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Abstract. Volume confinement is a key determinant of the topology and
geometry of a polymer. For instance recent experimental studies have shown that
the knot distribution observed in bacteriophage P4 cosmids is different from that
found in full bacteriophages. In particular it was observed that the complexity of
the knots decreases sharply when the length of packed genome decreases. However
it is not well understood exactly how the volume confinement affects the topology
and geometry of a polymer. This problem is the motivation of this paper. Here
a polymer is modeled as a self-avoiding polygon on the simple cubit lattice and
the confining condition is such that the polygon is bounded between two parallel
planes (i.e., bounded within a slab). We estimate the minimum length required
for such a polygon to realize a knot type. Our numerical simulations show that
in order to realize a prime knot (with up to 10 crossings) in a 1-slab (i.e. a slab
of height one), one needs a polygon with length longer than the minimum length
needed to realize the same knot when there is no confining condition. In the case
of the trefoil knot, we can in fact establish this result analytically by proving
that the minimum length required to tie a trefoil in the 1-slab is 26, which is
greater than 24, the known minimum length required to tie a trefoil without a
confinement condition. Additionally, we find that in the 1-slab not all geometrical
realizations of a given knot type are equivalent to each other, suggesting that the
topology of a polymer in confined volume alone is not enough to describe the state
of a polymer.
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1. Introduction

DNA and proteins are found in crowded environments within the cell. Under
such conditions the folding and three dimensional organization of macromolecules
has been shown to sharply deviate from that observed in vitro and remains to
be properly characterized (reviewed in [23, 46]). An approach to help with this
characterization is to study the topology of the macromolecule. For instance DNA
topology assays have been key to understand how structurally important enzymes
such as condensins interact with DNA [10, 26, 37] and how DNA folds in the capsid
of certain bacteriophages [5, 6, 22].

It is well known that the length of the polymer is a key parameter which affects
the folding and therefore impacts on the topology of a macromolecule. A number of
theoretical and experimental results exist for the case of long polymers. The Frisch-
Wasserman Delbruck (FWD) Conjecture states that the knotting probability of a
polymer chain of length n in R

3 tends to one as n tends to infinity [7, 9]. Using Kesten’s
pattern theorem [17], Sumners and Whittington, and independently Pippenger proved
the FWD Conjecture for knots in the simple cubic lattice [27, 38]. Experimental
results of random cyclization of DNA molecules of varying lengths in free solution are
consistent with the theoretical results [31, 34].

Spatial confinement has also been shown to have a strong effect on the topology
of the molecule (e.g. [6]) and theoretical studies in the simple cubic lattice support
these observations. For instance the knotting probability increases with increasing
polymer length and decreasing polymer volume (e.g. [1, 2, 14, 24, 35, 36, 41, 42]).

An interesting problem posed by recent experimental results is the characteriza-
tion of the topology of a spatially confined polymer when its length is reduced. For
instance it has been observed that the distribution of knots found in P4 cosmids is very
different from that found in full genome viruses. In particular DNA knots extracted
from P4 cosmids are less complex (i.e. have less average number of crossings) than
those from mature phages [43]. So a natural question to ask is what is the minimal
length of a polymer chain required to build a specific knot type in a confined vol-
ume. Furthermore one may ask whether two conformations with the same topology
are equivalent when confined to small volumes.

In this paper, we address this question and investigate the minimum number of
lattice segments needed to tie a restricted knot type in a slab and also the number of
different conformations thus obtained. More specifically, here are goal is to determine
the minimum length �i(K) needed to tie a lattice knot K in an i-slab, where an i-slab
is a space between two parallel lattice planes that are i units apart and the value of
�i(K) for i = 1, 2, 3 or 4. We call �i(K) the minimum step number of the knot in an
i-slab. This generalizes other studies in which the minimum number of steps needed
to make a knot in the simple cubic lattice and without restrictions have been studied
[8, 11, 13, 33]. In [8] Diao showed that the minimum step number for the 31 knot in
Z

3 is 24 and in [12, 44] it is shown that the minimum step number for the 41 is 30 and
51 is 34. We here extend this analytical results by giving a rigorous proof that shows
that the minimum step number of the trefoil in the 1-slab is 26.

In the next section we provide the basic definitions and the terminology needed for
the rest of the paper. In Section 3 we give a rigorous proof to show that �1(31) = 26.
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In Section 4 we discuss the essential difference between the restrictions imposed by an
i-slab in the cases when i = 1 and when i ≥ 2. In the case that i = 2, the number of
ergodicity classes, that is the number non-equivalent realizations of a given knot type,
for each knot type remains the same as in the unconfined case (i.e. one). However,
we show that in the 1-slab each knot type has infinitely many ergodicity classes. In
Sections 5 and 6 we explain the numerical methods and the results obtained in the
search for the minimum step numbers for prime knots with up to 10 crossings when
confined to slabs of different heights.

2. Definitions

Consider the simple cubic lattice Z
3. A step is a line segment of unit length in Z

3

joining two lattice points. A step parallel to the x-axis is called an x-step; y and
z-steps are defined similarly. The step number n of the polygon is the sum of its x, y
and z-steps. The step number is also called the length of the polygon. The minimum
step number of a knot type K is the minimum number of steps needed to construct a
lattice polygon K of knot type K. Throughout this paper, the minimum step number
of K in Z

3 will be denoted by �(K).

