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Abstract

An inverse problem with the single measurement data for a general nonlinear parabolic
equation u; = F (u;j, Vyu, z,t,q (u,y)) in n-D is considered. The unknown coefficient ¢ (u, y)
depends on the solution u and (n — 1) spatial variables y = (z9, - - -, ;). Such problems were
not studied in the past for n > 2. A global uniqueness result is proven by the method of
Carleman estimates.

1 Introduction

For x € R", denote = = (z1,y), where y = (w9, -+, x,). For a function f € C' (R"), denote
0
fi = af. Let the domain  C R™ be Q = (0,1) x ©, where the domain Q; C R"'. For
T
aT >0, denote Qr = Q2 x (0,7T). Let a function ¢ € C (R") and a function F' € C®(R™),
where m = n? 4+ 2n 4+ 2. We assume that F (u;j, V,u,z,t,q (u,y)) is a nonlinear elliptic
operator and

OF OF m
30 8 =g () £ 0, VseR™. (1.1)

The ellipticity of the operator F' means that

"0
el < 30 5o ()66 < el (1.2)

ij=1
Vée R, Vse R™; i, e = const > 0.

Consider the nonlinear parabolic equation in Qr,

u = F (w5, Vyu,x,t,q (u,y)), in Qr. (1.3)

Let
U'|J:1:0 = Yo (t) s ua:1|:c1:0 = 1/)0 (yv t) 5 (14)
u‘xlzl =¥ (ya t) y  Ugy |:L‘1=l = wl (y7 t) . (15)

We study the following
Inverse Problem. Given functions F) ¢, ¥q, 1,11, determine the vector valued func-

tion (u, q (u,y)).



Two examples of (1.3) are quasilinear parabolic equations,

Uy = Z a” (Vyu,u, v, t) uj + b (Vyu,u,x,t) + q (u,y)

4,j=1

and
n

q (U, y) Ut = Z a’ij (V:Bu7 u, x, t) uij + b (vl‘ua u,x, t) )

ij=1

S <Y a7 (0) &8 < moléf

ij=1
Vs € R, Vpe R"3.

In the second case the condition (1.1) should be replaced with: u; > 0 and ¢ > const >
0. Uniqueness, stability and existence results for initial boundary value problems for such
equations can be found in the book of Ladyzhenskaya, Solonnikov and Uraltceva [17].

We assume that

0o € CH[0,T), o (t) >~ = const >0, (1.6)
8_? =0, (1.7)
ou
- < vy — 1.
. (x,t) < =79 = const < 0, (1.8)

where v, and 7, are certain positive constants. By (1.7) and (1.8), ¢ (y) < u(z,t) < o (t).
Hence, one should expect to recover the function ¢ (z,y) on the set D, where

D={(zy): ¢1(y) <z<¢(T), yech}. (1.9)
Introduce the set Dy C D,

Do={(z,y): ¢1(y) <z2<¢o(0), ye}. (1.10)
The main result of this paper is

Theorem 1 Suppose, there ezist two pairs of functions (u;, q;) ,i = 1,2 satisfying (1.3)-(1.8)
and such that

()y. DiD/wieC(Qr), lol<3 B=01; i=12 ¢eC(D), i=1.2
and the function q(z,y) is given on the set Dy, thus

¢ (z,y) = g2 (2,y) in Dy. (1.11)

Then uy = ug in Qr and ¢ = qo in D.



With the aim of simplifying the presentation, we are not concerned here with minimal
smoothness conditions. Note that Theorem 1 does not require knowledge of neither the initial
condition w (x,0) nor the boundary condition at {(z,y,t):z € (0,1),y € 0G,t € (0,T)}.
This is mainly due to the knowledge of the function ¢ (z,y) on the set Dy and the well
known uniqueness theorem for the Cauchy problem with the lateral data for the parabolic
equation, see, e.g., books of Lavrent’ev, Romanov and Shishatskii [19] (Chapter 4, Section
1) and Isakov [8] (Chapter 3, section 3.3). Using the maximum principle, one can draw some
specific examples of boundary value problems for quasilinear parabolic equations, for which
conditions (1.6)-(1.8) are satisfied. However, such examples are outside of the scope of this
paper.

Problems like the one considered here arise in the processes of the heat transfer with
significant dependencies of material properties from the temperature. such processes have
a broad range of applications in engineering, see, e.g., the book of Alifanov [1]. In such a
process the assumption ¢ := ¢ (u, y) means that the dependence of a material property from
the temperature is substantially more important than its dependence on the spatial variable
x1, in the direction of which the temperature changes most rapidly (condition (1.8)). In
conditions of Theorem 1, the temperature on the left boundary {z; = 0} is controlled in
such a way that it does not change in space and grows whit time. On the right boundary
{z1 = 1}, the temperature is controlled in such a way that it does not change with time.
Suppose that the temperature on the left boundary is substantially higher than on the right
boundary. Then the inequality (1.8) means that the temperature inside the medium is
decreasing when moving from the left to the right, which is natural for a medium without
cavities. The fact that the function ¢ (z,y) is given on the set Dy can be interpreted as
the knowledge of that material property at the initial moment of time {¢t = 0}, while the
temperature is still low.

In this paper we study an inverse problem with the single measurement data for a mul-
tidimensional nonlinear PDE with the unknown coefficient depending on both the solution
and some spatial variables. Such problems were not considered in the past. However, some
uniqueness results were published for the one dimensional case with ¢ := ¢(u). The author
[14] has proven a global uniqueness theorem for the 1-D parabolic case, using the Bukhgeim-
Klibanov method of Carleman estimates [2], [3], [10]. The data in [14] are measurements of
the function u (z,t), (z,t) € (0,1) x (0,T) at k + 1 interior points {z;};" € (0,1), where
k > 1 is the dimension of the unknown vector valued function ¢ (u) = (q1 (w), -+, qx (u)).
Therefore, Theorem 1 is a new result even in the 1-D case, since only boundary measure-
ments are considered here. Kiigler [16] has proven uniqueness for a 1-D inverse problem for a
quasilinear elliptic equation. Muzylev has published an uniqueness theorem for a piecewise
analytic unknown coefficient ¢ (u) in a parabolic operator [21]. Pilant and Rundell have
established uniqueness under a smallness condition for an (n-D) / (1-D) problem [22]. That
is, in [22] the unknown source function ¢ (u) is a part of an n-D parabolic operator, and the
data are given at a single point of the boundary.

A more complete set of results is available for multidimensional inverse problems for
nonlinear parabolic and elliptic equations with the multiple measurement data, i.e., the
Dirichlet-to-Neumann map. This series of publications has started from the paper of Isakov
[7], in which the so-called linearization method was introduced; also see, e.g., [8], [9] and
references cited there.



The main idea of Theorem 1 consists in an extension of the method of Carleman estimates
to the problem considered here. As to nonlinear equations: In addition to [14], this method
was also applied by the author to prove a global uniqueness theorem for a multidimensional
inverse problem for a nonlinear elliptic equation in R™"*! [12], [15]. However, the unknown
coefficient in [12] and [15] depends on n spatial variables, rather than on the solution of that
equation. In the rest of publications about this method, it has been used so far for proofs of
uniqueness and stability results for multidimensional inverse problems for linear PDEs only
(including systems of PDEs), see, e.g., Imanuvilov and Yamamoto [5|, Imanuvilov, Isakov
and Yamamoto [6], Klibanov [11,13,15], Lin and Wang [20], as well as references cited there.

