x)) + b(x)u(x)v(x)]dx =
∫

Ωc

f(x)v(x)dx,

which is the standard variational formulation of (1)(2).
The weight function is1 when|x| < c ande−2µ|x| when|x| > c + b respectively and

hence the gradient of the weight function is independent of∇g(x). However, the gradient
vector of the weight function for|x| ∈ [c, c + b] depends on∇g(x) as follow:

∇e−2µg(x)|x| = −2µe−2µg(x)|x|∇(g(x)|x|)
= −2µe−2µg(x)|x|(g(x)∇|x|+ |x|∇g(x))

= −2µe−2µg(x)|x|{h(|x| − c)∇|x|+ |x|dh
dt

(|x| − c)∇|x|}

= −2µe−2µg(x)|x|{h(|x| − c) + |x|dh
dt

(|x| − c)}∇|x|

= −2µe−2µg(x)|x|H(x)∇|x|, (17)

whereH(x) = h(|x| − c) + |x|dh
dt

(|x| − c) andh(t) is defined by (A.1).

The maximum value of the smooth functionH(x) will play a key roll in the proof of the
coercivity of the nonsymmetric bilinear form (15). Thus, for simplicity of notation, we let

ρ(a; b; c) = max{h(t) + (t + c)
dh(t)

dt
: 0 ≤ t ≤ b}, (18)
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where the constantsa, b, c are shown in appendix 1.

Remark. (1) It is possible to make the maximum valueρ(a; b; c) small by selecting
the constantsa, b, andc properly. However, an optimal choice of the three constants will
depend on the choice ofµ and will be discussed with numerical examples in section 4.

(2) The radial directional cutoff functionh can be planted at any place in the outside of
Ωc by definingg(x) = h(|x| − c̄), c̄ > c. The choice of̄c > c leads toe−2µg(x)|x| = 1 for
|x| ≤ c̄. Thus, the damping effect caused by the weight function may be reduced. However,
this choice impliesρ(a; b; c̄) > ρ(a; b; c), which could yield a slower convergence (see
Theorem 2.2 below). Actually, the numerical experiments show thatc̄ = c is optimal.

2.2. The Coercivity constant

In what follows, we prove that if we chooseµ, ρ so that0 ≤ µρ <
α
β

, then the variational

problem (14) has a unique solution. Recallα andβ are the positive constants given in
(4)(5).

Lemma 2.2. Foru, v ∈ H1(Ω;µ, g), we have the following:

(i) A(u, u) ≥ (α− µβρ) ‖ u ‖2H1(Ω;µ,g)

(ii) |A(u, v)| ≤ [β + 2µρβ] ‖ u ‖H1(Ω;µ,g)‖ v ‖H1(Ω;µ,g)

(iii) |F(v)| ≤‖ f ‖L2(Ω;µ,g)‖ v ‖H1(Ω;µ,g)

Proof. (i) First, from the ellipticity condition (4), we have
∫

Ω
e−2µg(x)|x|(∇u(x))T · [aij(x)] · (∇u(x))dx +

∫

Ω
e−2µg(x)|x|b(x)(u(x))2dx

≥
∫

Ω
(e−µg(x)|x|(∇u(x))T · [aij(x)] · (e−µg(x)|x|∇u(x))dx + α‖u‖2L2(Ω;µ,g)

≥ α
∫

Ω
[e−µg(x)|x|∇u(x)] · [e−µg(x)|x|∇u(x)]dx + α‖u‖2L2(Ω;µ,g)

= α‖u‖2H1(Ω;µ,g). (19)

Second, by (5), (17), and Ḧolder’s inequality, we obtain the following inequality.

∣

∣

∣

∫

Ω
u(x)(∇u(x))T · [aij ] · (∇e−2µg(x)|x|)dx

∣

∣

∣

=
∣

∣

∣

∫

Ω
−2µH(x)u(x)e−2µg(x)|x|

(

(∇u(x))T · [aij ] · (∇|x|)
)

dx
∣

∣

∣

≤ 2µρ
∫

Ω

∣

∣

∣

n
∑

i,j=1

aij

(

∂u
∂xi

u(x)e−2µg(x)|x|
)(

xj

|x|

)

∣

∣

∣dx

≤ 2µβρ
∫

Ω
|u(x)|e−µg(x)|x|

{

n
∑

i=1

(

∂u(x)
∂xi

e−µg(x)|x|
)2

} 1
2

{

n
∑

i=1

(

xi

|x|

)2
} 1

2

dx

≤ 2µβρ ‖ u(x) ‖L2(Ω;µ,g) |u(x)|H1(Ω;µ,g)

≤ µβρ ‖ u ‖2H1(Ω;µ,g) . (20)
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Now, from (15), (19), and (20), we have

A(u, u) ≥ α ‖ u ‖2H1(Ω;µ,g) −µβρ ‖ u ‖2H1(Ω;µ,g)

≥ (α− µβρ) ‖ u ‖2H1(Ω;µ,g) .

(ii) Let

B(u, v) =
∫

Ω
e−2µg(x)|x|{∇u(x) · [aij(x)] · (∇v(x))T + b(x)u(x)v(x)}dx.

Then, by the CauchySchwarz inequality

|B(u, v)| ≤ B(u, u)
1
2B(v, v)

1
2

≤
[

∫

Ω
e−2µg(x)|x|(β∇u(x) · ∇u(x) + βu(x)2)dx

] 1
2

[

∫

Ω
e−2µg(x)|x|(β∇v(x) · ∇v(x) + βv(x)2)dx

] 1
2

≤ β ‖ u ‖H1(Ω;µ,g)‖ v ‖H1(Ω;µ,g) .

