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Abstract. For a knot or link K, let L(K) denote the rope length of K and let
Cr(K) denote the crossing number of K. An important problem in geometric
knot theory concerns the bound on L(K) in terms of Cr(K). It is well known
that there exist positive constants c1, c2 such that for any knot or link K,
c1 · (Cr(K))3/4 ≤ L(K) ≤ c2 · (Cr(K))3/2. It is also known that for any real
number p such that 3/4 ≤ p ≤ 1, there exists a family of knots {Kn} with the
property that Cr(Kn) → ∞ (as n → ∞) such that L(Kn) = O(Cr(Kn)p).
However, it is still an open question whether there exists a family of knots
{Kn} with the property that Cr(Kn) → ∞ (as n → ∞) such that L(Kn) =
O(Cr(Kn)p) for some 1 < p ≤ 3/2. In this paper, we show that there are
many families of prime alternating Conway algebraic knots {Kn} with the
property that Cr(Kn) →∞ (as n →∞) such that L(Kn) can grow no faster
than linearly with respect to Cr(Kn).

1. Introduction

In this paper, we are interested in the relation between the crossing number of
a thick knot and its arc length. The thickness τ(K) of a smooth space curve K
is defined, in this paper, to be the supremal radius of the embedded normal tubes
around K. See [CKS2], [DER1] and [LSDR] (among others) for the various
definitions of thickness. For any given knot K, a thick realization K0 of K is a
knot of unit thickness (i.e. τ(K) = 1) which is of the same knot type as K. Let
L(K) be the length of the smooth space curve K. The ropelength L(K) of a knot
type K is the infimum of L(K) taken over all thick realizations of K. The existence
of L(K) is shown in [CKS2]. Note that we may also use L(K) for the length of a
knot K. In case that K is a smooth knot with unit thickness and of knot type K,
then we have L(K) ≥ L(K). The above definition of rope length can be made using
any of the different thickness definitions, and the results obtained in this paper
using one definition also hold for the other thickness definitions modulo a suitable
change in the coefficients of the results.

For the lower bound of ropelength, it is shown in [B] and [BuS] that the
minimum crossing number of a knot of unit thickness is bounded by a constant
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times its rope length to the four-thirds power. In other word, for any knot K with
unit thickness, we have L(K) ≥ c · (Cr(K))3/4 for some constant c. The constant
c is estimated to be at least 1.105 by the result obtained in [BuS] and is improved
to 2.135 recently ([RS]). This four third power is also shown to be achievable for
torus knot families ([CKS1],[DE1]). That is, there exists a family of knot types
{Kn}, such that L(Kn) ≤ c0 · (Cr(K))3/4 for some constant c0 > 0. On the other
hand, for the upper bound of ropelength, it has been shown in [DEY] recently
that there exists a constant d > 0 such that L(K) ≤ d · (Cr(K))3/2 for any knot
type K. A power p is called realizable by a knot family Kn (with Cr(Kn) → ∞)
if L(Kn) = O((Cr(Kn))p). While it is still an open question whether any power
p such that 1 < p ≤ 3/2 is realizable by any knot family, it has been shown in
[DET], [DE2]that there exists a families of knots {Kn} with the property that
Cr(Kn) → ∞ (as n → ∞) such that L(Kn) grows as Cr(Kn)p for any p with
3/4 ≤ p ≤ 1. Moreover, for p = 3/4 and p = 1, the families of knots {Kn} can be
chosen as prime knots. Thus, any power p < 3/4 or p > 3/2 is not realizable by
any knot family and all powers 3/4 ≤ p ≤ 1 are realizable by some knot families.

In this paper, we show that many families of prime alternating Conway alge-
braic knots Kn have their rope length bounded above by order O(Cr(Kn)). This
shows that these knot families can not be used to construct an example such that
L(Kn) = O((Cr(K))p) for some 1 < p ≤ 3/2. Thus, in order to show that some
p > 1 is realizable, one will need to look at other knot families. It should be pointed
out that the knots used in [DET] are all Montesinos knots, which in turn are a
particular class of Conway algebraic knots, see Figure 7 B.

The arguments in this article are based on the proof of the upper bound on the
rope length of O(Cr(K))3/2 in [DEY], which relies on the use of a Hamiltonian
cycle in a knot diagram and uses an embedding of K on the cubic lattice to obtain an
upper bound on the rope length. We will show that for any Conway algebraic knot
K, there exists a diagram D which contains a Hamiltonian cycle. Furthermore, this
diagram D will be almost minimal for many alternating Conway algebraic knots.
Using the algorithm of [DEY] together with a careful analysis of the edges in the
knot diagram D that are not on the Hamiltonian cycle, we show the ropelengths of
many of these knots are bounded above O(Cr(K)).

This paper is organized as follows: Section 2 contains a brief introduction to
Conway algebraic knots based on the structures of knot diagrams. Section 3 shows
the existence of Hamiltonian cycles in Conway algebraic knot diagrams and explains
how to find such a cycle. Section 4 explains in detail about the algorithm presented
in [DEY]. Section 5 contains a careful analysis of the edges in the knot diagram D
not on the Hamiltonian cycle which will imply the results about the upper bounds
on rope length. Finally, Section 6 concludes the paper with some open questions.