A crucial part of the proof of Theorem 1 is Theorem 2 (section 5), which is a new pointwise
Carleman estimate for the parabolic operator. This theorem might be interesting in its own
right. Some features of Theorem 2, as well as a part of its proof are naturally similar with
the Carleman estimate of Lemma 3 in Section 1 of Chapter 4 of the book [19]. There are
significant differences, however. First, the Carleman Weight Function (CWF) of Theorem 2
is different from one in [19]. However, the most important new element in Theorem 2 is the
estimate (5.2) from the below of a certain boundary integral over the curvilinear boundary
OsE C R™!'. The latter, in turn is important for the proof of Theorem 1, as it can be
seen from a comparison of (6.2) with (6.3) and (6.4) (section 6). The peculiarity here is
that the n-D manifold 0s5F is not a level surface of the CWF. Therefore, in a traditional
setting both Dirichlet and Neumann zero boundary data should be assigned on such a part
of the boundary. In our case, however only the zero Dirichlet boundary condition is given on
O3 FE. This makes it necessary to carefully analyze all boundary terms in the corresponding
pointwise Carleman estimate, including even the 1-D case. Such an analysis, in turn requires
a complete proof of that estimate, which is inevitably space consuming, as it is always the
case when these estimates are derived.

The third important difference with [19] is the presence of terms with the derivatives u?
and ufj in Theorem 2. These derivatives are involved in the principal part of the parabolic
operator. Whereas only lower order derivatives are present in the Carleman estimate of
[19]. In principle, it is well known that such terms can be included in the elliptic case (see,
e.g., Theorem 8.3.1 in the book of Hérmander [4]), and this can be done analogously in the
parabolic case as well. Still, however we need to provide a detailed proof in our specific
setting (Lemma 5.4), because we need to estimate that boundary integral.

The second auxiliary result, which might be interesting in its own right is a new estimate
from the above of a certain integral in Lemma 2.1 (section 2). This estimate is stronger
than one explored in previous works, because of the presence of the multiplier 1/A?, which
is important as A — oo (compare, e.g., with Lemma 3.7 and the inequality (4.23) in [15])

The paper is organized as follows. In Section 2 we prove Lemma 2.1. In section 3 we
begin the proof of Theorem 1. The main result of this section is a certain integro-differential
inequality for a function w. In Section 4 we introduce the CWF and show that it is sufficient
to prove that the function w = 0 in a certain small domain E. In section 5 we prove the
Carleman estimate. We complete the proof of Theorem 1 in section 6.



2 Estimating an Integral

Lemma 2.1. Let the function f(t) € C'[0,a] and f'(t) < —b, where b = const > 0. Then
for all A > 0 and for all real valued functions g € Ly (0,a) the following estimate holds

/exp 2\ f (1)] - (/g (1) dT) dt < ﬁ /92 (t) exp [2M\f (t)] dt. (2.1)

0

Proof. Obviously,

exp (2\f) = ;;;/exp@)\f)
d
= (~5ap) 1w @A < g e @A)

Since,

then

IN

%\/f- [/f (t)exp(QAf(t))dt] .

0

Dividing this inequality by v/I and squaring both sides then, we obtain (2.1). m



3 Integro-Differential Inequality

The proof of Theorem 1 begins in this section. First, we introduce a ‘pseudo spatial’ variable
z by

u(v(z,y.1),y.1) =2
which is possible because of (1.8). The equation (1.3) becomes

U = F(U117Uij7VZ,yU7z7y7t7Q(Zay)> ) <Z7j) ;é (17 1)7 (31)

where v; = v, and F is the nonlinear elliptic operator generated by the operator F' and
this change of variables. The equation (3.1) is satisfied in the domain D7 with curvilinear
boundaries {z = ¢ (y)} and {z = ¢ (1)},

Dr={(z,y.1) : o1 (y) <2 <o (t), ye, te€(0,T)}.
Let
DOT:DOX(O7T>:{(xvyat):901<y><z<900(0)a yEQla tE(OaT)}'

By (1.6), ¢o (t) > ¢o (0) for t > 0. Hence, the domain Dor C Dy. Let T'; and T, be the left
and right curvilinear boundaries of the domain Dy respectively,

Fl = {(Zvyvt):zzgpl (y>7 ytea te (O,T)},

I=A{(z,y,t):z2=¢o(t), ye, te(0,1)}.
Relations (1.4) and (1.5) imply that

U|Fl = 1a UZ|FL = wl (y t) (32)
1
vlr, =0, vr, = Yo @ 1) (3.3)

Suppose that there exist two pairs of functions (uy,q;) and (ug, ¢2) satisfying (1.3)-(1.8).
Then there also exist two pairs of functions (v (z,y,t),q1 (z,9)) and (vs (2,9,t), ¢ (2,
satisfying (3.1)-(3.3). Denote v (z,y,t) = vy (z,y,t) —va (2,4,t), ¢ (2,9) = 1 (2,y) — g2 (2, ).
Then

q(z,y) =0in Dy. (3.4)

Relations (3.1)-(3.3) lead to

n

a’ v — Lo = a" (2,y,t) - Uy — U,y — Z a’ (z,y,t) vy
1,7=1
(H)#(l 1)

n

= V(25,00 =V (z,5,1) 8 = ¢(2,4,0) 7 (2,9) , in Dr, (3.5)

=1



~ v
/U‘Fl = %‘Fl == 07 (36)

- ov
= o2l =0, (37)
where 7 is the unit outward normal vector on either of boundaries.
Let the function d (z,y,t) be either a® or an arbitrary coefficient of the operator L. Then

de C? (ET). Also, (1.2) implies that the operator L is elliptic in Dy, i.e.,

n

P <&+ Y a4 < ¢ (3.8)
i,5=1
(iJ)]#(Ll)

V(z,y,t) € Dr, YE€E€R", fy,Jiy = const > 0.

Let G C Dy be an arbitrary bounded subdomain. Then there exists a positive constant
C (G) such that
min [a° (z,y,t)] > C(G) (3.9)
G

and by (1.1)
’ m@in lc(z,y,t)] > C(G). (3.10)

Also, Uy, Dij/@'ﬁ eC (ET) for o] < 3,5 =0,1. Denote

1

c 02<G>}'

L e T Y e
From now on, given a bounded subdomain G C Dy, M denotes different positive constants
depending on the constant M (G) .

