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Abstract. In this paper, we study the problem of generating large random
knot diagrams, namely 4-regular planar graphs that are regular projections of
prime knots or links. We propose two methods and explore various questions
that arise along the way.

1. Introduction
It is well known in knot theory that tabulating knots and links is a very difficult
task. Currently, the existing knot tabulation tables are all based on the crossing
numbers of the knots. The number of knots and links with crossing number n
increases exponentially and it quickly becomes impractical to tabulate all knots
and links of the given crossing number. Consequently, not much is known about
large knots. Let Ln be the set of all links with crossing number n and let ALn
be the set of all alternating links, then most members of Ln are non-alternating
composite links. Let Kn (AKn ) be the set of all (alternating) prime knots with
crossing number n. A typical member of Kn is a non-alternating prime knot, that
is, probably hyperbolic. If n is large, then the size of the set Kn is very large and
the size of |ALn | can be approximated as follows [ST]:
an−1
an−1
≤ |ALn | ≤
,
8(2n − 3)
2
where an ≈
and

|ALn |
|Ln |

11.5
√ n−5/2 6.148n−3/2 .
4 π

Furthermore it is known that the ratios of

|AKn |
|Kn |

approach zero as n grows to infinity [T].

While there are many different measures of knot complexity (such as the genus,
the unknotting number, the bridge number, the ropelength, the knot energies), the
crossing number of the knot (link) is probably the most often used. In this paper,
when we speak of a large knot or link, we mean a knot or a link with a large
crossing number. It is a fundamental problem in knot theory to find the relations
between the crossing number and the other knot complexity measures. The authors
are particularly interested in the relations between the crossing number and the
ropelength of a knot and this is a main motivation of this paper. While this is a
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very hard question in general, much has been achieved despite the difficulties. It is
shown in [D] that the ropelength L(K) of a knot K is bounded below by
´
p
1³
(1.1)
L(K) ≥
17.334 + 17.3342 + 64πCr(K) .
2
For relatively small knots, the above formula produces the best known theoretical
lower bounds of the ropelengths of these knots. The lower bounds of the ropelengths
of knots with crossing number up to 20 produced by this formula are listed below.
Cr(K)
L(K)

=
3
4
5
> 23.70 25.29 26.74

6
7
28.08 29.33

8
30.51

9
10
31.64 32.70

11
33.73

Cr(K)
L(K)

=
12
13
14
> 34.71 35.66 36.58

15
16
37.46 38.32

17
39.16

18
19
39.97 40.76

20
41.54

For large knots, the above lower bound is inferior to the following bound obtained
by Buck and Simon [BS]:
(1.2)