By an argument similar to (20), we have

|
∫

Ω
v(x)(∇u(x))T · [aij(x)] · (∇e−2µg(x)|x|)dx|

≤ 2µρβ
[

∫

Ω
(|v(x)|e−µg(x)|x|)2dx

] 1
2
[

∫

Ω

n
∑

i=1

(

∂u(x)
∂xi

e−µg(x)|x|
)2

dx
] 1

2

≤ 2µρβ ‖ v ‖H1(Ω;µ,g)‖ u ‖H1(Ω;µ,g) .

Thus, we have

|A(u, v)| ≤ (β + 2µρβ) ‖ v ‖H1(Ω;µ,g)‖ u ‖H1(Ω;µ,g)

(iii) Finally, we have

|F(v)| ≤
∫

Ω
|e−µg(x)|x|f(x)||e−µg(x)|x|v(x)|dx

≤ ‖ f ‖L2(Ω;µ,g)‖ v ‖H1(Ω;µ,g) (Hölder inequality).

Now, by applying Lemma 2.2 to the LaxMilgram Theorem([9]), we have the following
existence and uniqueness of the solution of (14).

Theorem 2.1. Suppose the constantsµ, a, b, c are properly selected so that0 ≤ µρ <
α
β

. Then the variational problem (14) has a unique solutionuex(x) in H1
0 (Ω; µ, g).

Next, the Weighted RieszGalerkin (approximation) Method(WRGM) of the variational
problem (14) is the following: Given a finite dimensional subspaceS ⊂ V , findup(x) ∈ S
such that

A(up, v) = F(v), for all v ∈ S, (21)
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whereA(., .) andF(.) are the bilinear form and the linear functional in (15) and (16),
respectively.

By applying Ćea’s Lemma ([9]), we have the following.

Theorem 2.2. Under the hypotheses of Theorem 2.1, the discrete problem (21) has a
unique solution. Moreover, we have

‖uex − up‖H1(Ω;µ,g) ≤
β(1 + 2µρ)
α− ρµβ

‖ uex − v ‖H1(Ω;µ,g), for all v ∈ S.

3. THE METHOD OF AUXILIARY MAPPING

In this section, the Method of Auxiliary Mapping, introduced by Babuška and Oh
([2],[21], [24], [25]), is modified so that it can handle unbounded domain problems. The
essential components of the method are as follows:

i. The given unbounded domain is divided into two regions; a bounded regionΩc and
an unbounded regionΩ∞ = Ω \ Ω̄c.

ii. The unbounded regionΩ∞ is mapped to another bounded regionΩ̂∞ (a unit ball) by
an auxiliary mappingϕ.

iii. The standard FEM is applied to the bounded region,Ω̂∞ ∪Ωc which has no artificial
boundaries. In triangulatinĝΩ∞∪Ωc for the Finite Element mesh, the nodes alongΩc∩Ω∞
and the corresponding nodes onΩ̂∞ share the same node numbers. Thus, two regions are
treated as one connected domain in the computation process. Moreover, the transformed
bilinear formÂ(·, ·), given in Lemma 3.2, is used for computing local stiffness matrices of
the elements in the transformed domainΩ̂∞.

The novelty of our method is to obtain an accurate numerical solution without introducing
any artificial boundaries.

3.1. The Auxiliary Mapping

Let S and Ŝ be subsets ofRn. Let ϕ : S → Ŝ be a bijective transformation. The
Jacobian ofϕ is denoted byJ(ϕ) and|J(ϕ)| denotes its determinant.ϕ will be selected
so that|J(ϕ)| > 0 for all x ∈ S.

The shift of a functionu : S → R onto Ŝ, through the bijective mappingϕ, is denoted
by û := u ◦ ϕ−1. Similarly, we denoteJij(ϕ) ◦ ϕ−1 by ̂Jij(ϕ), whereJij(ϕ) is the(i, j)
component of the Jacobian ofϕ.

Let (x1, x2, ..., xn) and(ξ1, ξ2, ..., ξn) denote the coordinates ofx ∈ S andξ = ϕ(x) ∈
Ŝ, respectively. Let

∇ξ = (
∂

∂ξ1
, ...,

∂
∂ξn

)T , ∇x = (
∂

∂x1
, ...,

∂
∂xn

)T ,

|ξ| = (ξ2
1 + ... + ξ2

n)
1
2 , |x| = (x2

1 + ... + x2
n)

1
2 .

Then, by applying the chain rule tou(x) = û(ϕ(x)), we have

(∇xu(x)) ◦ ϕ−1(ξ) =
[

J(ϕ) · (∇ξû ◦ ϕ(x))
]

◦ ϕ−1(ξ) = ̂J(ϕ) · ∇ξû(ξ). (22)
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Thus, the following change of variables is obtained:

∫

S
(∇xu)T · [aij(x)] · (∇xv)dx =

∫

Ŝ
|J(ϕ−1)|(∇ξû)T ̂J(ϕ)

T
· [âij(ξ)] · ̂J(ϕ)(∇ξ v̂)dξ,

which implies the following lemma.

Lemma 3.1. Let [q(n)
ij (ξ)] = |J(ϕ−1)| ̂J(ϕ)

T
· [âij(ξ)] · ̂J(ϕ) and supposeu andv are

in H1(S;µ, g). Then

∫

S
e−2µg(x)|x|(∇xu)T · [aij(x)] · (∇xv)dx =

∫

Ŝ
e−2µĝ(ξ)|ϕ−1(ξ)|(∇ξû)T · [q(n)

ij (ξ)] · (∇ξ v̂)dξ,

whereĝ(ξ)|ϕ−1(ξ)| = (g ◦ ϕ−1)(ξ)(ϕ−1
1 (ξ)2 + ... + ϕ−1

n (ξ)2)1/2, andϕ−1
i is the ith

component function ofϕ−1.