Consider the equation (3.5) in the domain Dyr. Note that I'; is also the left boundary of
the domain Dyr. And the right boundary of this domain is {(z,y,t) : 2 = o(0),y € Qy, t € (0,7)}.
The right hand side of the equation (3.5) ¢ (z,y,t) ¢ (2,y) = 0 in Doy. Hence, the zero Dirich-
let and Neumann boundary conditions (3.6) on I'; and the uniqueness of the Cauchy problem
for the parabolic equation with the lateral data imply that

v (z,y,t) = 0in Doy. (3.11)

Thus, from now on we shall consider the equation (3.5) only in the domain Hy = Dr N
{z > ¢0(0)}. Hence,

Hr ={(z,y,t) : 00 (0) < 2 < o (t), (y,t) € Q x(0,T)}. (3.12)
By (3.11) the condition (3.6) can be replaced with

Uz=go(0) = Vz|2=p0(0) = 0. (3.13)



To apply the Carleman estimate, we obtain an integro-differential inequality with Volterra-
like integrals first. An important feature of this inequality is that it does not depend explicitly
on the unknown coeflicient g. Since ¢ # 0 in Hr, then (3.5) leads to

0 ~ ~
~ a’ vy — Lv |
i) = O g

Differentiating with respect to ¢, we obtain

0 0/0 . ?J/t — Lv
— |——— | =0, in Hy.
ot [ c } r
This equation can be rewritten as
0 Ty — Lty + a2 T — Liv = = [a° -3, — L7 , in H, (3.14)
¢

where L; is the linear operator whose coefficients are t-derivatives of the coefficients of the
operator L. Denote

hzyt) = % = el (3.15)
w(z,y,t) = (v — hv) (z,y,1) (3.16)

and use vy — hvy = (v — hv), + b0 = w; + hy U and similar formulas for other derivatives.
Then (3.14)-(3.16) lead to

a"w,—Lw= > kT +> I +1°0, in Hy, (3.17)
ij=1 i=1
(32 (LD)
where functions o o
k9,01 e C(Hr). (3.18)

To express the function v through the function w, introduce a new function t = g (z),
which is the inverse for the function g (%),

vo(g(z) = 2. (3.19a)

Hence,
t>g(z), in Hy. (3.19b)

Since by (3.7) V].=4et) = 0, then we obtain the following Cauchy problem for the linear
ordinary differential equation (3.16) in {t > g (z)}

Ty — B = w, Tlyeg(s) =0,

Hence, (3.15) implies that

t

v(z,y,t) = /K(z,y,t,T)w(z,y,T) dr, (3.20)

g(2)



c(z,y,t)
c(z,y,7)
Consider now values of the function w (z,y, ) and its first derivatives on the right bound-

ary ', of the domain Hy. Differentiating v (¢q (¢) ,y,t) = 0 with respect to ¢ and using the
fact that v, (¢ (t),y,t) = 0, we obtain v; (¢ (t),y,t) = 0. Hence, (3.16) implies that

K (z,y,t,7) =

w (o (1) ,y,t) = W]ompowy = 0,for (y,t) € Q1 x (0,7). (3.21)
Hence, (3.20)-(3.23) lead to
wj|Z:§00(t) = O, j = 2, e, N, n Ql X (O,T) R (322)

wt|Z:<P0(t) = —QDIO (t) . wZ]Z:@O(t), n Ql X (O,T) . (323)
Thus, differentiating (3.20) and taking into account (3.21) and (3.22), we obtain

t

’6j (Zay7t) = / (Kw)j (zvyataT) dr, j=1,---,n, (324)
9(2)
:Jij (Zvyut) = / (K'U))Z] <Z7y7t77—) ) for (7'7.]) 7é (17 1) ) Zu.] = 17 Ty T (325>
9(2)
U (z,y,t) = w (z,y,t) + / (Kyw) (z,y,t,7)dr. (3.26)
9(2)

Fix an arbitrary bounded subdomain G C Q4. Define the domain G C Hr as
G= {(z,y,t) o0 (0) <2< o (t),y €, te (o,T)}, for n > 2 (3.27)

and G = Hr in the 1-D case. Let Ly be the principal part of the elliptic operator L,

Low = w,, + Z (z,t,y) wy. (3.28)
i 1
(m)iu,l)
Then (3.17)-(3.28) imply that the function w (z, y, t) satisfies the following integro-differential
inequality and boundary conditions

|a’w; — Low| < M ([Vw| + |w])

t t n

+M/[(IVw|+|@UI)(z,y,T)]dT+M/ > |wyl(zy,7)| dr, in G, (3:29)
9(z) g(2) (i7;7)7];é:(f71)



Wam o (0) = Wa|amgo0y = 0, for (y,1) € G x (0,T), (3.30)
W]ampoy = 0, for (y,1) € G x (0,T), (3.31)

where function D¢, w,w;, € C (G) ,|a| <3 and M = M (G).

The main effort of the rest of the paper is focused on the proof that relations (3.29)-(3.31)
imply that the function w (z,y,t) = 0 in G and, therefore w(z,y,t) = 0 in Hy. This and
(3.20) would imply that v (z,y,t) = 0 in Hy. Finally, substituting v := 0 in the equation
(3.5) and using the fact that by (3.10) the function c(z,y,t) # 0 in Hy, we would obtain
that the function ¢ (z,y) = 0 in the domain D, which was defined in (1.9). The latter would
prove Theorem 1. Below the dependence from y € R"! should be ignored if n = 1; all
formulations and proofs remain almost the same for this case.

4 Domains and some Notations

4.1 Domains

Let 0 be sufficiently small positive number, which we will choose later (see (4.24)). Let the
function 1 be

1
for (z,y,t) € {¢0(0) <z <o (t),t>0,ye R '}.

For sufficiently large parameters A\, v > 1 define the CWF as

C(z,y,t) = exp [A?ﬁ_”} ) (4.1)

For brevity, we omit to mark the dependence of the CWF from parameters A\, v and 9.
Let n € [0,T),y0 € G and dist <y0,86> < 64 ie., the distance between yo and OG is
less than §'/%. Define the domain E (6,7, y) as

E(6,1,0) (4.2)

= {(Zayat)1¢(2ay—yoat—77)+800(0)—800(77) <5+%7900(77) <Z<§00(t>7t>n}'

Also, (4.2) can be rewritten as

E (5,0, 9) = {(z,y,t):z—soo(n)+\/3|y—yo!2+(t—n) < 8,90 (n) <Z<900(t),t>77}-

Clearly, there exists a § = 0 () > 0 such that £ (d,7,yo) C Hr. The goal of this subsection is
to demonstrate that to prove Theorem 1, it is sufficient to prove that the function w (z,y,t) =
0 in E(4,0,y0) for an yy € ©; and a sufficiently small 6. This assertion follows from

Lemma 4.1. Suppose that for an arbitrary n € [0,T) there exists a method of proving
that relations

Wampo(n) = Walz=po(m) = 0,V t € (n,T),Vyo € GnN {dist (yo, 8@) < (51/4} , (4.3)

10



being satisfied for an arbitrary bounded subdomain GC Qq, imply that
w(z,y,t) =01in E (6,n,90),Yyo € Gn {dz’st (yo,aé) < (51/4}

for all sufficiently small § € (0,6 (n)]. Then the function w(z,y,t) = 0 in Hr and the
function q(z,y) =0 in D.