3

L(K) ≥ b (Cr(K)) 4 ,

where b is some positive constant. The constant b is estimated to be at least 1.105
by a result in [BS] and it is improved to 2.135 in [RS]. This three fourths power
is also shown to be achievable for some knot families ([CKS], [DE]). That is,
there exists an infinite family {Kn } of knots and a constant a0 > 0 such that
Cr(Kn ) → ∞ as n → ∞ and L(Kn ) ≤ a0 · (Cr(Kn ))3/4 . On the other hand, it is
also shown in [DEY] that L(K) is bounded above by c(Cr(K))3/2 (where c > 0
is a constant). It is widely suspected that this 3/2 power can be reduced and it is
possible that the ropelength of any knot K may be bounded above by O(Cr(K))
or O(Cr(K) lnp Cr(K)) for some positive power p. It is shown recently that the
power 1 can be realized by a family of knots [DET] and any power between 3/4
and 1 can be realized by some family of knots. However, what happens between
the powers 1 and 3/2 remains a challenging problem.
In general, relating a different measure to the crossing number is difficult since
in order to obtain information on how these measures of knot complexity grow
with the crossing number n, one is presented with a host of seemingly intractable
problems. Foremost, determining the dependent variable n proves to be impossible
in practice. On the one hand, deciding the minimum crossing number n for a given
large knot K cannot be done easily. So when there are many such knots to be
analyzed, the required computing time would exceed our limit quickly. On the
other hand, it is also a difficult task to create an arbitrary large knot with a given
crossing number. It is relatively easy to construct certain knots with the given
crossing number, such as an alternating knot. But that contradicts our intention
to select an arbitrary knot.
It is natural for one to turn to numerical methods in an effort to gain certain
insight into the issue. However, in the case of relating crossing number and other
knot complexity measures, this approach has not gained much momentum. The
chief reason is the lack of an effective way of generating large random knots.
With the long-term goal of answering how the measures of complexity grow
for members of An with n, this paper addresses the short-term goal of generating
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members of the set An with a computer. More specifically, we propose two methods that generate regular projections of knots. These regular projections can be
viewed as 4-regular planar graphs G with n vertices. Such graphs are called regular
projection graphs or RP-graphs for short. An RP-graph G can be transformed easily into a knot or link L by simply adding the overpass/underpass information to
each vertex. Assigning the overpass/underpass information at each vertex of G in a
random way is likely to result in a knot or link L whose crossing number is smaller
than the number of crossings in the diagram. However, if the overpass/underpass
assignment to each vertex of G can be made in an alternating way and the RPgraph G is 4 edge-connected, then the obtained alternating knot is a prime knot
and thus a member of AKn and the diagram would represent a minimum projection
of certain knot. In this paper, we are mainly concerned with the problem of how
to generate the random knot diagrams, not how to realize a knot with the given
crossing number from such a projection diagram.
The first method to generate an RP-graph presented here is based on the principle of a blossom tree [ST]. With a runtime of O(n) a 4-regular planar graph with
n vertices is randomly generated. If this graph is the regular projection of a link
with k components then the components can be determined in O(n) steps and in
O(n3 ) time this graph can be modified into a graph that is the projection of a knot.
The final product of the method is an RP graph that is a regular projection of an
alternating prime knot. The number of vertices in this RP-graph is less than or
equal to n.
A main result in [DEY] is that for any knot K with crossing number n, there
exists a knot K 0 that is topologically equivalent to K such that K 0 has a regular
projection that is Hamiltonian and at most 4n crossings in this regular projection.
The algorithm used in [DEY] to produce the n3/2 power upper bound for L(K) is
based on the existence of Hamilton cycle in an RP-graph of K 0 . The problem of
finding a Hamilton cycle in a planar graph is known to be NP-complete [K]. Even
for the more restricted class of 4-regular planar graphs finding a Hamilton cycle
is still a difficult problem. Because of this, the second method introduced here