Definition 1 Two lattice polygons are equivalent if they can be superimposed by a
rigid motion, i.e. by any combination of translations, rotations and reflections. Let a
canonical lattice polygon denote the corresponding equivalence class.

Let K be a lattice polygon with n steps. Let a (resp. b, c) be the total number
of x-steps (resp. y, z-steps) in K. In the enumeration section we only enumerate
canonical lattice polygons of minimum step number in the i-slab. Define the slab of
the width i, or i-slab, as the space {(x, y, z) ∈ Z

3 | 0 ≤ z ≤ i, i ∈ N}. A lattice polygon
K is confined to the i-slab if each vertex in K is contained in the i-slab. Without loss of
generality we assume that a ≤ b. Let πy : R

3 → R
2 be the orthogonal projection onto

the xz-plane, and let G be the planar graph πy(K) (where the lattice points are the
vertices, and the steps joining the vertices are the edges). The multiplicity m(e) of an
edge e in G is the number of steps of K projected onto e by πy. The multiplicity m(v)
of a vertex v in G is the sum of multiplicities of edges incident to v. From now on G
will be a weighted graph with vertex and edge weights defined as their corresponding
multiplicities. The sum of all edge multiplicities is called the total multiplicity of G.

The following definition will be used throughout the paper and in particular in
the proof of Theorem 2.

Definition 2 [16] Consider a lattice polygon K in an i-slab, which projects to a
weighted graph G. If the multiplicity of each edge of G is 1 and G contains only
transversal double points, then G is called a regular lattice projection of K. If the
overpass and underpass information at each double point of G (inherited from K) is
kept, then it is called a regular lattice diagram of K.

In our numerical study we use the BFACF algorithm [3, 4]. The BFACF algorithm
is a dynamical Monte Carlo method with three basic moves (illustrated in figure 1) and
one adjustable parameter the fugacity per bond z, where 0 ≤ z ≤ zc = 0.2134, where
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zc is the inverse of the connective constant in Z
3 [21]. A type 0 move preserves the

step number of the lattice polygon and is accepted with probability p(0) = 1+z2

2(1+3z2) ,
a type 2 move increases the step number by 2 and a type −2 move decreases the step
number by 2 and are accepted with probabilities p(2) = z2

1+3z2 and p(−2) = 1
1+3z2

respectively. The algorithm samples conformations from a Gibbs distribution and if
no confinement restrictions are imposed it generates a Markov chain whose ergodicity
classes are the knot types [16]. Our implementation is based on the description of
BFACF in [21].

type −2 move
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Figure 1. The figures illustrate Type 0, 2 and −2 moves from the BFACF
algorithm. A vertex in the figure marked by an open circle indicates a lattice
point not occupied by the lattice polygon.

Definition 3 A lattice polygon K in an i-slab is called i-slab reducible if its step
number can be reduced by exclusively applying type 0 and type −2 moves within the
i-slab. Otherwise K is called i-slab irreducible.

Note that a lattice polygon with minimum step number is irreducible, but the
converse is not true, i.e. not all irreducible lattice polygons are minimal. Also, two
polygonal knots that are equivalent in Z

3 may not be so in the i-slab. For example,
Figure 2 shows a non-minimal 1-slab irreducible unknotted polygon of length 78.
Recall that the minimum step number of the unknot is 4.

Figure 2. Irreducible trivial polygon of length 78 in the 1-slab.
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3. Minimum Step Number (MSN) algorithm in the i-slab

Proposition 1 Let K be an n-step irreducible lattice polygon of nontrivial prime knot
type K that is contained in an i-slab. Then there exist positive integers k and l such that
2 ≤ k ≤ n

6 , k ≤ l ≤ n−2k
4 and K is contained in one of the following three rectangular

boxes: ( l
2 +1)×(n−2(k+l)

4 +1)×(min{i, k
2 +1}), (k

2 +1)×(n−2(k+1)
4 +1)×(min{i, l

2 +1}),
or (k

2 + 1) × ( l
2 + 1) × (min{i, n−2(k+l)

4 + 1}). Moreover, K is always contained in a
rectangular box of dimensions n+4

8 × n+4
8 × i.

The proof of this proposition is essentially identical to that given in [33] for the
case without confinement constrains. In this case one only needs to take the height
of the box into consideration in order to fit K into the i-slab. The interested reader
should refer to [33]. The last statement in Proposition 1 then immediately leads to
the following corollary.

Corollary 1 Let K be an n-step irreducible lattice polygon of nontrivial prime knot
type K that is contained in an i-slab. Let a, b and c be the total number of x, y and
z-steps in K, respectively. Then G = πy(K) is contained in a rectangle of dimensions
(n+4

8 )× i. Moreover, in the case that i ≥ 2 and a ≤ c ≤ b or i ≥ 2 and a ≤ b ≤ c, then
G is contained in a rectangle of dimensions ( n

12 + 1) × i or ( n
12 + 1) × i respectively.