Proof. Choose an arbitrary n € [0,7) and suppose that (4.3) is true for this value of
n. Then w(z,y0,t) = 0in {(2,t) o (n) <2z <o (t),z+t—n<d+¢o(n),t >n}. Since
5 € (0,0 (n)) and G C Q is an arbitrary subdomain, the latter leads to

w(z,y,t) =0in E (), (4.4)

where

Em) ={(zy,t) 0o <z<w¢o(t),z+t—n<d(n)+wo(n),t>nyech}. (45)

Suppose now that n = 0 and § € (0,7). In the (z,t) space, consider the point (z,’tvl) =
(¢o (t1) ,#1) of the intersection of the straight line {2+t =8+ (0)} with the curve
{z = (t),t > 0}. Hence, ¢ (?1) +1t1 = 6+ (0). Consider the function o (t) = g (t) +t.
Since a (0) = ¢ (0) < § + ¢o (0), by (1.6) o (t) > 71 + 1 and ¢ € (0,T), then the point
t, € (0,T) exists and is unique. Choose an integer 3 such that 8+ 1 > o/ (t) in [0,T].
Denote t; =3/ (6 +1). Then t; € (0,?1). Indeed, there exists a & € (0,?1) such that

«Q (%vl) - a<0) N
-0 Yl
Hence,
~  a(t) —al(0) 5 5

t - = > —
' o (€) o/ (€~ B+1
Furthermore, since ¢; € (0,7T), then ¢, € (0,T) also. Denote

. (4.6)

P(t) ={(z9:1) 9o (0) <2 <o (t),t€(0,t1),y €},

Since by (4.6) t; > t;, then z 4+t < § + ¢ (0) in P (t;). This and (4.5) imply that P (t,) C
E (0). Hence, (3.30), (4.4) and the assumption of this lemma lead to

w(z,y,t) =0, in P (t;). (4.7)
Further, (3.19a,b) imply that the definition of the domain P (1) can be rewritten as
P(t1) ={(zy,t) : 00 (0) <z <o (tr),t € (9(2),t1),y € N}

Hence, using (3.20) and (4.7), we obtain v (z,y,t) = 0 in P (¢;). Substituting v (z,y,t) :==0
in the equation (3.5) for (z,y,t) € P (t1) and using (3.10), we obtain that

q(2y) =0, in {(z,y) : 00 (0) <2 <¢o(t1),y € Nh}.

11



Hence, (3.5) implies that

a’ v — Lo =0, in S (), (4.8)
where the domain S (¢;) is defined as
S(t) ={(z9,1) 1 2 € (90 (0), 0 (t1)) , (y, 1) € U x (t1,T)} . (4.9)
Also, by (3.13)
V) 2mp0(0) = Uslzmpo0) = 0, for (y,t) € Qy x (t1,7). (4.10)

Thus, (4.8)-(4.10) and the uniqueness theorem for the Cauchy problem for the parabolic
equation with the lateral data imply that the function v (z,y,t) = 0 in S (¢;). This and
(3.16) lead to
W]ompo (1) = Ws|2=po(t) = 0, for (y,t) € Qy x (41,7 .
hence, we now obtain (4.4) with 7 := t;.
Therefore, the following iterative process can be arranged. Let ¢5:=0. For s > 1 let
ts = s- L
’ B+1
On the step s > 1 of this process one starts from the set F (§,ts_1, 7o) and proceeds similarly
with the above. After s steps we obtain that

q(z,y)=0,1in {(z,9) 1 00 (0) < z < o (ts), y € Q}. (4.12)

(4.11)

Let

P(ts) = {(Zay7t) © %o (ts—1> <z <o (tS) b e (g (Z) 7ts> Y € Ql} :
This process can be continued as long as P (t;) C Hr, i.e., P(ts) C {t € (0,T)}. So, in the
rest of the proof of Lemma 4.1 we show that (4.12) implies that

G(z,y) =0in {(z,9) : 0 (0) <z <o (T), ye€ K}, (4.13)

which is sufficient for establishing the validity of this lemma.
One can choose sufficiently small number §y such that

0o g+1
T=kF- here k = -T 4.14
EER where 5 (4.14)
is an integer. Let dp := 0. Consider all integers s > 1 such that
ts+0<T. (4.15)

By (4.11), (4.14) and (4.15) s < k — (8 +1). Given the integer (3, one can always choose
a sufficiently small 69 = &g (5,7") := 0 such that (4.14) holds and k — (8 + 1) > 2. Thus,
the set of integers s satisfying (4.15) is not empty. Now, take s := sy = k — (3 +2). By

(45) E(n) C{n<t<n+d(n)}. Hence E (Ls,) C {ts, <t <d+1s}. The latter and (4.15)
imply that F (t;) C Hy for s =1,---,so. Thus, one can take s := sy in (4.12). On the other

hand, the number
2
T—t,=(14—
" <+6+1)5

can be made arbitrary small by decreasing 0, which implies (4.13). =

12



4.2 Notations for Section 5

We assume from now on that 0 € Q; and ¢, (0) = 0. The function ¢ takes the form

1
w(z,y,t):z+\/5|y|2+t+§.

Denote ¢ (t) := ¢ (t) and let
E:{(z,y,t):z+\/3]y\2+t<5, t >0, 0<z<g0(t)}.

Hence, the definition of the domain E can also be written as

1
E:{(z,y,t):¢(z,y,t)<5+§, t>0, O<z<g0(t)}.

Because of Lemma 4.1, it is sufficient to prove that w(z,y,t) = 0 in the domain E for a
sufficiently small 6 > 0. The boundary OF of E consists of three parts,

3
0FE = | JO;E,
i=1
where B
01E: {ZIO}QE,
OLE = {w:%Jr(S}mE
BE={z=¢p{t)}NE.
Hence,

¢<Z,y,t) |83E:¢(S0<t)7y7t> :Cﬁ(t)+\/5|y|2+t—|—% Sé—k%

By (3.30) and (3.31),
w=Vw=w,=0 on O F, (4.16)

w=0on 0;FE. (4.17)

By (4.1) 0,F is a level surface of the CWF C (z,y,t) and this function attains its minimal
value (over E) on 0,FE. This and zero Dirichlet and Neumann boundary conditions (4.16) on
01 FE imply that one should not be concerned with boundary integrals over 0 F and 0, F in
the Carleman estimate. However, one should be concerned with such an integral over 05 F,
because the Neumann boundary condition is not given on d3F and 03 F is not a level surface
of the function C (z,y,1).

Let #; be the number, which was introduced in the proof of Lemma 4.1, i.e., {; > 0 is the
unique solution of the equation ¢ (’tvl) + ¢, = 4. Denote

r(t) =67 \/6 —p(t) —t, fort € (0,4).

13



Then r(t) € (0,6"*) and

BE ={(z,y.t): 2= (t), [yl <r(t),t € [0,1]}, for n>2.

Also,
HE = {(2,t)=(p(t),t): t€[0,14]}, for n=1.
Hence,
/ f(y,t)dS :/\/1—1— [ ()] / f(y,t)dy | dt, for n>2, Vfe C(0E).
E 0 yl<r(t)

Thus, the Gauss’ formula implies that for all functions f € C! (93F)

/fj (1) dS:/\ﬂH@’ ) / f(y,t) cos (m,y;) do | dt, (4.18)

03E 0 yl=r(t)

for j =2,---,n,

where 7 is the outward unit normal vector to the sphere {|y| = r(t)} C R"~'. It is convenient
for us to write the following inequality instead of (4.18)

t1

/fj(y,t)dSZ—C/ / F (. 0)| dodt, for j = 2., Vf € C (BF),  (4.19)

% E 0 [yl=r(t)

where C' = C' (H@'HC[O T]> is a positive constant. If n > 3, then it is clear, of course what

the interior integral in (4.19) means. If n = 2, i.e., R"' = R', then (4.18) implies that the
inequality (4.19) will still hold if defining the integral over {|y| = r(¢)} as