Let Ω̂∞ = {ξ ∈ Rn : |ξ| ≤ 1} andΩ∞ = Ω ∩ {x ∈ Rn : |x| ≥ c}. Then the auxiliary
mappingsϕ(n) : Ω∞ → Ω̂∞ is defined by

ϕ(n)(x) =
c(x1, x2, ..., xn−1,−xn)

|x|2
, c > 0. (23)

By using Lemma 3.1, we derive the change of variables, by the auxiliary mappingϕ(n),

that gives the transformed bilinear form̂A(·, ·) and the transformed linear functionalF̂ on
Ω̂∞ corresponding to (15)(16). The proof of this lemma can be found in appendix 3.

Lemma 3.2. Let |J(ϕ−1
(n))| ̂J(ϕ(n))

T
· [âij(ξ)] · ̂J(ϕ(n)) = [q(n)

ij ]. Then, foru, v ∈
H1(Ω; µ, g), we haveA(u, v)|Ω∞ = Â(û, v̂)|Ω̂∞ andF(v)|Ω∞ = F̂(v̂)|Ω̂∞ , where

A(u, v)|Ω∞ :=
∫

Ω∞

{

e−2µg(x)|x|(∇xu(x))T · [aij(x)] · (∇xv(x))

+ v(x)(∇xu(x))T · [aij(x)] ·
(

∇xe−2µg(x)|x|
)}

dx, (24)

Â(û, v̂)|Ω̂∞ :=
∫

Ω̂∞
e−2µĝ(ξ)c/|ξ|

{

(∇ξû)T · [q(n)
ij ] · (∇ξ v̂) + v̂(ξ)W (ξ)(∇ξû)T · [q(n)

ij ] · (ξ)
}

dξ,(25)

F(v)|Ω∞ :=
∫

Ω∞
e−2µg(x)|x|f(x)v(x)dx, (26)

F̂(v̂)|Ω̂∞ :=
∫

Ω̂∞
|J(ϕ∞)|e−2µĝ(ξ)c/|ξ|f̂(ξ)v̂(ξ)dξ. (27)

Here,W (ξ) =
2µc
|ξ|4

[

c
dh
dt

(
c
|ξ|
− c) + ĝ(ξ)|ξ|

]

andh(t) is defined by (A.1).

For the implementation purpose, the transformed coefficientsq(n)
ij of this Lemma are

computed in a specific form in appendix 4.
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3.2. Constructions of Finite Element Spaces
For brevity, in what follows, we develop our method in case of dimension two. The three

dimensional case will be dealt in ([27]).
First of all, let us select a positive constantc and divideΩ into two parts;Ωc andΩ∞,

where

Ωc = {x ∈ Ω : |x| ≤ c}; Ω∞ = {x ∈ Ω : |x| ≥ c}.

The constantc is determined by the size of the bounded region on which an accurate
numerical solution is desirable. Unlike the conventional methods, an accuracy of this
method is practically independent of the size ofc.

3.2A: Mesh Generation. Suppose∆c = {Ek : k = 1, 2, ..., N(∆c)} represents a
specific mesh onΩc. Supposez1, z2, ..., zd be all those nodes in the mesh∆c which lie on
the circleΩc ∩ Ω∞ (Fig. 1) and their polar coordinates are(c, θ1), ..., (c, θd). Now divide
Ω∞ into infinite triangular elementsT∞N(∆c)+j , j = 1, ..., N(∆∞), by the rays connecting
the origin and all of nodesz1, ..., zd as shown in Fig. 1. The specific mesh onΩ∞
constructed in this way is denoted by∆∞. Then∆ = ∆c ∪∆∞ is a specific mesh for the
unbounded domainΩ.

x2

z1

z2

z3

T∞
1

T∞
2

(c,0)

Ωc

Ω∞

x1

z1

z2

z3

T∞
1

T∞
2

(1,0)

ϕ

Φ∞
1

Φ

Ω∞

T∞
1

Ωst
(t)

ξ1

ξ2

t1

t2

zd

zd

Γ

FIG. 1. The Scheme of Triangulation∆ := ∆c ∪∆∞, the infinite domainΩ∞, the mapped finite domain
Ω̂∞, and the singular elemental mappingΦ∞1 .

3.2B: Construction of Elemental Mappings.For sake of the convenience of notations
in elemental mappings and the implementation of the new method, we introduce a fictitious
nodez∞ (which is an extra point in one point compactification,Ω∗ = Ω ∪ {z∞}, of the
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infinite domainΩ). Since it was assumed that the source functionf(x) and the solution
u(x) decay, it is natural to assume that all of the functions we consider are zero atz∞.
The construction of a finite element space of this section is similar to constructing a finite
element space on the one point compactification,Ω∗ = Ω ∪ {z∞}, of Ω by imposing a
nodal constraint atz∞. However, the compactification ofΩ will not be constructed. In what
follows, it is implemented and interpreted in the context of a conventional finite element
space.

By the inversion mappingϕ defined by (23), the nodeszk on Ωc ∩ Ω∞ are mapped to
nodes on the unit circle,̂zk = (1,−θk), k = 1, ..., d, and we defineϕ(z∞) := (0, 0).

An infinite triangular elementT∞n := (zn+1 → zn → z∞) is mapped to a finite
triangular element̂T∞n := (ẑn+1 → ẑn → (0, 0)), whose first side is a circular arc (see,
T∞1 andT̂∞1 of Fig. 1). SupposeΦT̂∞n

is the blending type elemental mapping (see chapter

6 of [30]) from the reference elementΩ(t)
st onto a curved triangular elementT̂∞n , then

Φ∞n = ϕ−1 ◦ ΦT̂∞n
: Ω(t)

st −→ T∞n (28)

is called asingular elemental mapping.
LetM be the vector of elemental mappings assigned to the elements in∆ = ∆c ∪∆∞

by the following rule:

• Assign the conventional elemental mappingsΦn to the elementsEn ⊂ Ωc;
• Assign the singular elemental mappingsΦ∞n defined by (28) to the elementsT∞n ⊂

Ω∞.