We now outline the Minimum Step Number (MSN) algorithm which will be used
to find the minimum step number of polygons in the i-slab. The MSN algorithm
presented here is similar to that given in [33], after adjusting it to work in the i-slab.

MSN Algorithm in the i-slab

• Step 0. Enumerate all rectangles satisfying the conditions of Corollary 1.
• Step 1. For each rectangle R identified in Step 0, enumerate all weighted planar

graphs in R with total multiplicities at most 2n
3 .

• Step 2. For each weighted graph G obtained from Step 1, generate all possible
knot diagrams KG with G as its projection.

• Step 3. For each knot diagram KG, enumerate its possible lattice polygon
realizations with at most n steps and determine its knot type.

4. The minimum step number of nontrivial knots in the 1-slab

Just as in the case of the minimum step number �(K) of polygons in Z
3, the theoretical

determination of �i(K) is an extremely difficult task in general. This is true even in
the simplest nontrivial case where i = 1 and K = 31. In this section we prove the
following theorem.

Theorem 1 The minimum step number of the 31 knot in the 1-slab is 26 (i.e.
�1(31) = 26). Furthermore, the minimum step number of any nontrivial knot in the
1-slab is at least 26.
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K

G

Figure 3. The figure shows a lattice realization K of the knot 31, where K has
26 steps and is embedded in the 1-slab. K projects onto a weighted graph G. The
corresponding regular lattice diagram is shown on the bottom right.

Proof. Since any lattice polygon of length less than 24 is the trivial knot [8], and
since there exists at least one 26-step 31 knot in the 1-slab (shown in Figure 3), to
prove Theorem 1 it suffices to show that any polygon with 24 steps in the 1-slab is
trivial. The proof uses the MSN algorithm defined in Section 3.

Let K be a 24-step polygon in the i-slab. We only consider the case where K
is i-slab irreducible, since otherwise K is the trivial knot by [8]. By Corollary 1, the
graph G = πy(K) is contained in a rectangle of size 3× 1. We follow steps 0 and 1 of
the MSN Algorithm to first enumerate all planar graphs contained in a rectangle of
size 3× 1. The resulting graphs, grouped according to whether they are simple paths,
trees, or graphs with cycles, are shown in Figures 4 to 6.

Figure 4. The enumeration of all paths that are contained in a rectangle of size
3 × 1.

Remark. All polygons related by 0 moves have the same length. We group them as
in [33] and we consider a single representative of each class. The representative chosen
is one whose projection G has the maximum number of cycles. We therefore do not
have to consider polygons whose number of cycles (in G) can be increased by 0 moves
as shown in Figure 7.

With only 8 exceptions, all of the graphs G shown in Figures 4 to 6 have the
following property: the number of cycles can be increased by performing a 0-move
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Figure 5. The enumeration of all trees (that are not paths) that are contained
in a rectangle of size 3 × 1.

1G 2G 3G 4G 5G

6G 7G

8G

Figure 6. The enumeration of all planar graphs with cycles that are contained
in rectangle of size 3× 1. For graphs other than G1-G8, the number of cycles can
be increased by performing a 0-move on K in the 1-slab, or the corresponding K
is reducible.

Figure 7. A 0-move on P that increases the number of cycles in G by one.

on K in the 1-slab, or the corresponding K is reducible (i.e. trivial). The eight
exceptions are marked by G1 to G8 in Figure 6 and are the only ones requiring further
investigation. We proceed to enumerate all weighted graphs corresponding to G1 to
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G8 (Step 1 of the MSN Algorithm). The following proposition is a useful tool in the
enumeration.

Proposition 2 [44] Let e be an edge of G whose end points are v1 and v2. If
2m(e) ≥ m(v1) and 2m(e) > m(v2) then K is reducible.

Figure 8 illustrates the key idea in the proof of Proposition 2. For a complete
proof please refer to [44].

Figure 8. The figure on the left shows a weighted graph G with an edge e
spanning two vertices v1 and v2. The rest of the figure illustrates an example
graph G, where m(e) = 4, m(v1) = 8 and m(v2) = 6. In this example, e, v1 and
v2 satisfy the conditions in Proposition 2. Above the graph G is a 3-dimensional
conformation K projecting onto G. The reducibility of K is highlighted in the
diagram. Graphs with this property do not need be considered in the construction
of minimum step lattice knots. The proof of Proposition 2 proceeds by showing
that if a triplet (e, v1, v2) satisfies the conditions of the proposition, then K must
contain edges which can be eliminated using one BFACF −2 move and possibly
a series of 0 moves.

We now use Corollary 1 and Proposition 2 to complete Step 1 of the MSN
Algorithm. The results are listed in Figure 9. In other words, if G is one of the
graphs G1 to G8 such that its number of cycles cannot be increased by 0-moves on
K within the 1-slab and its corresponding K is irreducible, then G is among the 67
weighted graphs listed in Figure 9. Notice the graphs in Figure 9 have total multiplicity
ranging from 8 to 16.

Recall that a (resp. b, c) is the total number of x-steps (resp. y, z-steps) in K.

Proposition 3 Suppose an irreducible lattice knot K in 1-slab has at least 6 steps.
Then c ≤ a and c ≤ b.