/ f (y,8)| do 2 |f (r(t),8)] + | f (—r(t),1)], if R = R".

ly|=r(t)

Let B be the set of functions defined as
B = {u tug, DY u € C (E) Jal <3, ulop = Vulo, g = ulo,p = 0} )

Obviously, u; = 0 on O\ E, Yu € B. By (4.16) and (4.17), the above function w € B. Also,
(3.22) and (3.23) lead to

u; =0, on F, for j =2,---,n, Yué€ B. (4.20)

u=—¢ (t)-u,, ondzE, Yu € B. (4.21)
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Let G C Hr be the bounded subdomain defined in (3.27) and E C G for all § € (0,4dy),
where ¢y is sufficiently small. In addition to the constant M = M (G) (section 3), introduce

the constant A,
1
A=max{ —— ||| .
{ la®ll o) coT

In section 5 O (1/A) and O (6*/*) denote different C* (E)-functions such that

’o G)‘ < % 0¥ < Ko-6¥*in B, VAv>1, ¥5€(0,1), (4.22)

together with their first derivatives. Here and below Ky = Ky (A, 1, M(G),G) denotes
different positive constants dependent on A, iy, M(G), G and independent on parameters
A\ v, Ao, o and 6 € (0,1). Recall that the positive constant ji; was defined in (3.8). Also,
Ao = Mo (4,114, M(G),G) and vy = vy (A, 111, M(G),G) denote different sufficiently large

positive parameters depending only on A, i, M(G) and G. We choose § € (0,1) so small
and A\ so large that £ = E'(0) C G and

Ky 1
<= 4.23
N < ® (4.23)
1
Ko-6%% < -, (4.24)

8

for all constants K, occurring in the proof of Theorem 2. From now on, we fix the pa-
rameter 0, while the parameter \y can still be increased in the course of the proof of The-

orem 2. Choices (4.23) and (4.24) are possible, because only a finite number of functions
O (1/A),0 (6**) and constants Ky occur in that proof.

5 The Carleman Estimate

Theorem 2 There ezist sufficiently large positive constants vy = vy (A, iy, M(G),G) , Ao =
Mo (A, iy, M(G),G) and a positive constant K = K (A, i, M(G),G) such that if v = vy,
then the following pointwise Carleman estimate is valid in the domain E for all functions
u € B and for all A > X\

(ao SUp — Lou)2 . C?

K n
>~ <u§+ > u%) CPH K [MVul? + X2 - C2 4+ V- U + V4, (5.1)

1y,5=1

where the vector valued function (U, V') is such that

3
/ (U, V), 7]dS > KA / ui-C%lS—% / / 2 - C2dodt, (5.2)

o3 FE o3 FE 0 ly|=r(t)
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(U V) < KX uf + )l + | Vul” +u?| €, in E, (5.3)

irj=1
(U,V)=0 on O E, (5.4)

where 1 is the unit outward normal vector on 3F and [,] denotes the dot product in R™*.
If n =1, then the second integral in the right hand side of (5.2) should be ignored.

In sections 5 and 6 K = K (A, iy, v, M(G), G) denotes different positive constants de-
pending only on A, jiy, vy, M(G),G. We assume in section 5 that parameters A\ and vq are
sufficiently large. It can be seen in the course of the proof of Theorem 2 that their choice
depends only on numbers A, fi;, M(G) and the domain G. We break the proof of Theorem
2 in proofs of four lemmas. In all estimates of this section (z,y,t) € E. Also in this section
u € B is an arbitrary function and Vu = V_ ,u.

Lemma 5.1. The following inequality is valid for all \,v > 2

~ 1
(a"ws — Lou) u-C* > Iy IVul? - C* — Kg\2? - op= 22 {1 +0 (X)} - C*+ VU +(Vy),,

where the vector valued function (Uy, V1) is such that
(Ul, ‘/1) = (0, O) , On 31E U 65E7

|(U17 ‘/1)’ S K())\]/ . 2/}_1/_1 (|VU’2 + 'LL2) . C2.

We omit the proof of this result, because it is almost identical to the proof of Lemma 1
in section 1 of Chapter 4 of the book [19].
Lemma 5.2. The following estimate is valid for all v > 2 and for all A > \g

(ao Uy — Lou)2 wu+2 . C2

> — Ko\ |[Vul” - C? + KoNv*p™ 272 4? - C2 + V- Uy + (Va), (5.5)
where the vector valued function (Us, Va) is such that
[(Us, Vo), 7] > Kodvu? - C?, on 03, (5.6a)
(Us, Va)| < KoX3uP=271 (0 + |Vul® +u?) - C2in E, (5.6b)
(Uy, Vo) =0, on O\ E. (5.6¢)

Proof. Not that (5.6¢) follows from (5.6b). Let v = u-exp(M)™) = u - C. Express
derivatives of the function u = v - C~! through those of the function v,

U, = (vz + AL v) .CcL,

1
Uy, = {Uzz + 2oy, 4 AP gy (1 +0 (X)) : v] C1 (5.7)

Uz = |:Uzj + A oy AT o, + NPT (1 + O (%)) U} C7h (5.8)
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Also, for 1,7 =2,---.n
u; = (vi + AL U) .cL

wy = [vﬁ I (g )+ AR R (wz-wj L0 (i)) . v] o (59)

Thus, denoting a!! := 1, and noting that ), = 1, we obtain

(a” - uy — Lou) - C (5.10)
" " 1
= {a,ovt — L[)?J — 2)\1/77/J_V_1 Z CLZJ@ZJjUi — )\21/21,0_2”_2 [Z a" (¢z¢] + @) (X))] ’U} .
1/77.7:1 Z,,]:].
Denote
21 = (IO + Uy,
29 = —L(ﬂ) = — Z aijvij,
,,J=1

z3 = —2\U - w’”’l Z aijwjvi,

i j=1
L 1
2= =\ T2 [Z a"’ (’Q/JZ’Q/)] +0 (X))] x
=1

By (5.10), the left hand side of the inequality (5.5) can be estimated as
(a"u; — Lou)2 20 = (2 + 23) + (22 + 2)] - VT2

> [Zf + 22 + 22123 + 22129 + 22023 + 22124 + 22324} St (5.11)

In the rest of the proof of this lemma, we estimate from the below either terms or groups of
terms in the right hand side of (5.11). We do this in several steps.
Step 1. Estimate 2z, 25 - Y72, Denote b% = a” - a”. Then

n

22129 - P = — Z b (vij + vij) vt - e

iyj=1

n

= Z [(—bij USRS Uz‘Ut)j + (_bij P Ujvt)i]

i,,7=1
o 30 [0 (070 ] 80 e+ vy
2,,0=1 ,,0=1

n

= 21)15 Z (bl] . wy+2)j -V + Z bij . wu+2 . (Uﬂ}j)t + AV UQl,

i,,J=1 i,J=1

17



where

V- Uy _Z QZb” W v,

Jj=1 J
Further,
Z b o2 (vivy), = Z (bij 2. ij)t — Z (bz‘j . ¢u+2)tuivj.
1,,7=1 2,,j=1 ig=1
Hence,
2z % = 20 3 (0, D (90, + VUi (V)
1,,j=1 (VS

where V - Uy, was defined in (5.12) and

n

‘/21 _ Z bijwl/-ﬁ-? CVV;

,,j=1
Note that A
(bm ¢I/+2) (bm) . wl/+2 + (l/ + 2) bi],¢j . 77ZJV—H
(bm i wu+2)t —_ (bij)t . wu+2 + (V + 2) bij X wzﬂrl7
|1/}]’ < 1 iHE,j: 17”'7”7
1 —
S SWI<;+0<1inE.