2. Conway algebraic knots

In [BS], Bonahon and Siebenmann established a method to classify some fam-
ilies of knots by decomposing a knot into simpler pieces in a canonical way. In this
work they extended the existing classifications of two bridge knots and Montesinos
knots to a much larger class of knots called Conway algebraic knots. These knots
are often also called aborescent knots and should not be confused with complex
algebraic knots. Algebraic knots can be defined in several ways, for example by
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decompositions of the knot exterior or by decompositions of some particular dia-
grams of the knots. For our purpose in this article it is enough to concentrate on a
particular diagram decomposition for such knots. For more details, see [BS].

Definition 2.1. Given a knot (or a link) K with regular diagram D in S2,
then D is reduced if there is no reduction in the number of crossing in D possible
by flipping part of the diagram, see Figure 1.
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Figure 1. A crossing that can be reduced by a simple flipping.

We will assume that all knot diagrams in this paper are reduced.

Definition 2.2. Given a knot (or a link) K with a diagram D in S2, then a
Conway circle is a simple closed curve C in S2 that intersects D transversely in
exactly four non-crossing points of D.

Definition 2.3. Given a knot diagram D and a finite collection of disjoint
Conway circles C1, C2, . . . , Cn in D, then we will call the components of D in
S2 − ∪iCi tangle diagrams.

A knot diagram D is called an algebraic knot diagram if it can be decomposed
by a finite number of Conway circles C1, C2, . . . , Cn into tangle diagrams of the
following types (such a decomposition will be called algebraic decomposition):

a. A trivial tangle diagram as shown in Figure 2A.
b. A 4-string braid tangle diagram as shown in Figure 2B. Notice that such

a tangle diagram has two boundary circles, one is inside the other. If the inside
boundary circle is replaced by a trivial tangle diagram (as in Figure 2A), then one
obtains a rational tangle. The integers shown in the figure denote the number
of twists following the same sign convention used in a rational tangle. See [BS]
for more discussions on 4-string braid tangles and see [A] for more discussions on
rational tangles. The crossings are shown without the usual over- and underpass
convention since we will often assume in our considerations about ropelength that
the knot diagram is alternating.

c. A hollow Montesinos tangle diagram as shown in Figure 2C. There can be
any finite number of boundary components Ck1 , Ck2 , . . . , Cki for i ≥ 3. The integer
b (possibly zero) denotes the number of twists following the same sign convention
used in a rational tangle. Again the over or underpass information is not shown for
the crossings.

Definition 2.4. A knot (link) K is called an algebraic knot (link) if there
exists a knot (link) K ′ that is of the same knot type as K such that a projection
of K ′ is an algebraic knot diagram.
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Figure 2. A. A trivial tangle. B. A 4-string braid tangle dia-
gram. The crossings do not show the usual under/over information.
C. A hollow Montesinos tangle diagram with 5 Conway circles and
|b| = 4.

Remarks

1. The conditions on the decompositions of an algebraic knot diagram can
be made more general (see [BS]). However, the above definition suffices for our
purposes.

2. The above definition of an algebraic knot can also be extended to knots in S3

using the language of Conway spheres and tangles, see [BS]. The class of algebraic
knots is very large. For example, all two-bridge knots (rational knots), Montesinos
knots (for a classification of Montesinos knots, see for example [BZ]) and many
knots in the existing knot tables are algebraic knots. Among the 249 prime knots
with up to 10 crossings there are 207 which have a diagram with minimal crossing
number that is algebraic. Of these 207 prime knots, 95 are rational (two bridge)
knots and 112 are non rational algebraic knots. In this paper we will shorten the
term Conway algebraic knots to simply algebraic knots. In the case of two-bridge
knots, this is rather easy to see: a minimal projection of a two-bridge knot can be
decomposed by two Conway circles into two trivial tangle diagrams and one 4-string
braid tangle diagram.

3. In general, it is not known whether an algebraic knot always admits a
minimal crossing diagram that can be decomposed by Conway circles as described
above. There exist algebraic knots such that some of whose minimal diagrams are
not algebraic diagrams. For example, the minimum projection of the Borromean
rings is not algebraic but it has a non-minimum projection which is algebraic. See
Figure 3 and [T]. Moreover, the minimal knot projection of an algebraic knot can-
not be determined from an algebraic knot diagram of it in general. Hence knowing
an algebraic knot diagram of an algebraic knot does not lead one to the minimum
crossing number of that knot. Of course, there are exceptions. For example, an
algebraic knot diagram of a Montesinos knot (with some suitable conditions) [LT]
is a minimum crossing diagram of that knot.
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A B

Figure 3. A. A minimum projection of the Borromean rings
that does not admit an algebraic decomposition. B. A projection
of the Borromean rings that is an algebraic diagram.

4. Notice that in the case of a 4-braid tangle diagram, the inside Conway circle
in Figure 2 B is shown to be connected to the outside Conway circle by a simple arc
at the bottom right corner of the circle. In general, with a sequence of proper twists
(which do not change the knot type and the number of crossings in the projection),
one can move the inside Conway circle (and the diagram it bounds) in such a way
so that it is connected to any given corner of the outside circle by a simple arc.