may have a special advantage since it generates 4-regular planar graphs G based
on an existing Hamilton cycle in it: the Hamilton cycle could be used in further
computations (such as computing an upper bound on the ropelength). Although
this method has a larger average run time than the first method, it may be well
worth the effort.
In the next section, we will introduce some basic concepts. We will then describe
the two methods in Section 3 and Section 4. Section 5 contains some key numerical
results comparing the two methods.

2. Basic Concepts
A graph G consists of a set V (G), a set E(G), and an incidence relation which
says that every element of E(G) is incident with two elements of V (G). The elements of V (G) are called the vertices of G, and V (G) is called the vertex set of G.
The elements of E(G) are called the edges of G, and E(G) is called the edge set of
G.
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Let G be a graph. The degree of a vertex v of G is the number of edges of G
incident with v. The graph G is called k-regular if every vertex of G is of degree
k. Let e be an edge of G incident with vertices u and v. We say that e connects u
and v, u and v are the ends of e, and u and v are adjacent. We also use uv or vu to
denote e when there is only one edge connecting u and v. If u = v then e is called
a loop edge.
A graph H is a subgraph of a graph G if V (H) ⊂ V (G) and E(H) ⊂ E(G). In
the case that V (H) = V (G), H is called a spanning subgraph of G. Two graphs G
and H are said to be isomorphic if there exist bijections f : V (G) −→ V (H) and
g : E(G) −→ E(H) such that e ∈ E(G) is incident with x, y ∈ V (G) if, and only
if, g(e) ∈ E(H) is incident with f (x), f (y) ∈ V (H).
A path P of length k − 1, where k ≥ 2, is a graph which is isomorphic to the
graph with vertex set {v1 , v2 , ..., vk } and edge set {vi vi+1 : i = 1, . . . , k − 1}. We
say that v1 and vk are the ends of P , P is from v1 to vk , and P is between v1 and
vk . A cycle C of length k, where k ≥ 3, is a graph which is isomorphic to the graph
with vertex set {v1 , v2 , ..., vk } and edge set {vi vi+1 : i = 1, . . . , k − 1} ∪ {vk v1 }. A
Hamilton cycle in a graph G is a spanning subgraph that is a cycle. A graph with
a Hamilton cycle is said to be Hamiltonian. A graph with no cycle is a tree. A tree
is rooted if there is a single vertex in the tree labelled as root.
A geometric realization of a graph G in R2 or R3 is such that the vertices of G
are represented by distinct points in the space, every edge of G is represented by a
simple curve in R2 or R3 connecting the two points representing its ends, and these
simple curves representing the edges do not intersect each other except possibly at
their ends. We say that a graph G is planar if it has a geometric realization in a
plane. Such a geometric realization is called a plane graph. A planar map consists
of a planar graph and a cyclic order of the edges around each vertex.
4-regular plane graphs are related to knots and links as follows: A projection p
of a knot or link L in R3 is a continuous function p : R3 → R2 . The image p(K) is
called the projection of the knot or link K into a plane. p(K) is a closed curve (or
collection of closed curves if K is a link) in R2 that may contain self-intersecting
points. A self-intersecting point is also called a crossing of the projection. The
multiplicity of a crossing in the projection is the number of strands that pass through
that point. We say that a projection is a regular projection if there are only finitely
many crossings in p(K) and all crossings are of multiplicity 2, that is there are
exactly two points on L that map to any of the crossings. It is a well-known result
in knot theory [BZ] that for any knot in R3 most projection directions give rise
to regular projections. Furthermore, a regular projection p(K) of K is called a
minimum projection of K if it is a regular projection with Cr(K) crossings.
Let K be a knot or link and let G be a regular projection of K. If we treat the
crossings in G as vertices and the arcs of G joining these crossings as edges, then
G can be viewed as a 4-regular plane graph. Thus, from now on, we may view a
regular projection G as a 4-regular plane graph G called an RP-graph of K, where
“RP” serves as a reminder that the graph is obtained as a regular projection of K.
If G arises from a minimum projection of K, we then call it a minimum RP-graph
of K. Note that any 4-regular plane graph is an RP-graph of some knot or link. A
4-regular planar RP-graph is equivalent to a 4-regular planar map in the context
of this paper and we use the terms interchangeably.