Recall that Y = a° - @”. Thus, (5.13)-(5.16) imply that for all v > 2

22120 W > Koy - " Vo 42 (0 4 2) - v Y aT

i,,7=1
P2 3T )09 i V),
i,,j=1
Since z; = a’ - v;, then
2212 - P2 > — Koy - " [Vl

n n

.. 1 y
_|_221 .1/J1/+2 (V + 2) ¢—1 Z a”'éiji + E . Z (bw)j v; | + vV - U21 + ({/’21)1:_

i5,J=1 ,j=1

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

Now we estimate the magnitude of the vector valued function (Usy, V) on the surface 3 F

Since
v=u -C+u-C, vj=u;-C+u-Cj,

and u =0 on O3F, then (5.12), (5.14) and (5.16) imply that

[(Uz1, Var)| < Kou? - C?, on &E

18
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Step 2. Estimate (2] + 22 + 22123 + 22122) 2. Using (5.17), we obtain

(zf + 232, + 22123 + 22122) v T2

st (v +2) 07 Y alu % DG ”i] } A

2 2
i,,j=1 6,j=1

—Kov - " Vo + V- Uny + (Var), -

By the Cauchy-Schwarz inequality

z3+ (v+2)y Z a”w]vZ Z b“ ]

4,,0=1 Jj=1

22

n

Z —2% . Zg . 223 (l/ + 2) ¢—1 Z &Z]¢]Uz _ 223 . % . Z (bZ])J V;

1,,J=1 i,,j=1
—(v+2)>%¢ <Z a%m) — Ko Vol
1,,J=1

Hence, the formula for z3 and (5.16) lead to

(z% + z§ + 22123 + 22122) P2

> — Ko\ Vo> + 4 v (v + 2) ( > aijwjvi> — (v +2)* " ( > afwjui)

1y,5=1 i,,j=1

+A\) % (Z aijl/)jvi> : (Z (bfﬂ')j%vi) +V Uy + (Vay), - (5.19)

ij=1 ij=1
By (5.16), ¥ < 1 in E. Hence, for all A > )\¢ and for all v > 2 we obtain A\v (v +2) >
(v+2)°¢” in E . Hence,

A v (v +2) (Z a”z/zjvz> V—|—2 (Z a’]w]vl>

%,,J=1 2,,J=1

> 3\ (v+2) (Z a”w]vz> > 0.

4,,0=1

In addition, since a® > A in E, then

1 [ S
AAvip - 0 (Z b;j?fz) : (Z al]@Z)jvi) > —Ko\v - |Vol?.

ij=1 ij=1
Therefore, (5.19) leads to

(zf + 23 + 22123 + 22122) ST > Ko - |Vv|2 + V- Uy + (Var),, (5.20)
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where the vector valued function (Usy, Va1) satisfies (5.18).
Step 3. Estimate 22023 - 1/"*2. Observe that 1, = 1 and ¢; = 2/0y; = O (6*/*) in E,
for j = 2,---,n. Hence, (4.24) implies that

1
Recalling that a'* = 1, we single out the derivative v, in z3 and rewrite z3 as

Z3 = z31 + 232,

where
21 = =2 v -y,

Z39 = —2\v - w—l/—l [Z Cllj?)j + Z aijwjvi.]

j=2 i,j=2
Likewise, rewrite z9 as
n n
— E av,; — E a’v;;.
=2 i,j=2
Step 3.1. Estimate 22925 - ¥ 12 .

U, F E atv,;

229231 - VT2 = dAvpv, - + 2 v, - Z a” (vij +vj;)

1,]=2

= (2)\uw . vg) — 2 vv? + Z 2)\V¢a13 . 2)\1/2 walj (5.22)

j=2

+Z 2 \vpatl - vzvl +Z 2 \vpatl - vzv] —2/\1/#)2 (V405 + VjV;)

1,J=2 1,j=2 1,j=2

—4\v Z (waij)j V;Us.

1,7=2

Finally, since

—2 v Z (V250 + V05) = =2\ Z vzv]

1,j=2 ,j=2
= Z (—QAV@/JCLU . Uﬂ)j)z + 2 v Z (@Daij)z vV,
i,j=2 hj=2
then (5.22) leads to
229231 - Y2 > — Ko\ |Vo|> + V- UQ(;), (5.23)
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where

V. UQ(;) = |2\ - 02 — 2 ) Z a’ - vv;

i,j=2 .

+ Z; [2Avtpal’ - Uﬂj + 222 [4\vpa” ~vzvi}j . (5.24)
= ij=

Note that

cos (n,z;) =0,on BE, j=2,---,n. 25)
0

(5.
In addition, since u|g,p = 0, then v, = u, - C on 03F and by (4.20) v; =u;-C+u-C; =
on 03E for j =2,---,n. Thus, (5.16), (5.24) and (5.25) imply that
[(U;y, 0) n] > Kohvu? - C2 on 0. (5.26)

Step 3.2. Estimate 22523, - VT2

n

222232 . ’QD'H_Q = 4/\I/’¢ [Z (Zjl?)j + Z aiﬂﬂjvi] . <Uzz + Z aijvij> .

j=2 i.j=2 ij=2

We carry out this estimate in the same manner as one in Step 3.1. Similarly with Step 3.1,
we obtain

229230 - VT2 > —Kohv - Vo] + V- UL, (5.27)
Since functions v; = 0 on O3F for j = 2,---,n, then (5.25) implies that
[(Ué?,@) n] —0. (5.28)

To finalize Step 3, we sum up inequalities (5.23) and (5.27). Denote Upy = UQ(%) + UZ(S) and
take into account estimates (5.26) and (5.28). We obtain

22’2 (2’31 + 2’32) . wy+2 = 22’223 . wy+2 Z —K())\V |V’U|2 + V . U22, (529)

[(Usg,0),7] > KoAvu? - C?, on O3E. (5.30)

Step 4. Estimate 2224 - "2 Since @’ = 1,9y = 1 and ¢; = O (6*/*), for j = 2,...,n,
then one can rewrite z, as

2 = _>\2V2¢—2u—2 [1 +0 <§> +0 (53/4)} 0.
Hence,

22124 - PV = =207 7Vd” l1 +0 G) +0 (53/4)} LU

- fe-cee(iso(3) o]

A% {ao Y (1 +0 G) +0 (53/4))L 02
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Hence, using (4.22)-(4.24), we obtain
22124 - PV > =KX -7 0P 4 (Vi) (5.31)
where .
Voo = =X2 - 7"a’ (1 +0 (X) +0 (63/4)) v?

which implies that
‘/22 = 0, on 83E (532)

Step 5. Estimate 22324 - 9" 2.
22324 . 1/}V+2 = 2 (231 —+ 232) Z4 * wy+2

_ 4)\31/3 . 77ZJ—2V—1 (1 + 10, ()\) + O (53/4)>
+AN33 g2 <1 +0 (i) +0 53/4 ) Za”zﬂjvz
=2 j=1
= {2A3y3-¢2y ! ( +0 (%) +0 () ) : ]
2N (20 + 1) -2 (1 +0 ( ) +0 (53/4)) -0

e v (10 (4) son) S|

7j=1

2X%0° (20 4 1) -2 (1 +0 G) +0 (5% ) (Zw Za%])
-[(0so () o) ]