2.1. Reduced algebraic knot diagrams. Given an algebraic knot diagram
(decomposed algebraically by some Conway circles), it is possible that some of the
Conway circles are redundant in the sense that if we eliminate some of them, the rest
of them will still give an algebraic decomposition of the diagram. It is also possible
that some of the crossings can be eliminated without changing or increasing the
number of Conway circles in the decomposition. For our purpose in this paper,
we would like to deal with a knot diagram that is free of these redundant Conway
circles or crossings.

Definition 2.5. An algebraic decomposition is called a reduced algebraic de-
composition if the following conditions are satisfied:

(i) No Conway circle C can bound 4-braid tangle diagrams on both sides. (If
this happens the two 4-braid tangle diagrams with the common Conway circle
boundary C can be combined into a single 4-braid tangle diagram and C can be
eliminated.)

(ii) If a Conway circle C bounds hollow Montesinos tangle diagrams on both
sides then it cannot look like Figure 4 A, but has to look like Figure 4 B. (In the
case of Figure 4 A, C can be eliminated.)

(iii) None of the interior circles of a hollow Montesinos tangle diagram can
bound a trivial tangle. (If such an interior circle bounds the 0-tangle then it can
simply be eliminated. If such an interior circle bounds the∞-tangle, then either the
knot diagram is not the diagram of a prime knot or can be simplified to a reduced
algebraic diagram with fewer crossings.)

(iv) In a hollow Montesinos tangle diagram bounded by a Conway circle C, any
diagram bounded by an inside Conway circle C ′ does not have horizontal twists that
are connected directly to C ′ as shown in Figure 5. (Such twists can be moved to
(combined with) the horizontal twists connected to C directly by some proper flypes
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in the knot diagram which do not change the knot type nor increase the number of
crossings in the diagram).

Condition (iv) above ensures that none of the tangles substituted in the hollow
Montesinos tangle diagram is integral and that the first crossing encountered in any
of the inside circles of the hollow Montesinos tangle diagram belongs to a row of
vertical twists.

A knot diagram with a reduced algebraic decomposition is called a reduced
algebraic knot diagram.

A

B

C

C

Figure 4. A. The Conway circle C can be eliminated. B. The
Conway circle C cannot be eliminated.

Figure 5. The twists in the middle tangle diagram are to be
flyped to the left.

From this point on all diagrams of algebraic knots are assumed to be reduced
algebraic knot diagrams.

2.2. The associated trees of algebraic knot diagrams. Algebraic knots
can be classified by using associated trees which are read off algebraic knot diagrams
[BS]. They are called labeled trees in [BS]. Since our intention in this paper is not
to classify algebraic knots, we will only need to use an abbreviated version of the
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definition of the associated trees, which we will now describe. Figure 6 shows the
pieces of a graph which correspond to the three types of tangle diagrams shown in
Figure 2.

a. A trivial tangle diagram is represented by a vertex of degree one with a
partial edge connecting to it.

b. A 4-string braid tangle diagram is represented by a vertex of degree two
with two partial edges connecting to it.

c. A hollow Montesinos tangle diagram with n ≥ 3 boundary Conway circles
is represented by a single vertex of degree n with n partial edges connecting to
it. The cyclic ordering of the n partial edges corresponds to either one of the two
cyclic orderings of the n-boundary Conway circles of the hollow Montesinos tangle
diagram. Examples of the two cyclic orderings of the n-boundary Conway circles
are shown by the arrows and labels on the boundary Conway circles in Figure 2C.
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Figure 6. A. A trivial tangle diagram represented by a vertex
of degree one with one partial edge. B. A 4-string braid tangle
diagram is represented by a single partial edge. C. A hollow Mon-
tesinos tangle diagram with n ≥ 3 boundary Conway circles is
represented by a single vertex of degree n with n partial edges.
The cyclic order of partial edges is induced by the cyclic order of
boundary Conway circles in the Montesinos tangle in the knot di-
agram.

For an algebraic knot diagram, each of the tangle diagrams of D decomposed
by C1, C2, ..., Cn corresponds to a piece of a graph of one of the three above
types. If two such tangle diagrams share a common Conway boundary circle, then
their corresponding partial graph share a common partial edge and the two partial
graphs can then be joined by combining the two common partial edges into one
complete edge. This process can be repeated until there are no partial edges left
and we obtain a graph T at the end. Each edge in T corresponds to one of the
Conway circles in the reduced algebraic knot diagram. If two edges in T share a
common vertex, then the two corresponding Conway circles are nested. This can
be extended to a path of the graph T (a path of length k in T , where k ≥ 3, is
a subgraph of T with a vertex set of distinct vertices {v1, v2, ..., vk} and edge set
{vivi+1 : i = 1, . . . , k− 1}), that is, a path of length k in T corresponds to k nested
Conway circles in the diagram D. Thus, if T would contain a cycle of length k
(a cycle is a path with an additional edge that connects the first and last vertices
of the path) then there would be k nested Conway circles where the interior of
the innermost is also the exterior of the outermost. This is a contradiction. So T
cannot contain cycles and must be a tree. To summarize, the number of Conway
circles used in the decomposition of D equals the number of edges in the tree T .
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Furthermore, no two adjacent vertices in T can have degree 2 since D is a reduced
algebraic knot diagram.