3.2C: Degree of Basis Functions.SupposeΩ(∗)
st represents either the reference triangular

elementΩ(t)
st or the reference quadrilateral elementΩ(q)

st and letPp(Ω
(∗)
st ) be the space of

polynomials of degree≤ p defined onΩ(∗)
st .

Then the finite element space, denoted bySp(Ω, ∆,M), is the set of all functionsu
defined onΩ such that

• u ◦ Φn ∈ Pp(Ω
(∗)
st ) for each elementEn ∈ ∆c;

• u ◦ Φ∞n ∈ Pp(Ω
(t)
st ) for each elementT∞n ∈ ∆∞.

Let us note that each member ofSp(Ω, ∆,M) is in H1(Ω, µ, g) except the nodal basis
function corresponding to the fictitious nodez∞. However, because of the zeronodal
constraint atz∞, we may claim thatSp(Ω, ∆,M) ⊂ H1(Ω; µ, g).

Since the singular elemental mappingsΦ∞n are designed to agree with the conventional
elemental mappings along the common sides onΩc ∩ Ω∞, Sp(Ω, ∆,M) is “ exactly
conforming” ([30]). In other words, each member of this finite element space is continuous
in order to ensure good approximation properties.

3.2D: ThepVersion of FEM. As usual, the finite element solutionufe is the projection
of the exact solution intoSp(Ω, ∆,M), with respect to a proper inner product. The
dimension of the vector spaceSp(Ω, ∆,M) is called theNumber of Degrees of Freedom
(DOF).

In the pVersion of the Finite Element Method([3],[4],[30]), to obtain the desired
accuracy, the mesh∆ of the domainΩ is fixed and only the degreep of the basis polynomials
is increased.
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3.2E. Computation of local stiffness matrices and local load vectors for infinite
elementsT∞. In the master element approach, the computations of local stiffness matrices
and local load vectors for infinite triangular elementsT∞ in Ω∗∞ = Ω ∪ {z∞} can not
be computed by a conventional FE code because infinite elements are not standard finite
elements.

However, this problem is circumvented by computing the transformed bilinear form
Â|Ω̂∗∞(·, ·) and the transformed linear functional̂F|Ω̂∗∞(·) given in Lemma 3.2, on the

mapped triangular elementŝT∞ together with the elemental mapping

Φ̂T̂∞ : Ω(t)
st −→ T̂∞,

whereΦ̂T̂∞ = ϕ ◦ ΦT∞ is an elemental mapping of blending type andΦT∞ is defined by
(28).

In other words, the local stiffness matrices and local load vectors are computed by the
following rule:

• UseA(·, ·) andF(·, ·) for the elementsE in the bounded subdomainΩc.
• UseÂ|Ω̂∗∞(·, ·) andF̂ |Ω̂∗∞(·) on the elementŝT∞ in Ω̂∗∞, for the infinite tetrahedral

elementsT∞ in Ω∗∞.

On Ωc, this method uses the conventional FEM incorporated with the standard bilinear
form. Thus, stiffness matrices and load vectors for the elementsE in Ωc can be computed by
any existing finite element code without alteration. However, for those infinite tetrahedral
elements, the transformed nonsymmetric bilinear formÂ(·, ·) and the transformed linear
functional F̂ of Lemma 3.2, is employed. Thus, this method can also be implemented
on any existing finite element code. The only draw back of the method is that the local
stiffness matrices corresponding to infinite triangular elementsT∞ are nonsymmetric.

In summary, our method is to apply a conventionalpversion of FEM on the bounded
domainΩc ∪ϕ∞ Ω̂∗∞ with the two phase bilinear formA|Ωc(·, ·) ∪ϕ∞ Â|Ω̂∗∞(·, ·). and the

two phase linear functionalF|Ωc(·) ∪ϕ∞ F̂ |Ω̂∗∞(·).

4. NUMERICAL RESULTS

In this section, we make some comparisons between our method and domain truncating
method. Various numerical examples are given in order to demonstrate an effectiveness of
our method. Throughout this section,Ω denotes the unbounded domain in Fig. 2.
U(u) = A(u, u)/2 is the strain energy ofu and‖u‖E =

√

U(u) is the energy norm
of u. Sinceg(x) = 0 on Ωc, A(u, u) has the weighte−µg(x)|x| = 1 on Ωc. It is known
([24],[30]) that‖ufe−uex‖2E = |U(ufe)−U(uex)|, provided that all boundary conditions
are either homogeneous Dirichlet or arbitrary traction boundary conditions. In this section,
by theRelative Error( %) in Energy Norm, we mean

100 ·
[

|{U(uex|Ωc)− U(ufe|Ωc)}
U(uex|Ωc)

]1/2

. (29)

Example 4.1. Let u(x1, x2) = |x|−1, |x| =
√

x2
1 + x2

2. Thenu solves

−4u(x) + u(x) = f(x) in Ω (30)
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x

x

2.01.00.5
1

2

FIG. 2. The scheme of unbounded domainΩ and Triangulation ofΩ

∂u(x)
∂n

= gN (x) onΓ

wheref(x) = −|x|−3 + |x|−1, andgN (x) = |x|−2.

f is not square integrable, however
∫

Ω |f |
2e−2g(x)|x|dx < ∞and hencef ∈ L2(Ω;µ, g).

Theorem 2.2 shows that the rate of convergence of our method depends on those constants
µ, ρ. Sinceα = β = 1 for this example,ρ andµ can be selected freely so that the stability
constantα− ρµβ = 1− ρµ ≈ 1.