Proof. A connected component of K∩(R×R×{1}) (resp. K∩(R×R×{0})) is called
a upper path (resp. lower path) of K. There are c

2 upper paths and c
2 lower paths in

K. Let wi be the number of connected components of the intersection of projections
with πz (orthogonal projection onto the xy-plane) of the interior of the i-th upper
path and all lower paths. As K is irreducible and with at least 6 steps, there are at
least two x-steps and y-steps around each such component. Here we consider the case
of x-steps. As edges can be counted twice, there are at least wi +1 x-steps around the
projection of the i-th upper path. Let w′

j be the number of connected components of
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* * ** * * * *

* * * * * * * * *

* * * * * **

* * * * * *

* * * * * *

Figure 9. The list of all possible cases for the weighted graph G = πy(K)
satisfying the conclusions of Corollary 1 and Proposition 2.

the intersection of projections with πz of the interior of the j-th lower path and all
upper paths. For j-th lower path, at most (w′

j − 1) x-steps are counted twice. Hence
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in total the number of x-steps a in K is at least
c
2∑

i=1

(wi + 1) −
c
2∑

j=1

(w′
j − 1) =

c

2
+

c

2
= c

Notice that
∑ c

2
i=1 wi =

∑ c
2
j=1 w′

j . Hence we have c ≤ a. The proof of c ≤ b is same.

Figure 10. At least wi + 1 (red) x-steps are counted for the i-th upper path.

Figure 11. At most wj − 1 (red) x-steps are counted twice for the j-th lower
path.

We know that by assumption a ≤ b and that a + b + c = n. Therefore, since
b = max{a, b, c}, b ≥ n

3 , and then a + c ≤ 2n
3 . In 1-slab the number of x-steps a is less

than or equal to that of y-steps b, and that K is projected onto G in the y-direction.
If, for example, the total multiplicity a + c of G is 16, then b = 8 since a + b + c = 24.
It follows that a ≤ 8 ≤ c. However we also know that in the 1-slab c ≤ a. Thus we
must have a = c = 8. This requirement immediately eliminates 31 graphs in Figure
9 with total multiplicity 16. The remaining graphs satisfying a = b = c = 8 are 1-8,
3-12, 3-16 and 5-7. We apply this process to graphs with total multiplicities 8 to 16.
This yields a new list of candidate graphs: 1-1, 1-2, 1-3, 1-4, 1-5, 1-8, 2-1, 2- 2, 2-3,
2-4, 2-5, 3-1, 3-2, 3-3, 3-4, 3-5, 3-6, 3-7, 3-8, 3-9, 3-12, 3-16, 4- 1, 4-2, 5-1, 5-2, 5-3,
5-7, 6-1, 6-2, 7-1, 7-2, 7-3, 7-4, 7-5, and 7-6 as indicated by asterisks in Figure 9.

We then carry out Step 2 of the MSN algorithm. That is, for each G in this list,
we enumerate all diagrams having at least 3 crossings (otherwise P would be trivial
and need not be considered). Figure 12 is a complete list of all graphs G admitting a
diagram with at least 3 crossings (an example of such diagram is shown in each case).

Finally, we apply Step 3 of the MSN algorithm. For each diagram obtained from
Step 2, we need to enumerate all possible lattice polygon realizations with 24 steps
and determine their knot types. A case-by-case study reveals that all but one of
the lattice knots obtained from the graphs in Figure 12 are trivial. The exception
corresponds to G = 4-1. Consider any lattice knot K that admits a regular lattice
projection (corresponding to graph 4-1) with at least three crossings, and consider the
x and z-steps of K marked as s1 to s7 in Figure 13. A careful examination on the
condition of having at least three crossings reveals that these steps cannot share the
same y-coordinate. Since there are seven such edges, this implies that the difference
between their largest and smallest y-coordinates is at least 6. Thus K has at least 12
y-steps, hence at least 26 steps total since G has total multiplicity a + c = 14. This



Minimum step knots in confined cubic lattice regions 11

Figure 12. The list of weighted graphs G (first row) with a regular lattice
diagram having at least 3 crossings (third row). A figure on the second row is
called a regular lattice projection corresponding to a graph G. A regular lattice
projection indicates the number of crossings at each vertex of the graph, without
specifying under and over crossings, while the regular lattice diagram indicates
under and over crossings. Regular lattice projections and diagrams were formally
defined in Definition 2.

leads to a contradiction since by assumption K has only 24 steps. Thus this last case
G = 4-1 can be ruled out and the theorem is proved. Although many details have
been left out due to the length consideration of the paper, an interested reader can
work out a few examples and be convinced that most of these cases are rather tedious
and easy to check. This completes the proof of Theorem 1.

Remark. Atsumi Suzuki (Saitama University) verified that all polygons in the 1-slab
with at most 24 edges are 1-slab reducible.

5. Ergodicity classes of knots in an i-slab

As we pointed out at the end of Section 2 (and illustrated in Figure 2), there exist
non-minimal irreducible lattice polygons in an i-slab, i.e. lattice polygons that cannot
be taken to their minimal form with only 0 and −2 moves in the i-slab. This inspires
the following question: For any non minimal irreducible lattice polygon K in the i-
slab, can one find a sequence of BFACF moves within the i-slab to reduce K to its
minimal form? This question leads to the following definition.