Examples. A minimal projection of a two-bridge knot or rational knot has a
tree consisting of 3 vertices as shown in Figure 7A. A minimal projection diagram
of a Montesinos knot has a tree as shown in Figure 7B.
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Figure 7. A. The tree of a two bridge knot arising from an
alternating diagram of the knot. B. The tree of a Montesinos knot
arising from a diagram of the knot using n-rational tangles.

Theorem 2.6. Given a fixed algebraic knot diagram D with a reduced algebraic
decomposition by Conway circles C1, C2, ..., Cn, then the associated tree T is
determined up to graph isomorphism.

Proof. Here only an outline will be presented. For details, see [BS]. The
theorem follows from the fact that the system of Conway circles C1, C2, ..., Cn

described above is unique up to isotopy of the Conway circles. To see this, observe
that the described system of Conway circles is such that no additional Conway circle
can be added, nor can an existing Conway circle be deleted without violating one
of the conditions described above. Moreover, the number of boundary circles in a
hallow Montesinos tangle diagram is uniquely determined by the algebraic diagram
D. ¤

3. Hamiltonian cycles in algebraic knot diagrams

Let K be a knot or link and let D be a diagram (i.e., a regular projection) of K.
If we treat the crossings in D as vertices and the arcs of D joining these crossings as
edges, then D can be viewed as a 4-regular plane graph. Thus, from now on, we will
use the symbol D to denote either the knot diagram or the 4-regular plane graph
arising from the diagram. A Hamilton path in a graph G is a path that contains all
vertices of G and a Hamilton cycle in a graph G is a cycle that contains all vertices
of G. A graph with a Hamilton cycle is said to be Hamiltonian.

We will now show that if we allow small modifications to a reduced algebraic
knot diagram D to create a new diagram D′ (without changing the knot type, of
course), then a Hamiltonian cycle H always exists in the modified diagram D′. H
is constructed piece-wise by defining Hamiltonian paths for each tangle diagram (of
types a, b or c as in Definition 2.3) in the algebraic decomposition of the diagram D.
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Let us start with a tangle diagram in the algebraic decomposition of the diagram
D that is not a trivial tangle.

Case 1. This tangle is a hollow Montesinos tangle diagram.
There are two cases to consider here. In the first case, there is an even number of

boundary components (Conway circles). That is, there is an odd number of Conway
boundary circles within the outside Conway boundary circle. We will choose the
part of the Hamiltonian cycle we are trying to construct (which we will simply call
the path later) as shown in Figure 8A so the path intersect each Conway circle at
opposite points (along the circle). Note that if b = 0 then the leftmost arc of the
path in Figure 8A would be a simple arc ending at the bottom left corner point
of the tangle. Notice that in this case, we do not need to modify the tangle. In
the second case, there is an odd number of boundary components, that is, there is
an even number of Conway boundary circles within the outside Conway boundary
circle. If b 6= 0, then we will choose the path as shown in Figure 8B without having
to modify the tangle. This path has the same property as in the first case, that
is, the end points of the path are not adjacent along the outside Conway boundary
circle. Notice that the path also enters and exits each inside Conway boundary
circle at opposite points.

BA

Figure 8. A. A hollow Montesinos tangle diagram with an even
number of boundary components. B. A hollow Montesinos tan-
gle diagram with an even number of boundary components. The
Hamiltonian path is represented by the thick arcs.

However, if b = 0, then we need to modify the diagram by introducing two
extra crossings as shown in Figure 9. Since this modified diagram can be obtained
by using a single Reidemeister 2 move on the knot, it does not change the knot
type. We note that in the case of an odd number of boundary components at most 2
additional crossings are introduced into each diagram of a hollow Montesinos tangle
with an odd number of Conway circles to create a new diagram D′. Note that D′

has an algebraic decomposition using the same Conway circles as we used in the
decomposition of D. Moreover, the associated tree of D′ is still the same as that of
D since the added twists have no effect on the tree structure. Moreover note that
in each case the thin arcs in Figures 8 and 9 could also have been chosen as part
of the Hamiltonian cycle. Thus we can choose a path of any given pair of opposite
points on the outside Conway circle of a hollow Montesinos tangle diagram.

Case 2. The starting diagram is a 4-string braid tangle diagram. We can choose
any two opposite points of the four intersection points of the outside Conway circle
with the diagram as the starting and ending points of the path that we are to
construct. However, we may have to first isotope the 4-string braid tangle diagram
such that one of those two points is directly connected to the inside Conway circle by
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Figure 9. The creation of two extra crossings in a hollow Mon-
tesinos tangle diagram

a simple arc, see Remark 4 in Section 2 and Figure 10. Notice that this can be done
whether there is an even (Figure 10A) or odd (Figure 10B) number of alternating
rows of vertical and horizontal twists. Notice that the path so constructed also
intersect the inside Conway boundary circle at opposite points and no additional
crossings need to be introduced in this case.