GENERATING LARGE RANDOM KNOT DIAGRAMS

5

For any X ⊂ V (G), let G − X denote the subgraph of G obtained from G by
deleting vertices of G in X and edges of G with at least one end in X. Similarly,
for any Y ⊂ E(G), we use G − Y to denote the subgraph of G obtained from
G by deleting the edges in Y (but keeping all vertices of G). We say that G is
k-connected, where k is a positive integer, if |V (G)| ≥ k + 1 and, for any subset
X ⊂ V (G) with |X| < k, G − X is connected. We say that G is k-edge-connected if,
for any Y ⊂ E(G) with |Y | < k, G−Y is connected. The connectivity (respectively,
edge-connectivity) of G is the largest integer k such that G is k-connected. It is easy
to see that a 4-regular plane graph is either 2-edge connected or 4-edge connected.
If G is a 2-edge connected 4-regular plane graph that arises as a regular projection
from some knot or link K, then either G is not a minimum RP-graph of K or K
is not a prime knot or link. This motivates the following definition: A 4-regular
plane graph is diagrammatically prime if it is 4-edge connected.
Let G be a 4-regular RP-graph, let v be a vertex of G, and let e1 , e2 , e3 , e4
be the edges of G incident with v. Suppose that e1 , e2 , e3 , and e4 occur around v
in this cyclic order as shown in Figure 1. Then we say that ei is opposite to ej if
|j − i| = 2, and ei and ej are adjacent otherwise.

e2
v


e1

e3



e4

Figure 1. Pairs of opposite edges: {e1 , e3 }, {e2 , e4 }.

One can travel along the edges of a 4-regular plane graph G if one follows
the convention that if one travels an edge e leading to a vertex v then one has to
continue along the edge opposite to e. In this way G can be viewed as the union of
several closed curves. We say that G has k components if G is the union of k closed
curves. We say that G is a knot graph if the number of components in G is one. Of
course, the number of components of G is the same as the number of components
in any link K which has G as an RP-graph.
In the following two sections we give two methods that can be used to computer
generate large diagrammatically prime 4-regular plane knot graphs G in a random
manner. However in the generation process the number of vertices in the graphs
varies from one graph to the next. If the user wants a specific interval into which
the number of vertices of a generated graph should fall then one needs to run the
process several times until a graph with the desired number of vertices is generated.
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3. An algorithm to generate large, diagrammatically prime knot graphs
This method first generates a 4-regular planar map with n vertices (Step 1),
combines the components of this RP-graph into a knot graph (Step 2) and decomposes the knot graph into diagrammatically prime knot graphs (Step 3).
Step 1. Creating a 4-regular planar map. Here we deploy an algorithm introduced in [SZ, S] to generate 4-regular planar RP-graphs with n vertices in O(n)
time. A short outline of the algorithm is given below, for the details please refer to
[SZ, S]. In the following definition, two labels are used to mark the vertices of a
graph: one is called a bud and the other is called a leaf. In Figure 2 below, a bud
is marked by an arrow and a leaf is marked as a solid dot. A vertex with degree
more than 1 is marked by a circle.
Definition 3.1. A blossom tree is a rooted plane tree such that:
(i) vertices of degree one are marked as either buds or leaves;
(ii) every inner vertex has degree four and is incident to exactly one bud;
(iii) the root is a leaf.