Definition 4 Let K1 and K2 be two lattice knots in an i-slab. We say that K1 and
K2 are i-slab equivalent (or just i-equivalent) if K1 can be changed to K2 through
a finite sequence of BFACF moves in the i-slab. The ergodicity class of a lattice
knot K in an i-slab is defined as the set of all lattice polygons that are i-slab equivalent
to K. We denote the ergodicity class of K in an i-slab as Ei(K). In the case where
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Figure 13. A lattice knot K that projects to the weighted graph 4-1 (shown
under the knot, and in Figure 9). The figure on the right shows the corresponding
regular lattice diagram.

i = ∞, we simply write E∞(K) as E(K), which is the set of all lattice polygons that
can be changed to K through a finite sequence of BFACF moves in Z

3.

It is shown in [16] that any two topologically equivalent lattice knots can be
changed from one to the other by a finite sequence of BFACF moves in Z

3. That is,
in the case of i = ∞, there is only one ergodicity class for each knot type. In [14], E.J.
Janse van Rensburg mentioned that this is also true in an i-slab for i ≥ 2, while the
case of i = 1 was left as an open question. We here review the first result and address
the i = 1 case.

Theorem 2 Let K1 and K2 be any two lattice polygons of the same knot type in an
i-slab where i ≥ 2, then K2 ∈ Ei(K1). In other words, there is only one ergodicity
class for each knot type in the i-slab if i ≥ 2.

Before giving the proof of Theorem 2, recall the terms introduced in Definition 2
as well as the following concepts introduced in [16].

Definition 5 Let K be a lattice polygon in an i-slab with projection graph G. If every
plane perpendicular to the xy-plane contains at most a finite number of disjoint points
and at most one connected path of K (which is a union of x, y or z-steps), and if the
multiplicity of each edge of G is 1, then K is said to be in standard conformation.

Note that the standard conformation defined here is called a “standard form” in
[16]. However the term standard form is defined differently in this paper in Section 6.
Note also that if K is in standard conformation, then G is a regular lattice projection.

Outline of the proof of Theorem 2. The proof is similar to that of Theorem 3.11
in [16], we only need to modify it to make sure that all needed BFACF moves can be
restricted to the i-slab.



Minimum step knots in confined cubic lattice regions 13

First, the proof of Proposition 3.6 in [16] can be adapted to show that K1 and
K2 can be put in standard conformation using only BFACF moves in the i-slab. After
this the projections of K1 and K2 become regular lattice projections. Now, by the
same arguments used in the proofs of Propositions 3.8, 3.9 and 3,10 in [16], there is a
sequence of BFACF moves in Z

2 and lattice Reidemeister moves which transforms one
diagram to the other, and those moves can be realized as BFACF moves in the i-slab.
Note that by the assumption i ≥ 2, the three strands involved in a Reidemeister move
III can be put in the different height within the i-slab. This yields two lattice polygons
that share the same regular lattice diagram. The same proof of Proposition 3.3 in [16]
can then be used to show that K1 can be transformed to K2 by a finite sequence of
BFACF moves in the i-slab (i ≥ 2). This completes the proof.

The situation for the 1-slab is very different. Here we have the following theorem.

Theorem 3 For each knot type K, there are infinitely many ergodicity classes in the
1-slab.

Theorem 3 is an almost immediate consequence of the following proposition.

Proposition 4 For each knot type K, there are infinitely many distinct pairs of
diagrams (D1(K), D2(K)), such that D1(K) and D2(K) are related by at least one
Reidemeister III move.

The following proof of Proposition 4 is suggested by Chuichiro Hayashi.

Proof. Consider a knot diagram D of a knot K. Choose an orientation of K and
indicate it on the diagram. Let A be the oriented diagram of the trivial knot shown
in Figure 14 [25]. Define the connected sum of the diagrams D and A as in Figure
14, and denoted by D#A. For any n ∈ N, define D#nA as the connected sum of
the diagram D with n copies of the diagram A. Note that for any n ∈ N, D#nA
is a diagram of the knot type K. Also note that the construction of the connected
sum of knot diagrams si not unique. Now consider the invariant of knot diagrams
D4 defined in [25]. It can be easily shown that D4(A) = −1. By Proposition 3 in
[25], D4(D#nA) = D4(D) + nD4(A) = D4(D) − n. Therefore, changing diagram
D1(K) = D#nA into diagram D2(K) = D#mA requires at least 1 ≤ |m − n|
Reidemeister III moves, since D4 is invariant under Reidemeister moves I and II.

AA D

Figure 14. Left: A projection diagram of the trivial knot with an invariant
D4(A) = −1 from [25]. Right: Diagram connected sum D#A.