A C

B D

Figure 10. A. 4-string braid diagram with an odd number of
integers ai. B. 4-string braid diagram with an even number of
integers ai. C and D. Adding the path in a trivial tangle that
shares a common Conway boundary circle with a 4-string braid
tangle diagram of A and B.

Having constructed the path in the first diagram, we will then move to a di-
agram that shares a common Conway circle with the first diagram. If this new
diagram is also a hollow Montesinos tangle diagram or a 4-string braid tangle di-
agram, then the above process can be repeated so that the new path constructed
in the new diagram share common end points on the common Conway circle of
the two diagrams. We can then move to the next diagram that shares a common
Conway circle with either of the first two diagrams, and so on. The last case we
need to consider is when we encounter a trivial diagram. Notice that a trivial
tangle diagram always shares a common Conway boundary circle with a 4-string
braid tangle diagram, this means that the path in the 4-string braid tangle has
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already been constructed and the Conway circle that bounds the trivial tangle is
positioned as shown in Figures 10A and 10B. The path in the trivial tangle is then
constructed as shown in Figures 10C and 10D. Notice that in the case of Figure
10D we may have to modify the path constructed previously in the 4-string braid
tangle diagram, but this does not cause any problem. No additional crossings need
to be introduced in this case either. Since this process can be repeated and the
individual paths so constructed are connected to each other and every vertex of
the modified diagram D′ is on a path, the result is a collection of cycles called H
that contains all vertices of D′. To obtain a Hamiltonian cycle in D′ it remains
to show that in fact there is only a single cycle in H. From the definition of the
associated tree from the last section, we see that the associated trees of D and D′

are identical (both of which we will call T ). By the construction of the individual
paths in the tangle diagrams in D′, the two paths constructed from two tangle
diagrams sharing a common Conway boundary circle are glued together to form a
new path. This means that any two adjacent vertices in T correspond to two tangle
diagrams with a path (defined by gluing the two original paths along their common
boundary points) going through them. Moreover H intersects each Conway circle
in D′ exactly twice. Walking along H in D′ (in any direction) while keeping track
of the Conway circle one crosses, gives rise to a walk through T , respecting the
cyclic ordering of the edges of a vertex of T and walking along each edge exactly
twice, see Figure 11. It follows that there can be only one cycle in H since T is
a tree. Thus we have constructed a Hamiltonian cycle H of the modified diagram
D′. We summarize this in the following theorem.

Figure 11. Shown is a part of the tree T (thick) together with
the walk (thin) along the edges of T induced be H. Since T is a
tree this walk is a single cycle.

Theorem 3.1. Given an algebraic knot K with a reduced algebraic diagram D
such that D has n crossings. Let Vodd(T ) be the number of vertices in the associated
tree T of D (or D′) whose degree are at least three and are odd, then there exists a
modified algebraic knot diagram D′ such that the following conditions hold:

(i) D′ is an algebraic knot diagram of K;
(ii) D′ has at most n + 2Vodd(T ) crossings;
(iii) D′ is Hamiltonian.

4. The implications of Hamiltonian cycles on rope lengths

An approach in answering questions about the rope length of knots is to con-
struct polygonal knots of the same knot types on the cubic lattice. The cubic lattice
is the infinite graph in R3 whose vertices are points with integer coordinates and
whose edges are unit length line segments connecting these points. The length of a
lattice knot F , denoted by L(F ), is the total number of lattice edges in F . It is well
known that any polygonal knot of length n on the cubic lattice can be isotoped to
a smooth knot of ropelength at most 2n. On the other hand, it is known that for
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any knot K of unit thickness with ropelength L(K), there is a lattice polygon P
that is isotopic to K with length at most 12L(K) [DER2]. Thus, the difference in
the behavior of the length of lattice knots and the ropelength of smooth knots is
bounded by a constant multiplicative factor on the length. So questions and results
about the lengths of lattice knots can be immediately rephrased as questions and
results about the ropelengths of knots.

In [DEY] an algorithm is presented to show how to construct lattice knots from
knot diagrams. The key idea to the algorithm is based on the use of a Hamiltonian
cycle H in the knot diagram D. A Hamiltonian cycle H of a planar graph D divides
faces and edges of D into two parts: those inside H and those outside of H. In
[DEY] it is shown that for every knot type K, there is a knot diagram D of K that
is Hamiltonian. In the previous section a Hamiltonian diagram D′ of the algebraic
knot type K has been constructed using fewer additional crossings to the original
diagram D than the algorithm presented in [DEY].

Let n be the number of vertices (or crossings) in D. Let v1, . . . , vn denote the
vertices of D which occur on the Hamiltonian cycle H in the cyclic order listed. Let
k = d√ne. Observe that as a simple closed curve in the plane z = 0, H divides the
plane z = 0 into two closed regions, one bounded and one unbounded. The edges
of D no on H are then divided into two groups: those in the bounded region, called
B-edges, and those in the unbounded region, called U-edges. Since G is 4-regular
with n vertices, it has 2n edges, of which n form the Hamiltonian cycle H and the
other n are the U- and B-edges.