_2)\3y3 . w—?u—l Z
Since ¢; = O (53/4) , for i = 2,...,n, then (4.23) and (4.24) imply that

=2
1 ;
<1+O<X>+O 53/4) Z W

22324 - YT > Ko\t qp72 2 (1 — %) 0? + V- Ups, (5.33)

K
S il +K053/4 <
Ao

Thus,

where

V-Uy = {QA?)VS Sy (1 + O (%) + O ((53/4)) . UQ}

= —2v— 1 ?
+;{2A3y3.¢2 1(1+O(X)+O 53/4) Za% }
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Hence,

U23 =0 on 83E (534)
Since v > 2, then (5.16) implies that
vl 1
v 2
This and (5.33) lead to
22524 - VT2 > Ko\t - 7272 02 4V - Uss. (5.35)

Finally, summing up inequalities (5.20), (5.29), (5.31) and (5.35), which result from the
above steps, noticing that Av*=2"=2 > A\?p%)="~! (compare (5.31) with (5.35)), denoting
Uy = U + Usg + Uss, Vo = Vi1 + Vi, taking into account estimates (5.18), (5.30), (5.32)
and (5.34) of boundary terms, as well as the above explicit formulas for Us;, Uss, Uaz, Vo1 and
Va9 and returning to the function u = v - C~!, we obtain estimates (5.5) and (5.6a,b) of this
lemma. m

In the following lemma we set v := 1.

Lemma 5.3. Let v :=1y. Then the following estimate is valid for all X > Ao

(a®u; — Lou)® - C* > K (M |Vul” + Xu?) - C* + V - Us + (Va), , (5.36)

where the vector valued function (Us, V3) is such that

[(Us, V3), 7] > KMu?-C?, on 0sF, (5.37)
(U, V)| < K3 [u2 + |Vul? +4?] - C?, in E, (5.38a)
(Us, V3) =0, on O, E. (5.38D)

Proof. Multiply the estimate of Lemma 5.1 by 2KoAv (7i;) " and add to the estimate (5.5)
of Lemma 5.2. We obtain

2Ko (5i,) " Av (a® - uy — Lou) - u- C? + (aPuy — Lou)? - /12 - C2

2K, 1
Z K(]/\I/ IVU|2 . C2 + KO)\3V4 . 1/1_2V_2 (1 — ,IJ—O . ;) . U2 . C2 -+ V . U3 + (‘/Ei)t7
1

where Us = 2K\ (i) Uy + Us and Vi = 2K, (i)' Vi + Va. By (5.6a,b,c), the vector
valued function (Us, V3) satisfies (5.37) and (5.38a,b). Choose a vy (A4, i, G) > 1 such that

9K, 1 1

l—— >
o w2

and set v := vg. Since by (5.16) "™ < 1 in F, then

2K, (/71)_1 AV (aout — Lou) cu-Cr+ (aout — Lou)2 St
< 2 (ao CUp — Lou)2 CC?+ K)\%u? - C2

These lead to (5.36). m
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The Carleman estimate (5.36) has terms only with the low order derivatives in its right
hand side. To incorporate terms with the derivatives u? and u?;, we prove the following
lemma first.

Lemma 5.4. Let v :=1y. Then the following estimate is valid for all X > Ay

’L]’

(5.39)

ij=1

(a%u; — Lou) CP>K w2+ Y ufj) .2
— KN |Vu|* - C?+V -Us+ (Va),,

where the vector valued function (Uy, Vi) satisfies

/[(U4,1/4),ﬁ]d52—K)\/ -C%dS — K/ / u? - C*dodt, (5.40)
0 |yl=r

83E 83E
(U, V)] < K ( +3 4 |w|2> C?, in B, (5.41)
i,j=1
(Uy, Vi) =0, on 8, E. (5.42)

Proof. Again, let bY = a" - a¥. We have

(a Uy — Lou) Cr = 2 u? C2+Z —bY u”—f—uw)ut]-@

i,j=1
+(Low)*-C* = yi+ 1o+ ys.
Obviously,
Yy = (aO)Quf > Ku? - C2. (5.43)

We estimate y, and y3 from the below in two steps.
Step 1. Estimate ys.

n

ij=1
+ Z bij (uiuﬁ + ujuit) : C2 + uy Z [(blj)] U; + (b”)z Uj] : C2
i,j=1 i,j=1
=20y Yy (g + ugily) - C
i,j=1
Note that
Z bij (’LLZ‘th + ujuit) . CQ
ij=1
= > [WPuuy-C*, — >0 (W), uuy - C* + 22wt 3 buuy - C?
ij=1 i,j=1 ij=1
> KMVul? - C?+ Y Wuuy - €, > Y [0uu, - C?, .
i,j=1 tj=1
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Hence applying the Cauchy-Schwarz inequality ‘with € > 0’, 2ab > —ea? — b? /e, we obtain

)\2
yzZ—euf-Cz—K?-|Vu|2-C2+V-U41+(V4)t,

where .
AV U41 = Z (—waulut : CQ)J, y
1,j=1
V;l = Z bijuiuj : C2.
1,j=1

Using (4.20) and (4.21), we obtain

|(Uy1, Va)| < Ku? - C? on 5E

(5.44)

(5.45)

(5.46)

(5.47)

Summing up (5.43) and (5.44) and choosing € = K/2, we obtain with a different constant K

i+ ys > Kup - C* = KN [Vul*-C*+ V- Un + (Va), -

Step 2. Estimate ys.

ys = (Lou)? Z a' aFSujups - C?

i,5,k,s=1

n n

i 2
= E aaks (uiz) C+ E a’ aksuwuks . C?

ivjvkvszl ivjvkvs:]-
(1,9)=(k,s) (0.3)#(k,s)

n n n

- Z aijaks(uij)z-CQjL Z (a P uugs - C2)j— Z a’ aksuuksj C?

i7j7k7521 iajak’szl iajak’szl
(6.7)7(k,s) (6.7)7#(k,s)

n

— E (a”aks . CQ)j Ui Uk
i,j,k,s=1
(1,5)#(k,s)
Hence,

n n

(5.48)

Ys = Z [(a aksuu;cs-cz)j (a a’“uuk] CQ)J— Z (a” ks CQ) U Uk

iujak’s:l iajasz:l
(4.7)7#(k,s) (1.7)7#(k,s)

n
+ E (a”aks~62 U U+ g aak iUk - .C2.

i,7,k,s=1 i,5,k,s=1
(4.9)#(k,s)
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It was proven in the book of Ladyzhenskaya and Uraltceva [18] (Chapter 3, formula (7.6))

that
n n
ij ks ~2 2
E a”a uisug; > iy E Uy

,5,k,s=1 4,j=1

Hence, applying the Cauchy Schwarz inequality with ¢ = ﬁ% /2, we obtain

1~ n
ys > 5#? Zlufj C2— KN |Vu|? - C*+ V- Up, (5.49)
1,j=
where .
V- Up = Z [(a S uguyg - CQ)] (a” a*ujuy; 62)] (5.50)
ijk,s=1
e