Throughout this section,a = b = 8 for the cut off function constructed in appendix. The
damping parameterb relaxes the gradient of the cutoff function defined by (A.1).

From this example, we have the followings:

(i) From Theorem 2.2, we prefer to chooseµ as small as possible. Actually,Table 1
shows that the relative errors in energy norm is getting smaller asµ is smaller and smaller.

(ii) However, if µ is small, the damping weight functione−2µĝ(ξ)c/|ξ| of Â(·, ·) and
F̂(·, ·) of Lemma 3.2 becomes large. Hence, as one can see from the last column of Table
1, the overall accuracy deteriorates whenµ becomes too small.

(iii) It is also desirable to makeρ as small as possible. However,ρ can not be smaller
than 2.0. In this section, the cutoff functiong(x) is selected so thatρ ≤ 2.8.

(iv) Theorem 2.2 states that the convergence is slow for a larger constantµ. Numerical
results of Table 1 support the theory.

The relative errors in Table 1 are depicted in Fig. 3 inloglog scale. Let us note that the
domain truncating method is not applicable to this problem because the support off(x) is
unbounded.
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TABLE 1
The Relative Errors in Energy Norm (%) of FE solutions of �∆u + u = f

by WRGM when the true solution isuex = jxj�1.

pdeg DOF µ = 0.5 µ = 0.1 µ = 0.04 µ = 0.01 µ = 0.004 µ = 0.001

1 16 57.01 55.02 53.36 50.95 49.67 48.22
2 48 24.13 24.08 24.01 23.90 23.84 23.78
3 80 7.90 7.72 7.66 7.62 7.60 7.59
4 128 2.62 2.19 2.15 2.11 2.09 2.10
5 192 1.71 0.82 0.72 0.68 0.69 0.74
6 272 1.65 0.60 0.41 0.31 0.30 0.29
7 368 1.72 0.66 0.38 0.19 0.05 0.19
8 480 1.30 0.64 0.38 0.17 0.03 0.16

The second example is to show the convergence rates with respect to various choices of
µ when the true solution decays much more slowly.

Example 4.2. Let u(x1, x2) = |x|−1/2, |x| =
√

x2
1 + x2

2. Thenu solves

−4u(x) + u(x) = f(x) in Ω, (31)

∂u(x)
∂n

= gN (x) onΓ,

wheref(x) = −0.25|x|−2.5 + |x|−1/2, andgN (x) = 0.5|x|−3/2.

Since the true solution of this example decays much slower than that of the first example,
the weighted norm ofu is larger than the previous one. Hence, as one can see from Table
2, the convergence of FE solutions are slower than the first one.

TABLE 2
The Relative Errors in Energy Norm (%) of FE solutions of �∆u + u = f

by WRGM, when the true solution isuex = jxj�1=2.

pdeg DOF µ = 0.1 µ = 0.07 µ = 0.05 µ = 0.01 µ = 0.001

1 16 47.09 54.94 63.76 119.31 282.64
2 48 13.8 17.16 21.81 44.68 52.66
3 80 5.66 7.48 9.36 16.93 26.69
4 128 2.02 2.77 4.12 13.25 34.81
5 192 0.34 1.29 2.34 7.31 15.89
6 272 0.95 0.81 0.63 3.26 9.67
7 368 0.56 0.21 0.29 3.42 7.76
8 480 0.55 0.33 0.38 1.82 2.70

The third example is to apply our method to general elliptic partial differential equation.

Example 4.3. Let u(x1, x2) =
x1

x2
1 + x2

2
(=

cos θ
r

). Thenu solves

−
2

∑

i,j=1

∂
∂xj

(aij
∂u(x)
∂xi

) + u(x) = f(x) in Ω
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TABLE 3

The Relative Errors in Energy Norm (%) of the FE solutions of�∑2
i;j=1

@
@xj

(aij @u@xi )+
u = f obtained by WRGM, when the true solution isuex = cos �=jxj:

pdeg DOF µ = 0.1 µ = 0.05 µ = 0.01 µ = 0.001 µ = 0.0001

1 16 11.85 11.96 12.24 12.55 12.55
2 56 6.73 6.73 6.73 6.73 6.73
3 104 0.69 0.69 0.69 0.69 0.69
4 176 0.36 0.36 0.35 0.35 0.35
5 272 0.073 0.069 0.070 0.071 0.071
6 392 0.030 0.022 0.012 0.0091 0.0089
7 536 0.035 0.021 0.0059 0.0019 0.0017
8 704 0.041 0.020 0.0052 0.00072 0.00031

2
∑

i,j=1

aijνj
∂u
∂xi

= gN (x) onΓ,

where

a11 = 5, a12 = a21 = 1, a22 = 3,

f(x) = −4x3
1 − 4x3

2 − 12x1x2
2 + 12x2

1x2

(x2
1 + x2

2)3
+

x1

(x2
1 + x2

2)

gN (x) = [(5 cos θ + sin θ) cos 2θ + (cos θ + 3 sin θ) sin 2θ]/r2,

(ν1, ν2) = −(cos θ, sin θ).

The eigenvalues of the coefficient matrix are4±
√

2. Hence,α = min{1, 4−
√

2} and
β = 4 +

√
2. If a = 8.0, b = 8.0, c = 2.0, thenρ = max{|λ(t)| : 0 ≤ t ≤ b, λ(t) =

h(t) + (t + c)dh
dt (t)}, is≤ 2.8. Thus, the coercivity constant becomes

α− ρµβ = 1− (2.8)(µ)(4 +
√

2) ≥ 0.9985

whenµ = 0.0001. Thus, the upper bound
β(1 + 2µρ)
α− ρµβ

of the error stated in Theorem 2.2

is 5.425. Therefore, the convergence is expected to be fast as it is shown in Table 3.