In the algorithm presented in [DEY], first the Hamiltonian cycle H is embedded
into a box with dimensions [0, 3k]× [0, 3k]× [−1, 1] in O(n) steps. Next the U-edges
are embedded in the half-space z ≥ 1 and finally, the B-edges are embedded in a
similar way into the half-space z ≤ −1. The embedding of the U-edges and B-edges
has to be done very carefully to ensure that the lattice knot F under construction
indeed is of the same knot type as K. If in this construction each of the U- and
B-edges can be embedded into the lattice using a lattice path of length O(

√
n) then

an upper bound of O(n3/2) steps for the length L(F ) can be obtained. Figure 12
gives an idea how this construction looks for a small knot with just nine crossings.
Shown is just the graph D (top) and its realization on the lattice (bottom). The
thickened curves and line segments represent the Hamiltonian cycles. The knot
type K can be recovered by using the over/under information at each crossing in D
and making a small modification (consisting of two horizontal steps) on the lattice
graph at each crossing. The crossings along the Hamiltonian cycle are embedded
along a straight line to make the structure of the lattice graph more apparent in
Figure 12.

In the above argument the upper bound O(n3/2) arises from the fact that in
the worst case each of the n U- and B-edges in D′ −C requires a length of O(

√
n)

in its embedding on the cubic lattice. If in fact most of the U- and B-edges can
be embedded onto the lattice with length less than O(

√
n) then the upper bound

of O(n3/2) can be improved. The length of each of these lattice paths used to
embed the U- and B-edges in the algorithm [DEY] depends on the concept of a
level number.

For each B-edge e, a number, called the level number of that edge and denoted
level(e), is defined recursively. A B-edge e divides the B-region into two disks De1

and De2. A B-edge e has level number 1 if there are no other B-edges of D inside



HAMILTONIAN CYCLES AND ROPELENGTHS OF CONWAY ALGEBRAIC KNOTS 13

1

2

3

4

5

6

7

8

9

1 2

3 4

5

6
7

8

9

Figure 12. A Hamiltonian projection of a 9-crossing knot and
its realization in the cubic lattice.

one of the two disks De1 or De2. Suppose that level numbers have been determined
for all edges of level numbers less than or equal to i for some integer i ≥ 1. A B-
edge e, which has not yet been assigned a level number, is assigned a level number
i + 1 if: (1) the disks De1 and De2 both contain some B-edges of D that are of
level number i, (2) De1 and De2 do not contain any B-edges of D that are of level
number higher than i and (3) at least one of De1 and De2 contains no edges whose
level numbers are still undefined. The level number for the U-edges are defined in
a similar manner. Figure 13 shows examples of edges of levels 1, 2 and 3 denoted
by L1, L2 and L3 respectively. De represents one of the disks De1 or De2 and only
the edges contained in De are shown.

L3
L2

L1 De
De

De vr vsvs
vrvsvr

e

e
e ��

������ ���� ������
	


��

C C C

����

��
������
��������

������
��

Figure 13. Examples of edges of different levels.

In the algorithm the level number of an edge e determines how far away from
the plane z = 0 the lattice path, which will result from the embedding of e, will
move. Thus the key to find a good upper bound on the ropelength of a knot is to
find a diagram of the knot that contains a Hamiltonian cycle H resulting in low
level numbers for the edges not in the cycle H.

The following theorem can be extracted from the results obtained in [DEY]:
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Theorem 4.1. Let {Kn} be a family of knots (or links) such that Cr(Kn) = n.
If there exist positive integers m, d and ` such that each Kn in this family admits a
Hamiltonian projection Dn with at most m ·Cr(Kn) vertices and a Hamilton cycle
Hn such that every edge in Dn \Hn has a level number at most d with at most `
exceptions, then there exists a constant c > 0 such that L(Kn) ≤ c·m·(d+`)·Cr(Kn)
for every Kn in this family.

Proof. If for a given knot K it is possible to find a Hamiltonian cycle H in
a regular projection diagram of K such that the level numbers of all edges not
on H are bounded by a constant d, then the algorithm given in [DEY] ensures
that the knot K can be embedded onto a lattice knot F in a box with dimensions
[0, 3k]× [0, 3k]× [−2d− 1, 2d+1] where k = b√mnc+1. Since such a box contains
only O(d×m×n) edges, F will have a length of at most O(d×m×n). If there are
at most ` edges whose level number exceeds d then embedding those ` edges using
the algorithm can be done with length O(`×√n). The theorem follows from these
two assertions since m ≥ 1 and n >