Root

Figure 2. On the left is a blossom tree with 9 vertices, 11 leafs
and 9 buds. One leaf is labelled as the root. The figure in the
center shows how the blossom tree can be changed into a 4 regular
plane graph by connecting each bud to the nearest leaf in counterclockwise direction. This operations leaves two leafs remaining,
which are connected by an oriented edge. On the right the final
rooted 4 regular map is shown.
To generate a blossom tree, we first generate a random binary plane tree (a
tree such that all internal vertices have degree three) with n internal vertices and
n + 2 leaves (one of which is the root of the tree). Now at each internal vertex
one can add an edge whose end is a bud, randomly in one of ¡three
¢ different ways,
3n 2n
see Figure 2. It has been shown that there are exactly n+1
rooted blossom
n
trees with n internal vertices. Furthermore, each of which can be generated with
equal probability. The closure of a blossom tree is created by connecting the n buds
with the nearest unmatched leaf in a counterclockwise direction. (This procedure
uses a counterclockwise order of the leaves and buds of the tree around the infinite
face the tree defines in the plane.) After all buds have been matched to leaves,
there are two unmatched leaves in the infinite face. Finally after closing the two
unmatched leaves with an edge one obtains a 4-regular rooted planar map. Rooted
means that one edge has an orientation.??? Shouldn’t this read like: The
edge that contains the root leaf has a naturally¡ defined
orientation.?
¢
3n 2n
2
and
such
a map can
Please correct. The number of such maps is n+2
n+1 n
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be constructed in O(n) time. Moreover the algorithm generates such a map with
a uniform probability distribution on the space of rooted 4-regular planar maps
with n vertices. In our case, the arrows (which denote the buds) in the maps
are deleted since we are not interested in rooted 4-regular planar maps but just
in 4-regular planar graphs. Deleting the orientation from this single edge results
in a non-uniform distribution on the space of 4-regular planar graphs. Thus the
4-regular planar RP-graphs are generated with a non-uniform distribution.
Step 2. Creating a knot graph: The 4-regular RP-graphs so generated are
usually not diagrammatically prime and not a knot projection graph either since
it usually has many components. Numerical experiments (see [SZ]) show that a
4-regular planar map with 210 vertices generated this way has an average number of
about 51 components, and a 4-regular planar map with 212 vertices so generated has
an average of about 199 components. In fact, it is conjectured that the number of
components in such a 4-regular planar map is proportional to the number of vertices
of the graph [SZ]. Since we are interested in diagrammatically prime RP-graphs of
knots, we need to modify the RP-graphs into RP knot graphs.
Given a 4-regular planar map G with n vertices and k components. The idea is
to combine components in a manner which does not modify the number of vertices
while ensuring that the modified RP-graph remains a 4-regular planar map. This
can be done if a face of G is bound by edges of at least two different components of
G. Walking around a face of G in one direction, the edges v1 v2 and w1 w2 are found,
where, for both edges, the subscript 1 indicates the vertex first encountered. If the
two edges are disjoint then we delete the two edges and insert two new edges v1 w2
and w1 v2 as shown in the left half of Figure 3. This edge replacement reduces the
number of components by one, but does not reduce the number of vertices. If no
such disjoint edges can be found on any face of G and there is still more than one
component in G, then there are two edges that intersect at either one or both of
their endpoints. In this case an edge replacement move is still possible and results
in the modifications shown in the right half of Figure 3. However such a move
introduces one or two loop edges. Continuing this process one obtains a 4-regular
graph with n vertices and one single component.
v