Proof of Theorem 3. For a given knot diagram K with knot type K, let D1 and
D2 be a any pair of diagrams as constructed in in Proposition 4. Construct lattice
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polygons K1 and K2 in the 1-slab which have regular lattice diagrams isotopic to D1

and D2 in R
2, respectively. Suppose there is a sequence of BFACF moves changing

K1 into K2. Take a plane Q = {(x, y, z) | εx + εy + z = 0}, where 0 < ε 	 1. Then
K1 and K2 have regular knot projections in Q and each BFACF move also results
into a regular knot projection. Each BFACF move can be applied using a square in
a 1-slab. The interior of the projection of a square in 1-slab in Q contains at most
one step and cannot contain a double point. This shows a BFACF move in the 1-
slab only corresponds to an isotopy of diagram or Reidemeister move I or II. Thus
a Reidemeister move III cannot be realized by any BFACF move or any sequence of
such moves in the 1-slab. It follows that we cannot transform K1 to K2 by BFACF
moves since Reidemeister moves of type III are required according to Proposition 4.
This completes the proof of Theorem 3.

6. Simulation methods

Ensembles of polygons were confined in the i-slab when i = 1, 2, 3, 4 according to the
following routine. First, a random polygon K with a fixed knot type is generated using
the BFACF. If the z-span of K is j for some j greater than i, then K is embedded in a
wedge-shaped region of height j + 2 as shown in Figure 15. As the polygon undergoes
BFACF moves and shifts into narrower slabs we introduce a plane B (illustrated by
the vertical dotted segment on the right of the figure), which confines the polygon to
the new slab region. By iterating this process the polygon K thus moves from the
j-slab to narrower slabs (i.e. a (j − 1)-slab, (j − 2)-slab, etc...) until the polygon
is confined to the desired i-slab. Once the desired knot is embedded in the i-slab,
the BFACF algorithm is run within this space by varying z parameters in search of
minimal step conformations.

Figure 15. A wedge region of Z
3.

Algorithm for the identification of minimum step number lattice polygons in an i-slab.

Each knot type is subjected to several iterations of the following numerical search.

(i) The starting polygon is generated by the BFACF algorithm without confinement
periodically switching between high and low z values as described in [33].

(ii) The polygon is confined to the desired i-slab as described above.
(iii) Once the polygon is confined in the desired i-slab, the BFACF algorithm is again

run periodically switching between high and low z values. The lattice polygon
with the fewest edges produced in this process is saved.
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(iv) If the number of edges of the lattice polygon found in step (ii) is greater than the
current lower bound for the step number of the knot type, this lattice polygon is
discarded.

(v) If the lattice polygon is not discarded, it is then put through the standardization
procedure described below to ensure that a polygon is counted multiple times [33].
From this procedure results a canonical polygon. If the canonical polygon has
not been found before, it is added to the list as a new canonical lattice polygon
of minimal step number.

(vi) In the 1-slab case we consider a new canonical lattice polygon defines a
new ergodicity class if the BFACF confined to the 1-slab followed by the
standardization algorithm do not match any of the existing classes.

Standardization algorithm(from [33])

Following the nomenclature described in [33] we represent a lattice polygon by a
NEWSUD string (abbreviations for North, East, West, South, Up and Down) with each
letter representing the corresponding edge direction.

Start with a polygon K embedded in an i-slab and in the NEWSUD format. First
we list all the 8 forms obtained from it by rotations in Z

3 that keep K in an i-
slab. For each rotated or shifted form we also consider the form with the opposite
(reverse) orientation, giving a total of 16 conformations. Then list all possible shifts
(i.e. all n possible starting points). In the case of achiral knots we also consider the
additional 2 × n × 16 NEWSUD strings resulting from reflections. Since this algorithm
produces duplicates, we choose the lexicographically least of all the NEWSUD strings
as the standard form. Conformations of lattice polygons of the same knot type are
different if their standard form is different. We refer to the polygon in standard form
as canonical lattice polygon.

7. Numerical results

To obtain the results reported below, we generated 110 different unconfined polygons
that were confined to a preselected slab as described above. Once the polygon was
confined to the desired i-slab a list of polygons with minimum number of steps was
generated by drawing a z value from the uniform distribution on the interval (0, 0.2)
(“high” z). The simulation was run for 100, 000 iterations, followed by a run of 60,000
iterations at z = 0.02 (“low” z).

7.1. Estimated minimum step number in the i-slab

Results for the estimated minimum step number of knot types up to 10 crossings
confined to i-slabs for i = 1, 2, 3, 4 and i = ∞ (the unconfined case) are shown in
Table 2. For completeness we also computed the span for each knot type K which is
defined as the minimum extent in any of the coordinate directions for all instances of
that knot type in Z

3. Notice that if K has span n, then no minimum step polygon
of type K fits in an (n − 1)-slab. Column 1 shows the knot type, column 2 the
estimated minimum span of the polygon with estimated minimum step number in
the unconfined case (i = ∞), column 3 is the estimated minimum step number in
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the unconfined case from [33], and columns 4 to 7 are the estimated minimum step
numbers for the indicated i-slabs. We observed that the estimated minimum step
number of any confined non-trivial knot type is greater than or equal to that of its
unconfined counterpart. In particular, in the case of the 1-slab, for each knot type that
we have studied, its estimated minimum step number (with the 1-slab confinement)
is strictly greater than its estimated minimum step number without confinement. For
instance the knot type 1088 has an estimated minimum step number of 62 in the
unconfined case, while that number in the 1-slab is 84.