To establish (5.40), we estimate from the below the boundary integral

/ [(Uy2,0),n]dS, for n > 2.

o3 FE
To do this, we estimate from the below integrals I;js,
Lijis = / a’ aFu;uy, - C? cos (n,z;)dS, for (i,7) # (k,s).
o3 FE
By (4.20) and (5.25), ;s = 0 for ¢ > 2 and for j > 2. Hence, we have to evaluate only
integrals I11xs,
Liigs = / a™u g, - C*cos (i1, 2) dS, for (k,s) # (1,1).
s E

Introduce the set Fs3 as

By = {(z,9.0): |yl =r(t),t € (0,11)}
= {2 =t ot) + Vol +t =5 te (0.5)}.
Then E23 = 83E N (92E
First, let both k£ > 2 and s > 2. Then (4.20) implies that u;, = 0 on 03F. Hence, on 03

a**uuy, - C*cos (i, 2)

0 aFsuuy, - C? 0 aksu, - C? 0 aFsuuy, - C?

i o S

9s | 1+ [0 OF 9% \ 1+ ()
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Since Fog = 03E N 0, E, then u, = 0 on Faz. Therefore (4.19) leads to I11xs = 0, if both
k > 2 and s > 2. Suppose now that £ =1 and s > 2. Then u, = u.,. Hence, on 03 F

a*u u,, - C*cos (R, z) = 0 ot O _ 9 o C u?
O 21l P] % \2y1+ g 0P
9] a'su? - C?

> —K)\uz C? +

% L2+l o

Thus, (4.19) leads to

t
Lis > —KA / u? - C*dS — K/ / u? - C*dodt, for s > 2.

sE 0 Jyl=r(t)

Summarizing, we see that

t1
Lijis > — K\ / u? - C*dS — K/ / u? - Cdodt, for (i,j)# (k,s).

O3 0 Jyl=r(t)

Therefore, (5.49) and (5.50) imply that

ys > K> ul-C*— KN |[Vul* - C*+ V- Uy, (5.51)

ij=1

where

t
/[<U42,0),ﬁ] qs > —KA/ug.cws—K/ / W2 - Cldodt. (5.52)

O3 E o3 E 0 |y‘:’r(t)

Summing up estimates (5.48) and (5.51), we obtain the estimate (5.39) of this lemma. Also,
estimates (5.47) and (5.52) imply the estimate (5.40) of the boundary integral with Uy :=
Uy + Uge. Recalling that u = Vu = u; = 0 on 01 FE, we conclude that (5.41) and (5.42)
follow from (5.45), (5.46) and (5.50). W

Completion of the Proof of Theorem 2.

Divide the estimate (5.39) of Lemma 5.4 by 2\ and add to the estimate (5.36) of Lemma
5.3. Then divide both sides of the resulting inequality by (1 + 1/2)), denote

1 1 1 1
U=+ (U3+5U4)’ Y=y <V3+5V‘*)

and take into account estimates (5.37) and (5.38a,b) of Lemma 5.3, as well as estimates
(5.40)-(5.42) of Lemma 5.4. Then we obtain estimates (5.1)-(5.4) of Theorem 2. m
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6 Completion of the Proof of Theorem 1

In the CWF C (z,y,t) = exp (M)™") set v := 1y and A > Ao, where \g and v are parameters
of Theorem 2. Multiply both sides of the integro-differential inequality (3.29) by C (z,y,1).
Then square both of them, apply the Cauchy-Schwarz inequality and integrate over the
domain F with the parameter § being chosen in (4.24). We obtain

/(aowt — Low)? - C2dr

E
2

t
SM/(|VUJ|2+U}2) .C2dT+M/ / [|Vw|—}-|w|] (Z7y,7-)d7- . C2dr
g E |42

2

+M Z / /|wm| z,y,7)dr| -C3dr, dr:= dzdydt.

(w

Applying Lemma 2.1, we obtaln with a different constant M,

/ (aowt — Low)2 -C2dr

E

gM/(|Vw|2+w2)-c2dr+— Z /w” - C2dr. (6.1)

i,7=1
E (i) P

Since the function w € B, then Theorem 2 enables us to estimate the left hand side of the
inequality (6.1) from the below. Using Gauss’ formula and taking into account that by (5.4)
the boundary integral over 0; F equals zero, we obtain

/ (aowt — Low)2 LCldr > %/
E

E

w? + Z (wij)zl -Cldr + K/ (A |Vwl|* + ANw?] - C?dr

1,j=1

+K)\/w§-C2dS—K/\3/ w4+ Y (wiy)? + [Vul® + |w]’| - C%dS (6.2)
83E O E hj=1
K 7
——/ / wg-CQdadt.
A
0 Jyl=r(t

Since 0o F = {1/) =0+ %} is a level surface of the CWF C (z,y,t), then

C?(z,y,t) = exp [2)\ (% +(5> ] ,on ObF
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Since {(z,y,t) : |y| =7r(t),t € (O,E)} = Fy3 = 03F N Oy F5, then

t1
/ / w? - C?dodt = —X exp [2/\< +5) ]/ / w? - C*dodt.

0 lyl=r 0 lyl=r(?)

Because 03 F is not a level surface of the function C? (z,y,t), it is important that the integral
over 03F in (6.2) is non-negative, which emphasizes the importance of the estimate (5.2) in

Theorem 2. Dropping the integral over 03F, we make the estimate (6.2) stronger,

/ (ao Cwp — Low)2 -C3dr

E

wt—i-z w;;) ] chr+K/ A Vwl* + XNw?] - C*dr

K
=5/
E b=l
_K)\3exp[2)\<2+5) ]/

O F
t

—§~exp [2)\( +5> ] / / w? - C*dodt.

0 lyl=r(t)

w; + Z (wi;)* + |Vw|* + w?| dS

1,j=1

Choose a sufficiently large A\; > )¢ such that

M<K
At

Comparing (6.3) with (6.1), we obtain for A > \;
wt+zw ] C2dr+K/ A |Vwl® + Nw?] - C*dr

v/
7,7=1
<2K)\3€Xp[2)\( +5) ]/
" E

+¥ - exp [2)\ (2 + 5) ] : / / w? - C*dodt.

0 lyl=r(t)

w; + Z w}; + IVw]® +w?| dS

i,j=1

Choose an arbitrary ¢ € (0,0) and denote

E(e) = {(z,y,t) eE: Y(zyt) < %—1—5}.
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Hence, E. C F and
1 —v
C?(z,y,t) > exp [2)\ (5 + &?) ] , in E..

Replacing in (6.4) integrals over £ with integrals over E. and dropping integrals with deriva-
tives, we obtain a stronger estimate,

A3 exp [2)\ (% +€) ] /deT’
3 1 -

< 2\ exp |2\ 5—!—5

[

" E
2 AN I )
+X -exp |2\ 2 +90 : wy, - C*dodt.

0 lyl=r(t)

w? + waj + |Vl +w?| dS

i,j=1

Divide this inequality by exp [—2/\ (2 +¢) _V] - A% and note that

()G9 T}
[wrdr=o.

E.

/\lim exp {—2)\

Thus, letting A — oo, we obtain

Since € € (0,9) is an arbitrary number, then the function w (z,y,t) =0 in £.1
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