Remark. From these three examples, we have the following conclusion about the
dependence of accuracy on the size ofµ: if the right sidef decays fast (examples 4.1 and
4.3), a very small damping parameterµ can be selected to have a highly accurate solution.
However, if the right side functionf decays slowly (example 4.2), the choice of smallµ
does not yield the best solution.It is because the norm of the true solution becomes very
large whenµ is small andf decays slowly. Actually, no weight is necessary iff has a
compact support. In this case, our method yields highly accurate finite element solutions
without introducing the weight functions.

The last example is different from our model problem. Now the Laplace equation,
−∆u = 0, is considered so that our method can be compared with the domain truncating
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method in which the sommerfeld boundary condition is imposed along the artificial bound
ary ΓA. It was shown in section 5 of ([2]) that if|f |2|x|4 is integrable,µ is allowed to be
zero. In the following example, no weight functions are used.

TABLE 4
The Relative Errors in Energy norm (%) of the FE solutions of∆u = 0 obtained

by WRGM (“Mapping") as well as by the Domain Truncation Method
(“DomainCut"), when the true solution is uex = 2 cos 2�=jxj2.

c = 2

pdeg DOF Mapping DomainCut

1 16 50.40 50.22
2 48 15.89 13.80
3 80 7.03 3.90
4 128 2.30 7.74
5 192 0.64 8.06
6 272 0.15 8.08
7 368 0.02 8.08
8 480 0.03 8.08

c = 4

DOF Mapping DomainCut

32 50.58 50.58
88 15.94 15.82
144 7.06 6.76
224 2.30 1.12
328 0.64 1.91
456 0.16 2.01
608 0.04 2.01
784 0.01 2.01

Example 4.4. Let u(x1, x2) = 2 cos 2θ/r2. Thenu solves

∆u = 0 in Ω, (32)
∂u
∂n

=
4 cos 2θ

r3 alongΓ. (33)

LetΩ∞ = Ω\{(r, θ) : r ≤ c} and let∂Ω∞ = ΓA. Then the Domain Truncating Method is
solving (32)(33) onΩc by imposing the following Sommerfeld boundary condition along
the artificial boundaryΓA.

∂u
∂r

+
1
r
u = 0 alongΓA. (34)

In this example, we consider the case whenc is either2 or4. Since
∂u
∂r

+
1
r
u =

2 cos 2θ
r3 ,

imposing sommerfeldtype artificial boundary condition (34) assumes a large amount of
error whenc is small. As it is shown in Table 2 and Fig. 4, the error is decreasing
asr is getting bigger, which implies a longer computing time. However, our method is
virtually independent on the size of the bounded domainΩc. Table 4 shows that the errors
corresponding toc = 2 are about the same as the errors corresponding toc = 4.

APPENDIX

In this section, a cutoff functiong(x) used in this paper is constructed. Next, we prove
Lemma 2.1 and Lemma 3.2. Finally, the coefficients of the transformed bilinear form are
given in a specific form for the implementation of the proposed method.
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FIG. 3. The Relative Errors in Energy Norm% of FE solutions of−∆u + u = f , obtained by WRGM
with various weights, when the true solution isuex = 1/|x|.
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FIG. 4. The Relative Error in Energy Norm (%) of FE solutions of∆u = 0, obtained by WRGM
(“Mapping") and obtained by Domain Truncation (“Truncation").

A.1. CONSTRUCTION OF CUTOFF FUNCTION.

Let q(t) be defined by

q(t) =







e−a/t2 if t > 0,

0 if t ≤ 0,
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wherea is a positive constant. Then the functionq(t) is smooth. Let

h(t) =
q(t)

(q(t) + q(b− t))
. (A.1)

Thenh(t) is also smooth, and0 ≤ h(t) ≤ 1,

h(t) =







0 if t ≤ 0

1 if b ≤ t.

Set

g(x; a, b, c) = h(|x| − c), (A.2)

wherea, b, c are positive constants and|x| = (x2
1 + ... + x2

n)
1
2 , x ∈ Ω. Theng is a smooth

function satisfying the following properties:

(i) 0 ≤ g(x; a, b, c) ≤ 1 for x ∈ Ω,
(ii) g(x; a, b, c) = 0 for x ∈ Ωc,
(iii) g(x; a, b, c) = 1 for x ∈ Ω \ Ωc+b,

whereΩγ = {x : |x| ≤ γ} ∩ Ω for γ = c, c + b . In case there is no confusion, we simply
denote this cutoff function byg(x). We are interested in the constantsa, b for which the
size of the gradient vector ofg becomes small.

A.2. PROOF OF LEMMA 2.1

Proof. In order to prove the inequality (7), let̄F (x) = e−µg(x)|x|F (x) andw̄(x) =
e−µg(x)|x|w(x). Then by the definition 2.1

‖F‖L2(R3,µ,g) = ‖F̄‖L2(R3) and‖w‖L2(R3,µ,g) = ‖w̄‖L2(R3). (A.3)

Let

K(x, ξ) = e−µg(x)|x| e−|x−ξ|

4π|x− ξ|
eµg(ξ)|ξ|.