v

1

1

v

v1

v

1

v2

2

v2=w1

v2=w1
w

2

w1

w

2

w

1

w

2

w2

Figure 3. An edge replacement move. On the left using two
disjoint edges v1 v2 and w1 w2 , on the right two edges v1 v2 and w1 w2
which have one vertex in common. In this case a replacement move
introduces one loop edge.
To combine the components randomly, a vertex v in G is picked at random
where two different components of G cross at v. One of the faces of G containing v
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is picked at random. We now search the edges of this face. If this face contains two
disjoint edges of different components of G a replacement move of the above type is
carried out. If the face does not contain two disjoint edges of different components
of G one of the other faces of G containing v is chosen. If none of the faces of
G containing v can be used for a replacement move then a vertex different from
v is picked at random and the procedure is repeated. If during this process two
edges along a common face of different components of G are detected which are
not disjoint, then this is stored and the search for a replacement move continues.
A replacement move leading to a loop edges as shown on the right in Figure 3 is
only carried out if no replacement move using two disjoint edges is available. This
process of combining the components can be carried out in O(n3 ) steps.
The exact number of 4-regular planar maps G of n vertices with one component
is unknown, and no claim is made that the above algorithm produces such graphs
with a uniform distribution for a given vertex number n. Clearly any 4-regular
planar one-component map with n vertices and without loop edges can be obtained
by the algorithm (with certain probability). Some graphs containing loop edges
may also be produced, however. Therefore, we cannot claim that this procedure
will always generate a 4-regular planar one-component map with n vertices and
without loop edges. Notice that in the algorithm, a loop edge is avoided whenever
possible. This is no drawback since any minimal RP-graph of a knot K does not
contain loop edges and we generally prefer knot RP-graphs whose number of vertices
are close to (if not equal to) the crossing number of the corresponding knots.
Step 3. The knot projection graphs obtained up to this point are not necessarily diagrammatically prime. To obtain diagrammatically prime 4-regular graphs a
given 4-regular planar knot graph is split into 4-edge connected components using
an algorithm given in [DT], which can be carried out in O(n2 ) steps. In this last
step, the control over the number of vertices in the final diagrammatically prime
knot graphs is lost in that a graph with a fixed number of n vertices now fall apart
into several graphs of varying sizes. See Section 5 for further discussions.
4. An algorithm to generate large diagrammatically prime Hamiltonian
knot graphs
In this section, we discuss the second method that generates diagrammatically
prime knot graphs G with a genetically built in Hamilton cycle. This method
relies on the fact that every knot K has a regular projection of at most 4Cr(K)
crossings with a Hamilton cycle [DEY]. The main idea is to start with a Hamilton
cycle of n vertices (Step 1) and add edges to the cycle in a random manner to
create a 4-regular graph (Step 2). The resulting graph is modified into a 4-regular
planar graph (Step 3), whose components are combined into a knot graph (Step 4)
and finally the knot graph is decomposed into diagrammatically prime knot graphs
(Step 5). Although it is far from clear how the knots generated in such a manner
are distributed (as with any other method at this point), all knots can be generated
in such a way, though the generated knot projections are usually not the minimum
projections. Figure 4 shows a typical diagram generated with this method.
Step 1. Start with a Hamilton cycle with n vertices v1 , v2 , ..., vn such that
the order of the vertices matches the order of v1 , v2 , ..., vn on the Hamilton cycle.
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Figure 4. A small diagrammatically prime RP-graph of a knot
with 13 crossing generated using method 2. The Hamilton cycle is
the circle and the vertices are numbered along the cycle.
Step 2. Notice that at each vertex, two edges have to be added. Since each
edge added is incident to two vertices, a total of n edges need to be added. These
n edges are divided into two groups: those in the region bounded by the Hamilton
cycle (called B-edges) and those in the unbounded region (called U -edges). Each
such edge e can be represented by a triple of integers of the form (i, j, k). Here, the
indices i and j imply that e is incident to vertices vi and vj , k = 0 if e is a U -edge
and k = 1 if e is a B-edge. For example, (2, 5, 0) means an outside edge incident to
vertices v2 and v5 and (1, 8, 1) means the inside edge incident to vertices v1 and v8 .
The following procedure generates random triples for each of these n edges:
Sub-step 1: Generate a random permutation of the vector (1, 1, 2, 2, ..., n, n).
The result is a vector of 2n entries: (j1 , j2 , ..., j2n ). The n edges not on the Hamilton
cycle are to be chosen as the pairs (j1 , j2 ), (j3 , j4 ), ..., (j2n−1 , j2n ).
Sub-step 2: Generate a random vector (k1 , k2 , ..., kn ) where each ki is 0 or 1
with equal probability.
Sub-step 3: Merge the two vectors to create the n triples of integers representing
the edges which need to be added: (j1 , j2 , k1 ), (j3 , j4 , k2 ), ...,(j2n−1 , j2n , kn ).
Steps 1 and 2 in this algorithm can be carried out using O(n) steps. Up to this
point in the algorithm we have a uniform distribution among all possible configurations of the n edges not on the Hamilton cycle. Furthermore, we can always arrange
the numbers so that j1 ≤ j2 , j3 ≤ j4 and so on, since this does not change the definition of the edge. Notice that at this stage of the algorithm there are several problems. The graph generated so far may have several components. In addition, it may
be impossible to embed in R2 the n edges given by the list (j1 , j2 , k1 ), (j3 , j4 , k2 ),
...,(j2n−1 , j2n , kn ) without many self intersections of these edges. Thus the graph
defined by these edges may not be a planar graph. In fact there may be many
non equivalent ways to use the triples (j1 , j2 , k1 ), (j3 , j4 , k2 ), ...,(j2n−1 , j2n , kn ) to
create nonequivalent (up to isotopy) non-planar 4-regular graphs. In the next step
we change the list (j1 , j2 , k1 ), (j3 , j4 , k2 ), ...,(j2n−1 , j2n , kn ) to a new list of n triples
whose edges can be embedded into the plane in a unique way without any intersections of these edges (except at the vertices on the Hamilton cycle, of course).
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Step 3. It can be easily shown that two edges generated by the triples e =
(i1 , j1 , k1 ) and f = (i2 , j2 , k2 ) must intersect each other in their interior if and only
if
a. k1 = k2 (e and f are both U -edges or both B-edges) and
b. either
(4.1)