In [33] we observed that the estimated minimum step number increases with
crossing number. Here we consider Δi(K) , the difference between the minimum step
number of K in the i-slab and the minimum step number of K in Z

3. We observed
that on average Δ1(K) increases with the minimum crossing number of K (Figure
16). In Figure 16, averages are taken over all knots of same crossing number, and bars
correspond the ranges of Δ1(K).
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Figure 16. The average of Δ1(K) increases with the minimum crossing number
of K. Bars shows the range of Δ1(K).

7.2. Ergodicity classes in the 1-slab

In Section 4 we have analytically shown that the number of ergodicity classes for each
knot type in the 1-slab is infinite. This however does not restrict the length of the
polygon. A more relevant problem for the current study is to determine the number
of classes that correspond to minimum step number knots. Therefore for each knot
type with 8 or less crossings we calculated the number of ergodicity classes. In Table
3 in the appendix we report 10 knot types with one single ergodicity class, 2 knot
types with two classes and 7 knot types with four classes. Interestingly we observed
that many knot types have more than one ergodicity class.

We also estimated the number of conformations in each ergodicity class since this
is a partial measure of the “tightness” of the conformation. Excluding the unknot, the
number of different polygons found in each class ranged from 1 polygon (for knot type
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77), to 2205 polygons in one of four classes for twist knot 72. Four ergodicity classes
were found for each of the twist knots 52, 61, 72, 81, while only one class was found
for the torus knots 31, 51 and 71. Figure 17 shows representatives of two distinct
ergodicity classes for the knot 81. These results suggest that two realizations of the
same knot type may not be topologically equivalent when confined to a very tight
volume.

Figure 17. Two representatives of different ergodicity classes of knot
type 81 of minimum length are shown. Their corresponding NEWSUD

codes are DEEENUENNWNWWDSSSUSSDWWNUWNNDEEUEEEDESSUWWNDNNUWWWSSDWSSUEEN

and DEEEUNEEDSSWUSSDWWUSWWWNDNNEEUSSDSEEUNNDEEUNNWDNWWUSSDSWWUNN. These
representatives were found computationally and there is not analytical proof that
shows they are non-equivalent.

7.3. The minimun number of steps of alternating and non-alternating knots in the
1-slab

In [33] we observed that non-alternating knots require less steps for their minimal
realizations than alternating knots. Here we performed a similar study for the case of
the 1-slab. Results are reported in Table 1 and in Figure 18. We found that out of the
eight non-alternating 9-crossing knots, all except 947 have at most 64 steps. Similarly
only the alternating knot 91 had an estimated minimum step number of 62 while the
rest of the knots had at least 66. However, a clear distinction between alternating
and non-alternating knots is not as evident as in the unconfined case. In Figure 18 we
investigated the behavior of alternating versus non-alternating knots with respect to
their span. We observe that most non-alternating knots have span 3, and none have
span 2 nor 5.

8. Conclusion

The study presented in this paper is motivated by the engineering and the natural
occurrence of knotted structures in DNA and proteins. In this context it is natural to
ask what is the minimum number of monomers (e.g. nucleotides for DNA, and residues
for proteins) needed to form a given knot. Furthermore, since DNA and proteins
are found in vivo in confined volumes or in crowded environments, and since new
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Crossing number Alternating Non-alternating
3 26 -
4 36 -
5 38-42 -
6 48-50 -
7 50-56 -
8 60-72 48-54
9 62-80 58-70
10 72-88 56-76

Table 1. Crossing numbers and minimum step numbers of prime knots in 1-slab

0

10

20

30

40

50

60

70

80

90

100

span 5

span 4

span 3

span 2

pe
rc

en
t %

Figure 18. This graph shows the behavior of alternating versus non-alternating
prime knots with 8, 9 and 10 crossings with respect to their span.

technologies require small volumes for certain reactions, it is important to investigate
the minimum number of monomers needed to tie a given knot within a confined
volume.

Motivated by this problem, we have used the simple cubic lattice to estimate the
minimum number of steps needed to tie a knot when confined to a slab. We have
found that the 1-slab is particularly relevant. Our numerical estimations suggest that
the minimum number of steps needed to tie a knot in the 1-slab is always greater
than that needed in the unconfined case. Furthermore we have provided an analytical
result that shows that the minimum step number for the knot 31 in the 1-slab is 26
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(two steps longer than in the unconfined situation). We have also provided numerical
estimates for the minimum number of steps needed to tie a knot K in larger slabs
(i = 2, 3, 4), for prime knots K with up to 10 crossings.

We have also investigated the number of ergodicity classes in slabs and found
that there are infinitely many ergodicity classes for each knot type in the 1-slab. This
result extends that of EJ Janse van Rensburg that shows that knots confined to an
i-slab have a single ergodicity class for all i ≥ 2. Our numerical results indicate that
the number of ergodicity classes corresponding to configurations with minimum step
number vary with the knot type, and suggest consistent behavior within knot families.
Based on this result we would speculate that a knotted polymer in a tightly confined
space (such as the 1-slab) could be folded in a particular knotted conformation without
been able to explore all other conformations of interest. Therefore in such situations
not only the topology of the polymer but also the specific embedding of the polymer
in the confined region would be needed to determine the conformation of the polymer
chain.