√
n. ¤

5. The ropelengths of algebraic knots

As shown in Figure 10, the Hamilton cycle H we constructed (for the diagram
D′) in the last section is such that each edge not on H in a 4-string braid tangle
diagram has level number either 1 or 2, except the four edges not on H which
intersect one of the two Conway Circles of the diagram (2 such edges for each
Conway circle). The level numbers of these edges depend on the structure of the
tree T . Similarly, in a hallow Montesinos tangle, the only edges (with an end point
in the diagram) not on H with level numbers possibly greater than or equal to
two are those edges not on H which intersect the Conway circles. Therefore the
number of edges in D′ with level numbers at least three is bounded above by twice
the number of Conway circles in the algebraic decomposition of D since each such
edge has to intersect at least one Conway circle. However, we can get a better
estimate than this. Take an edge e in D′ −H with level(e) ≥ 3. Let v1 and v2 be
the two end points of e. Notice that v1, v2 and e cannot belong to the same tangle
diagram of S2−∪Ci since otherwise they are either part of a half twist in a hollow
Montesinos tangle diagram or part of a 4-string braid tangle diagram which implies
that level(e) ≤ 2. Moreover v1 (and v2) must be either a crossing in a 4-string
braid tangle or a crossing in a horizontal row of twists in a hollow Montesinos
tangle. In a 4-string braid tangle diagram whose inside Conway circle does not
bound a trivial tangle, there are four possible candidates for v1 or v2, while in a
4-string braid tangle diagram whose inside Conway circle bounds a trivial tangle,
there are only two possible candidates for v1 or v2. In a hallow Montesinos tangle
diagram, there are also two possible candidates for v1 or v2. Thus, if we let V1(T ),
V2(T ), and V3+(T ) be the number of vertices in T that are of degree one, degree 2
and degree greater than two respectively, then the total number of these possible
candidates for v1 and v2 is 2V3+(T ) + 4V2(T ) − 2V1(T ). So the number of edges
not on H with level numbers greater than or equal to three is bounded above by
(2V3+(T ) + 4V2(T )− 2V1(T ))/2 = V3+(T ) + 2V2(T )−V1(T ). This leads to the first
two parts of the following theorem.
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Theorem 5.1. Let D be a reduced algebraic diagram of a knot K with n cross-
ings and let T be the associated tree of D. Then there exists a modified algebraic
knot diagram D′ of K with the following properties:

i) D′ has at most n + 2Vodd(T ) crossings (where Vodd(T ) is the number of
vertices in T with odd degrees greater than 1);

ii) There exists a Hamiltonian cycle H in D′ such that the number of edges with
level number greater than or equal to three is bounded above by V3+(T ) + 2V2(T )−
V1(T ).

iii) The level number of any edge e of D′ \H is bounded above by d(V3+(T ) +
V2(T )− V1(T ))/2e+ 2.

Proof. We only need to show part iii). By ii), there are at most V3+(T ) +
2V2(T ) − V1(T ) edges in D′ \ H whose level numbers may be greater than 2. In
counting the 2V3+(T )+4V2(T )−2V1(T ) end points of these edges, we note that half
of these end points in 4-string braid tangle diagrams are incident to B-edges and
the other half are incident to U -edges. On the other hand, the end points that are
in hollow Montesinos tangle diagrams could all be incident to B-edges (or U -edges).
Thus the number of end points incident to B-edges (or U -edges) with level numbers
greater than or equal to three is bounded above by 2V3+(T )+2V2(T )− 2V1(T ). So
there are at most V3+(T )+V2(T )−V1(T ) B-edges (or U -edges) whose level numbers
may be higher than 2. The largest level number is obtained when all of these edges
are “parallel”. In such a case the largest level number produced is bounded above
by d(V3+(T ) + V2(T )− V1(T ))/2e+ 2. ¤

Returning to the main question in this paper, we will now identify families of
prime alternating algebraic knots Kn whose rope lengths are bounded above by
O(Cr(Kn)).

Corollary 5.2. Consider the class of alternating algebraic knots K with trees
such that V2(T ) is bounded above by some constant m. Then the rope-length of K
is bounded above by O(n×m).

Proof. Observe that for any alternating algebraic knot type K with tree T ,
Vodd(T ) < Cr(K). When constructing the embedding F of K on the lattice using
the diagram D′, it follows from the previous section and Theorem 4.1 that the
Hamiltonian cycle and all edges with level numbers one and two can be embedded
into the lattice with a total length of O(n). Since V1(T ) ≤ V2(T ) and V3+(T ) <
V1(T ), we have V3+(T ) < V2(T ). Therefore, there are at most O(V2(T )) edges not
on H that are of level number greater than two. By Theorem 4.1, the embedding
of these remaining edges with a level number greater than two can be embedded
into the lattice with a total length of O(V2(T )×√n). Thus the result follows. ¤

Corollary 5.3. Consider the class of alternating algebraic knots K (of n
crossings) with trees such that the number of leafs is bounded above by some
constant m. Then the rope-length of K is bounded above by O(n×m).
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Proof. It suffices to observe that the number of vertices of degree two in T is
bounded as follows: V2(T ) ≤ V3+(T ) + V1(T )− 1 ≤ 2V1(T )− 1. Now Corollary 5.2
can be applied. ¤

The above corollaries ensure that the ropelength of an algebraic knot cannot
be made to grow faster than its crossing number by only increasing the complexity
of the 4-string braid tangle diagrams in it.

Theorem 5.4. Consider an algebraic knot diagram D such that the length of
any path in the associated tree T is bounded above by a natural number m. If H is a
Hamilton cycle in D with the property that any edge not on H and not intersecting
any Conway circle has a level number at most 2, then the level number of any edge
not on the Hamiltonian cycle is at most m.