i1 < i2 < j1 < j2 or i2 < i1 < j2 < j1 .

Now we randomly pick up an edge e and check if the above conditions are
satisfied for any of the other edges. If the conditions are never satisfied for any of
the other edges, we are done with e; e remains unchanged. We mark e and randomly
select a new edge e that is not already marked. If two triples e = (i1 , j1 , k) and
f = (i2 , j2 , k) satisfy (4.1), then with equal probability, we change the two triples
e and f into either (i1 , i2 , k), (j1 , j2 , k) or (i1 , j2 , k), (i2 , j1 , k).
Lemma 4.1. The above procedure reduces the number of pairs of triples which
satisfy the above conditions by at least one.
Proof. Assume that e = (i1 , j1 , k) and f = (i2 , j2 , k) satisfy (4.1). Clearly
the conflict between e and f is removed in that none of the two potential new pairs
of triples (i1 , i2 , k), (j1 , j2 , k) or (i1 , j2 , k), (i2 , j1 , k) satisfies (4.1).
It suffices to show two conditions:
(i) If there is an edge h = (i3 , j3 , k) such that neither h and e nor h and
f satisfy (4.1), then none of the 4 potential new triples (i1 , i2 , k), (j1 , j2 , k) or
(i1 , j2 , k), (i2 , j1 , k) together with h satisfy (4.1).
(ii) If there is an edge h = (i3 , j3 , k) such that either h and e or h and f satisfy
(4.1), then at most one of each pair of the 4 potential new triples (i1 , i2 , k), (j1 , j2 , k)
or (i1 , j2 , k), (i2 , j1 , k) together with h satisfy (4.1).
In case (i), there are two subcases i1 < i2 < j1 < j2 and i2 < i1 < j2 < j1 .
Since they are similar, we will only prove the subcase i1 < i2 < j1 < j2 . The
situation is shown in Figure 5 (on the left) assuming that e, f and h are B-edges.
(The situation is similar if all three are U -edges.) Since h does not satisfy (4.1)
when paired with either e or f , we must have that i3 and j3 are between either i1
and i2 or i2 and j1 or j1 and j2 or j2 and i1 when the vertices are viewed along the
Hamilton cycle. Thus h and any of the four potential new triples does not satisfy
(4.1).
The proof of case (ii) involves a similar analysis as in case (i) above and is left
to the reader.
¤
Figure 5 (on the right) shows that one such step could reduce the pairs of triples
which satisfy the above condition by more than one.
Once we changed two triples satisfying the above condition into two different
triples, we start all over again. That is we randomly pick up an unmarked edge
e and check if the above conditions are satisfied for any of the other edges. We
continue this process until all edges are marked. Now we have a set of n triples
which contain no pair satisfying (4.1). Such a set of n triples defines up to isotopy
a 4-regular plane graph with n vertices and a Hamilton cycle.
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Figure 5. On the left: The edges e and f satisfying the condition (4.1) are shown together with the four new triples (i1 , i2 , k),
(j1 , j2 , k) (dashed line) or (i1 , j2 , k), (i2 , j1 , k) (dotted line). In
addition 4 potential new edges h are shown which do not satisfy
(4.1) with any of the other shown edges. On the right: replacing
the edges e and f with the two dashed edges also eliminates the
intersection between the edges e and h.
Since there are at most O(n2 ) pairs of triples satisfying the above condition,
this step of the algorithm requires a polynomial time of the order O(n3 ) (finding
a pair of triples satisfying the above condition takes up to O(n) steps, resulting in
an order O(n3 ) in the worst case).
Step 4. Creation of a knot graph. The situation now is similar to Step 2 in the
first method. A similar procedure as in method one is carried out. The difference
is that we cannot use edges that are on the Hamilton cycle in any edge replacement
move since this would destroy the Hamilton cycle. Thus on one face of the graph G
one needs to find two edges that belong to different components of G and neither
edge being on the Hamilton cycle before carrying out an edge replacement move.
Otherwise the algorithm is unchanged. In the Lemma below we show that this
algorithm almost always works.
Lemma 4.2. The algorithm leads to a knot graph G with an Hamilton cycle in
all but one case.
Proof. If in Step 2 a graph G is created in which the cycle v1 , v2 , ..., vn forms
a component (that is, there is exactly one U and one B edge attached at each vi ),
then the algorithm fails. This happens since we only do edge replacement moves
with edges that are not on the Hamilton cycle and the Hamilton cycle thus remains
one component. In this case the algorithm produces a two-component graph with
one component containing the Hamilton cycle and the other containing all the edges
which are not on the Hamilton cycle.
We need to show that the algorithm works in all other cases. Notice that if all
the U -edges do not belong to one component, then G has a face in the U region
that contains two edges not on the Hamilton cycle of different components. This
implies that an edge replacement move is possible. So if the algorithm is carried
out and there is no further edge replacement left, then all the U -edges must belong
to one component. Similarly all B edges must belong to one component of G. We