Then it follows from (??) that

w̄(x) =
∫

R3
K(x, ξ)F̄ (ξ)dξ. (A.4)

Let

Ωx
B = {x ∈ R3 : |x| ≤ c + b} andΩx

∞ = {x ∈ R3 : |x| > c + b}. (A.5)

Since|x− ξ| ≥ ||x| − |ξ|| and0 ≤ g(x) ≤ 1,

|K(x, ξ)| ≤ e−|x−ξ|

4π|x− ξ|
eµ|ξ| ≤ e−|x|e(1+µ)|ξ|

|x− ξ|
, (A.6)

|K(x, ξ)| ≤ e−|x−ξ|

4π|x− ξ|
eµ|ξ| ≤ e|x|e(µ−1)|ξ|

|x− ξ|
. (A.7)
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Sincee−|x−ξ| = e−µ|x−ξ|e(µ−1)|x−ξ| andg(x) = 1 onΩx
∞,

|K(x, ξ)| =
1

4π|x− ξ|
e−µ(|x|−|ξ|)e−µ|x−ξ|e(µ−1)|x−ξ|

≤ 1
|x− ξ|

e−µ(|x|−|ξ|)e−µ(|ξ|−|x|)e(µ−1)|x−ξ|

=
1

|x− ξ|
e(µ−1)|x−ξ| for (x, ξ) ∈ Ωx

∞ × Ωξ
∞. (A.8)

Since0 < µ << 1, by applying (A.6) onΩx
∞ × Ωξ

B , (A.7) onΩx
B × Ωξ

∞, and (A.8) on
Ωx
∞ × Ωξ

∞, respectively, one can show that

sup
x∈R3

∫

R3
|K(x, ξ)|dξ ≤ C and sup

ξ∈R3

∫

R3
|K(x, ξ)|dx ≤ C

for some constantC. Hence Generalized Young’s Inequality (page 9 of [13]) implies

‖w̄‖L2(R3) ≤ C‖F̄‖L2(R3). (A.9)

Now, together with (A.3), this proves the lemma.

A.3. PROOF OF LEMMA 3.2

Proof. Sinceg(x) = h(|x| − c), its shifted function under the mappingϕ(n) is

ĝ(ξ) = (g ◦ ϕ−1
(n))(ξ) = h(

c
|ξ|
− c)

=
q(c/|ξ| − c)

q(c/|ξ| − c) + q(b− (c/|ξ| − c))
.

Thus, we have

ĝ(ξ) =



































1 if (
c
|ξ|
− c) ≥ b (or |ξ| ≤ c

b + c
),

0 if (
c
|ξ|
− c) ≤ 0 (or |ξ| ≥ 1),

e−a/t2

e−a/t2 + e−a/(b−t)2
otherwise,

wheret = c/|ξ| − c.

For |ξ| ∈ (c/(b + c), 1), we have

∇ξ ĝ(ξ) =
dh
dt

(
c
|ξ|
− c)∇(

c
|ξ|

) =
dh
dt

(
c
|ξ|
− c)(− c

|ξ|2
)∇ξ|ξ|.

Thus,

∇ξe−2µĝ(ξ)c/|ξ| = (−2µ)e−2µĝ(ξ)c/|ξ|
{

(∇ξ ĝ(ξ))
c
|ξ|

+ ĝ(ξ)∇ξ
c
|ξ|

}

=
2µc
|ξ|3

e−2µĝ(ξ)c/|ξ|(c
dh
dt

(
c
|ξ|
− c) + ĝ(ξ)|ξ|)∇ξ|ξ|. (A.10)
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By Lemma 3.1 and (A.10), we obtain

∫

Ω∞
∇xu(x) · [aij(x)] · (∇xe−2µg(x)|x|)T v(x)dx

=
∫

Ω̂∞
|J(ϕ−1

(n))|∇ξû(ξ) · ̂J(ϕ(n))
T
· [âij(ξ)] · ̂J(ϕ(n)) ·

(

∇ξe−2µĝ(ξ)c/|ξ|
)T

v̂(ξ)dξ

=
∫

Ω̂∞

2µc
|ξ|3

e−2µĝ(ξ)c/|ξ|
(

c
dh
dt

(
c
|ξ|
− c) + ĝ(ξ)|ξ|

)

∇ξû(ξ) · [q(n)
ij ] · (∇ξ|ξ|)T v̂(ξ)dξ

=
∫

Ω̂∞
e−2µĝ(ξ)c/|ξ|W (ξ)∇ξû(ξ) · [q(n)

ij ] · (ξ)T v̂(ξ)dξ

A.4. EXPANSION OF Q(N)
IJ

For the implementation of our method, the coefficientsq(n)
ij of the transformed bilinear

form are computed in a specific form.

Lemma A.1. With the same notations as above, we obtain the following.
(i) J(ϕ(n)) ◦ ϕ−1

(n) = ̂J(ϕ(n)) = [J(ϕ−1
(n))]

−1, for all n.

(ii) |J(ϕ(2))| =
c2

|x|4
, for x = (x1, x2).

(iii) The entries of the2× 2 matrix [q(2)
ij ] are as follows:

q(2)
11 = [â11A2 + 2â12AB + 2â21AB + 4â22B2]/D,

q(2)
12 = [2â11BC + â12A2 − 4â21B2 + 2â22AB]/D,

q(2)
21 = [2â11BC + â21A2 − 4â12B2 + 2â22AB]/D,

q(2)
22 = [4â11B2 + 2â12BC + 2â21BC + â22A2]/D,

whereA = (−ξ2
1 + ξ2

2), B = ξ1ξ2, C = (ξ2
1 − ξ2

2), D = (ξ2
1 + ξ2

2)2.

(iv) |J(ϕ(3))| =
c3

|x|6
, for x = (x1, x2, x3).