Proof. Given an algebraic knot diagram D with associated tree T . Let m be
the length of a longest path in T . The proof of the theorem will use induction on
m. The smallest tree associated to a nontrivial algebraic knot diagram D is that
shown in Figure 7 A. In such a case m = 2 and the highest level number occurring
in the diagram is 2 by the property of H. Thus the theorem holds for m = 2.
Assume the theorem is true (for all algebraic knot diagrams with Hamilton cycles
of the given property) for m ≤ k for some natural number k. Now let D be an
algebraic knot diagram with associated tree T and Hamiltonian cycle H such that
the longest path in T has length m = k + 1 or m = k + 2 and any edge of D not on
H either intersects a Conway circle or has a level number at most 2. There may
be more than one path of length m in T . Clearly each such path will connect a
leaf of T to another leaf of T , and the vertex (on this path) adjacent to each leaf
is a vertex of degree 2. Let S be the set of leafs in T such that each leaf in S is
an endpoint of a path of length m in T . (Note that S may be a proper subset of
the set of leafs in T ). To each leaf in S there is a 4-string braid tangle diagram
associated and one of the two Conway circles bounding it also bounds a rational
tangle diagram in D. Collapse each of these rational tangle diagrams to a single
crossing. This will result into a new knot diagram D1 with the following properties:

(i) D1 is a reduced algebraic knot diagram if D is a reduced algebraic knot
diagram.

(ii) The Hamiltonian cycle H1 in D1 inherited from H in D (H1 is identical to
H outside of the collapsed rational tangle diagrams).

(iii) Let T1 be the tree associated to D1. Then the length of a longest path in
T1 is at least m− 4 and at most m− 2.

Conditions (i) -(iii) can be shown as follows: If in a hollow Montesinos tangle
diagram in D one of the inside Conway circles bounds a rational tangle diagram
R that will be collapsed in the creation of D1, then all other inside Conway circles
also must bound rational tangle diagrams that will be collapsed as well. (If one of
the inside Conway circles does not bound rational tangle diagram then there will
be a longer path than the path which has an endpoint corresponding to the leaf
associated with R. By the choice to use only the leafs of S and not all leafs in T
this cannot happen.) In such a case the hollow Montesinos tangle diagram in D
will be replaced by a single row of half twists in D1. Condition (iv) in definition
of reduced algebraic knot diagram is now preserved. For such a hollow Montesinos
tangle diagram in which all inside Conway circles are collapsed there are three
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possibilities. The diagram is the diagram of a Montesinos knot, see Figure 7 B and
Figure 14 A. Or the outside Conway circle is glued to 4-string braid tangle diagram
(see Figure 14 B) or it is glued to another hollow Montesinos tangle diagram (see
Figure 14 C). From this we can see that the path in T1 can be no longer than case
m− 2 and the longest path in T1 will have a length of at least m− 4.

T

T'

T

T'

T

T'

A B C

Figure 14. A If D is the diagram of a Montesinos knot with tee
T , then T1 is the tree of a two bridge knot diagram. B. (C.) A
part of T glued directly ending in a vertex of degree greater than
two (a vertex of degree two) and its corresponding part in T1. In
all three examples the vertex representing the hollow Montesinos
tangle has only the minimal degree 3, however its degree could be
higher.

By the inductive assumption we can now assume that the level numbers occur-
ring in the edges of D1 not on H1 are at most m− 2. We claim that reinserting the
rational tangles into D1 to recreate D increases the level numbers of the edges in
D1 by at most two. To see this, let us consider an edge e of D−H. There are two
possibilities. First, if e is completely contained in a collapsed rational tangle then
its level number is either one or two. Second, if e is not completely contained in
a collapsed rational tangle then its level number can increase by at most two. See
Figure 15 for an illustration of this. Thus the theorem follows. ¤

Corollary 5.5. Consider the class of alternating algebraic knots K (of n
crossings) such that the length of any path in the associated tree of any knot from
this class is bounded above by some constant m. Then the rope-length of any knot
K from this class is bounded above by O(n×m).

Proof. It suffices to observe that the level numbers of all edge not on the
Hamiltonian cycles are bounded by m for all knots in the class. ¤

It is immediate from this corollary that the ropelengths of all two bridge knots
and Montesinos knots can only grow as fast as their crossing numbers.
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Figure 15. Reinserting the rational tangle into D1: A. The rein-
serting does not increase the level numbers of the edges shown if
the replacement happens at vertices v3, v4 or v5. If the replacement
happens at v2, the level numbers of e3, e4 and e5 may increase by
1. The level numbers of e2, e3, e4 and e5 may increase by 2 if the
replacement happens at v1. B. The illustration of the replacement
on one side of the Hamilton cycle.

6. Ending remarks

The investigations in this article were partly motivated by the following ques-
tions:

a. Can we find a family of knots Kn such that their rope lengths grow faster
than O(Cr(Kn))?

b. For any prime alternating knot K, is it true that its rope length is at least
of the order O(Cr(K))?

Both questions remain open at this time. Even if one restricts oneself to the
class of alternating algebraic knots K, question b remains unanswered. While most
known algebraic knots in the literature fall into the categories covered by Corollaries
5.2, 5.3 and 5.5, it is possible to construct alternating algebraic knots that do not
satisfy the conditions of these corollaries. This means that if one is to find a negative
answer to question a above using alternating algebraic knots, then one must avoid
the well known algebraic knots that satisfy the conditions of Corollaries 5.2, 5.3
and 5.5.
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