12

YUANAN DIAO, CLAUS ERNST, AND UTA ZIEGLER

claim that all edges on the Hamilton cycle belong to one component. If we walk
along an edge vi−1 vi then we want to show that the edge vi vi+1 belongs to the
same component. If at vi we have a B-edge and a U -edge then this is obvious. If
there are two B-edges (or two U -edges) at vi then both edges of the Hamilton cycle
must be of the same component due to the the fact that both B-edges (or U -edges)
belong to the same component.
Now consider the component C of G containing the Hamilton cycle. If there is
a single vertex on the Hamilton cycle which is attached to two B edges (or two U
edges), then C contains the Hamilton cycle and all the B edges (or all U edges). It
is now easy to see that C must indeed be equal to the whole graph G.
¤
Notice that the special case when one U and one B edge is attached at each
vertex vi happens only if the vector (k1 , k2 , ..., kn ) generated in sub-step 2 of step
2 has an equal number of ones and zeros. Moreover after the merging of the
vector (k1 , k2 , ..., kn )) with the pairs (j1 , j2 ), (j3 , j4 ), ..., (j2n−1 , j2n ) to the vector
(j1 , j2 , k1 ), (j3 , j4 , k2 ), ..., (j2n−1 , j2n , kn ) each vertex vi shows exactly once in a
triple (ji , ji+1 , 0) and once in a triple (jk , jk+1 , 1) for some indices i and k. It
can be shown the probability for such an event to happen is exponentially small.
For the large number of vertices (see section 5) which we are interested in, the
algorithm never encountered this situation in our simulations. If such a rare event
does happen, the algorithm simply jumps back to step 1 and generates an entirely
new graph.
Step 5. The planar graphs obtained up to this point are not necessarily diagrammatically prime. To obtain diagrammatically prime 4-regular RP-graphs the
same algorithm as in Step 3, method one can now be carried out to decompose
the graph into parts that are diagrammatically prime. Note that there are some
differences to method one however. First in method one it is possible that the
graph G obtained at this stage is 1-connected. Here, a graph that is Hamiltonian
can still have loop edges but it must be 2-connected. Furthermore the Hamilton
cycle naturally breaks apart into smaller Hamilton cycles for each of the diagrammatically prime pieces. Thus the diagrammatically prime graphs obtained are still
Hamiltonian.
5. Data and comparisons
Using 10,000 runs for varies initial values of n, large samples of diagrammatically prime RP-graphs are generated. In both methods one cannot control the
exact number of crossings in the diagrammatically prime RP-graphs since a reduction procedure is required for the original constructed planar maps with n vertices.
Figure 6 shows the frequency of diagrammatically prime RP-graphs generated using method one, while Figure 7 shows the same information using method two.
Figure 7 does not contain the graph for n = 10000 since the runtime of method
two is quite large, see also Figure 11. One would expect that the larger diagrammatically prime RP-graphs are less frequent than smaller diagrammatically prime
RP-graphs. However our data as shown in Figure 6 for n = 1000, 3000 and 7000
indicates that this ratio (of the larger diagrammatically prime RP-graphs and the
total number of graphs generated) does not behavior linearly: there is a pronounced
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maximum. This maximum may occur because the vertex numbers of the diagrammatically prime RP-graphs for a given n are dependent on each other. It seems
that these maxima become less pronounced as n becomes larger. Most of the diagrammatically prime RP-graphs are quite small. For example in method one the
10, 000 runs for n = 3000 generated a total of 1, 009, 728 diagrammatically prime
RP-graphs; and of those only 27, 820 (or 2.76 percent) have more than 30 vertices.
For n = 500 about 7.6 percent of the diagrammatically prime RP-graphs generated
have more than 30 vertices. This indicates that as n grows, the percentage of large
diagrammatically prime RP-graphs declines, while the overall number of large diagrammatically prime RP-graphs increases since many more graphs are generated
for larger values of n, see Figure 8.
frequency
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Figure 6. The frequency of diagrammatically prime RP-graphs
generated using method one and n = 1000, 3000, 7000 and 10, 000
for the initial number of vertices. Each curve is based on 10, 000
runs.
The behavior of the Hamiltonian RP-graphs generated using method 2 as shown
in 7 is similar as the behavior we have seen for the RP-graphs generated using
method one. However there are more diagrammatically prime RP-graphs generated
and some of these have a larger vertex number than any of the RP-graphs generated
with method one.
Our data as shown in Figure 8 indicates that more diagrammatically prime
RP-graphs are generated per run using method two. Moreover for both methods
it appears that the number of diagrammatically prime RP-graphs in a given one
component RP-graph generated by method one or two (before the last step in the
algorithms) grows at the order O(n).
Figure 9 shows that method two generates larger diagrammatically prime RPgraphs on the average. In fact the vertex number of the largest components generated with method two were almost twice the vertex number of the largest component
generated using method one. Of course, these numbers are also a function of the
number of trials and one would expect that as the number of runs tends to infinity,
the size of the largest diagrammatically prime RP-graph would be close to n itself.
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Figure 7. The frequency of diagrammatically prime RP-graphs
generated using method two and n = 1000 ,2000, 3000 and 7000
for the initial number of vertices. Each curve is based on 10, 000
runs.
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Figure 8. The average number of diagrammatically prime RPgraphs generated with one attempted for both methods and different values of n. Each data point is based on 10, 000 runs.
Figure 10 shows the average size of a diagrammatically prime RP-graphs generated using both methods. It appears that either this average size grows extremely
slowly or for any large n the average size is bounded above by a different constant
for each method. The average size for n = 7000 is 16.15 for method one and 24.77
for method two.
Figure 11 shows a comparison of the average run-time of both methods. One
can see that method two has a much longer average run-time. Elementary data
fitting suggests that the runtime of method one grows as 3.6×10−8 n2 , while method
two has a run-time that grows as 6.8 × 10−9 n3 .
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Figure 9. The crossing number of the largest diagrammatically
prime one component maps generated using 10000 runs. Method
two produces maps which are almost twice as large as the knots in
method one.
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Figure 10. The average crossing number of the diagrammatically prime one component maps generated using 10000 runs.
Method two produces maps which are on average about 50 percent larger than the maps generated with method one.
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Figure 11. The average run time of the two methods in seconds.
Method one on the left, method two on the right.
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6. Conclusion
One observation is that it is indeed difficult to generate large random diagrammatically prime diagrams effectively. To obtain actual knots from these diagrams
will also be a challenging problem. One important issue is: once an assignment of
overpass/underpass is made at each crossing of the diagram, what is the relation
between the crossing number of the resulting knot and the actual crossings in the
diagram? Another algorithm will be needed to carry out such a task. There are
many other unresolved issues here. For example, what is the distribution of the
diagrams so generated? Is it uniform? Or is it more likely to have certain knot diagrams than others? To summarize: the methods we proposed here can guarantee
the following at this point:
1. Any minimum projection diagram of a prime knot can be generated using
method one and
2. Hamiltonian projection diagrams of a prime knot can be generated by
method two and such diagrams have at most four times as many crossings as the
crossing number of the knot.
The data shows that it is possible for one to obtain fair size samples of large
random knot diagrams within a reasonable time frame using these methods.
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