(v) The entries of the3× 3 matrix [q(3)
ij ] are as follows:.

q(3)
11 (ξ) =

c
|ξ|6

(â11A2 + (â12 + â21)AB + â22B2

+(â23 + â32)BC + (â31 + â13)AC + â33C2),

q(3)
12 (ξ) =

c
|ξ|6

(â11AB + â12AD + â21B2 + â22BD

+â23BE + â32CD + â31BC + â13AE + â33CE),

q(3)
13 (ξ) =

c
|ξ|6

(−â11AC − â12AE − â21BC − â22BE

+â23BF − â32CE − â31C2 + â13AF + â33CF ),

q(3)
21 (ξ) =

c
|ξ|6

(â11AB + â12B2 + â21AD + â22BD

+â23CD + â32BE + â31AE + â13BC + â33CE),
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q(3)
22 (ξ) =

c
|ξ|6

(â11B2 + (â12 + â21)BD + â22D2

+(â23 + â32)DE + (â13 + â31)BE + â33E2),

q(3)
23 (ξ) =

c
|ξ|6

(−â11BC − â12BE − â21CD − â22DE

+â23DF − â32E2 + â13BF − â31CE + â33EF ),

q(3)
31 (ξ) =

c
|ξ|6

(−â11AC − â12BC − â21AE − â22BE

−â23CE + â32BF + â31AF − â13C2 + â33CF ),

q(3)
32 (ξ) =

c
|ξ|6

(−â11BC − â12CD − â21BE − â22DE

−â23E2 + â32DF + â31BF − â13CE + â33EF ),

q(3
33(ξ) =

c
|ξ|6

(â11C2 + (â12 + â21)CE + â22E2

−(â23 + â32)EF − (â31 + â13)CF + â33F 2).

where

A = −ξ2
1 + ξ2

2 + ξ2
3 , B = −2ξ1ξ2,

C = 2ξ1ξ3, D = ξ2
1 − ξ2

2 + ξ2
3 ,

E = 2ξ2ξ3, F = −(ξ2
1 + ξ2

2 − ξ2
3).

Proof. (a) ϕ(n) · ϕ−1
(n) = identity implies[J(ϕ(n)) ◦ ϕ−1

n ][J(ϕ−1
(n))] = I(n), then × n

unit matrix. Thus, we haveJ(ϕ(n)) ◦ ϕ−1
(n) = [J(ϕ−1

(n))]
−1.

(b) Forn = 2, we have

J(ϕ(2)) =
(

c
|x|4

)[

−x2
1 + x2

2 2x1x2

−2x1x2 −(x2
1 − x2

2)

]

and, forn = 3, we have

J(ϕ(3)) =
(

c
|x|4

)





−x2
1 + x2

2 + x2
3 −2x1x2 2x1x3

−2x1x2 x2
1 − x2

2 + x2
3 2x2x3

−2x1x3 −2x2x3 −(x2
1 + x2

2 − x2
3)



 .

Thus,|J(ϕ(2))| =
c2

|x|4
and|J(ϕ(3))| =

c3

|x|6
.

(c) Sinceϕ−1
(2) =

c
|ξ|2

(ξ1,−ξ2) andϕ−1
(3) =

c
|ξ|2

(ξ1, ξ2,−ξ3),

̂J(ϕ(2)) = J(ϕ−1
(2))

−1 =
(

1
c

) [

−ξ2
1 + ξ2

2 −2ξ1ξ2

2ξ1ξ2 −ξ2
1 + ξ2

2

]

(A.11)

and

̂J(ϕ(3)) = J(ϕ−1
(3))

−1

=
(

1
c

)





−ξ2
1 + ξ2

2 + ξ2
3 −2ξ1ξ2 −2ξ1ξ3

−2ξ1ξ2 ξ2
1 − ξ2

2 + ξ2
3 −2ξ2ξ3

2ξ1ξ3 2ξ2ξ3 −(ξ2
1 + ξ2

2 − ξ2
3)



 . (A.12)
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Thus,

[q(2)
ij ] =

c2

|ξ|4
̂J(ϕ(2))

T
· [âij(ξ)] · ̂J(ϕ(2)), and

[

q(3)
ij

]

=
c3

|ξ|6
̂J(ϕ(3))

T
· [âij(ξ)] · ̂J(ϕ(3)).

lead to the formulars forq(2)
ij andq(3)

ij respectively.

If the elliptic operator is∆, then the transformed bilinear̂A(·, ·) has a much simpler
form as follows:

Corollary A.1. We have the following.

∫

Ω∞
e−2µg(x)|x|∇xu(x) · (∇xv(x))T dx =

∫

Ω̂∞
k1(ξ)e−2µĝ(ξ)c/|ξ|∇ξû(ξ) · (∇ξ v̂(ξ))T dξ,

∫

Ω∞
v(x)∇xu · [∇xe−2µg(x)|x|]T dx =

∫

Ω̂∞
k2(ξ)e−2µĝ(ξ)c/|ξ|(c

dh
dt

(
c
|ξ|
− c) + ĝ(ξ)|ξ|)

∇ξû(ξ) · v̂(ξ)(ξ)T dξ,

∫

Ω∞
e−2µg(x)|x|u(x)v(x)dx =

∫

Ω̂∞
k3(ξ)e−2µĝ(ξ)c/|ξ|û(ξ) · v̂(ξ)dξ,

∫

Ω∞
e−2µg(x)|x|f(x)v(x)dx =

∫

Ω̂∞
k3(ξ)e−2µĝ(ξ)c/|ξ|f̂(ξ)v̂(ξ)dξ,

wherek1(ξ) = 1, k2(ξ) =
2µc
|ξ|4

, k3(ξ) =
c2

|ξ|4
,whenΩ∞ ⊂ R2 andk1(ξ) =

c
|ξ|2

, k2(ξ) =

2µc2

|ξ|6
, k3(ξ) =

c3

|ξ|6
, whenΩ∞ ⊂ R3, respectively.

Proof. From (A.11) and (A.12), we have

[q(2)
ij ] = |J(ϕ−1

(2))| ̂J(ϕ(2))
T
· I(2) · ̂J(ϕ(2)) = I(2) (A.13)

and

[q(3)
ij ] = |J(ϕ−1

(3))| ̂J(ϕ(3))
T
· I(3) · ̂J(ϕ(3)) =

c
|ξ|2

I(3). (A.14)

The conclusion follows from (A.13), (A.14) and Lemma A.1.
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