It is important to emphasize that the values provided in tables 2 and 3 were
obtained numerically and thus simply provide upper bounds for the minimum step
numbers. The analytical proof is only available for the trefoil knot. However, we
believe our estimates to be good due to the sophistication of the search algorithms
used.

In the future we will explore whether the number of ergodicity classes is associated
with any knot family and to find a possible relationship between knot complexity and
the minimum step number in the i-slab. We also plan to extend this study to other
confined spaces.

Furthermore we will investigate whether the results concerning the number of
ergodicity classes are specific to i-slabs in the simple cubic lattice or if on the other
hand they are generalizable to i-slabs in other lattices. In [29], Janse van Rensburg
and Rechnitzer generalized the BFACF algorithm to work in the body-centered (BCC)
and face-centered (FCC) cubic lattices. In [30], the same authors extended the
unconfined study from [33] to other lattices and explored a wealth of entropic and
average geometric properties of minimal length lattice knots in Z

3, the FCC and the
BCC lattices. Interestingly, they find that properties of minimal length lattice knots
are not universal. Their results suggest interesting applications to nano-engineering
and the design of bio materials where the shape of the space will have direct impact
on the topological properties of the polygons.
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Appendix

Table 2: Numerical data for the unfonfined span as well as the
minimum step numbers for knots in unconfined space and in the
i-slab, for i = 1, 2, 3, 4. Data is provided for all prime knots with
up to 10 crossings.

knot span uncon 4-slab 3-slab 2-slab 1-slab
01 0 4 4 4 4 4
31 2 24 24 24 24 26
41 3 30 30 30 32 36
51 2 34 34 34 34 38
52 2 36 36 36 36 42
61 3 40 40 40 42 48
62 3 40 40 40 42 48
63 3 40 40 40 44 50
71 2 44 44 44 44 50
72 3 46 46 46 48 54
73 3 44 44 44 48 54
74 3 44 44 44 46 54
75 3 46 46 46 48 56
76 3 46 46 46 48 56
77 4 44 44 46 50 56
81 3 50 50 50 52 60
82 3 50 50 50 54 60
83 3 48 48 48 52 60
84 3 50 50 50 52 60
85 4 50 50 52 56 60
86 4 50 50 52 52 62
87 3 48 48 48 54 62
88 4 50 50 52 54 62
89 3 50 50 50 54 62
810 4 50 50 52 56 62
811 4 50 50 52 54 62
812 3 52 52 52 56 64
813 3 50 50 50 54 62
814 4 50 50 52 54 64
815 3 52 52 52 56 62
816 4 50 50 52 56 66
817 4 52 52 54 58 68
818 4 52 52 56 60 72
819 3 42 42 42 44 48
820 3 44 44 44 46 52
821 3 46 46 46 48 54
91 2 54 54 54 54 62

continued on next page. . .
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Table 2 – continued from previous page
knot span uncon 4-slab 3-slab 2-slab 1-slab
92 2 56 56 56 56 66
93 3 54 54 54 58 66
94 3 54 54 54 58 66
95 4 54 54 56 58 66
96 3 56 56 56 58 68
97 3 56 56 56 58 68
98 3 56 56 56 60 68
99 3 56 56 56 60 68
910 4 56 56 58 58 68
911 3 56 56 56 58 68
912 3 56 56 56 60 68
913 3 56 56 56 58 68
914 4 54 54 56 60 68
915 3 58 58 58 60 70
916 3 56 56 56 60 70
917 3 56 56 56 60 68
918 3 58 58 58 60 70
919 4 54 54 56 60 70
920 3 56 56 56 58 68
921 4 56 56 58 60 70
922 4 56 56 58 62 72
923 2 58 58 58 58 70
924 3 56 56 56 60 70
925 3 58 58 58 60 70
926 4 54 54 56 60 70
927 3 56 56 56 60 70
928 4 56 56 58 62 70
929 4 56 56 60 64 74
930 4 56 56 58 62 70
931 3 54 54 54 62 72
932 4 56 56 58 62 74
933 4 56 56 58 64 76
934 4 56 56 60 66 78
935 3 56 56 56 60 70
936 4 56 56 58 62 68
937 4 56 56 58 62 68
938 4 58 58 60 64 76
939 4 58 58 60 62 72
940 5 54 56 60 66 80
941 4 54 54 58 64 74
942 3 48 48 48 52 58
943 3 50 50 50 52 60
944 3 50 50 50 52 62
945 3 52 52 52 54 62

continued on next page. . .
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Table 2 – continued from previous page
knot span uncon 4-slab 3-slab 2-slab 1-slab
946 3 50 50 50 52 58
947 4 50 50 54 58 70
948 3 52 52 52 54 64
949 3 52 52 52 54 64
101 3 60 60 60 62 72
102 3 60 60 60 64 72
103 3 58 58 58 64 72
104 3 60 60 60 62 72
105 4 58 58 60 64 74
106 4 60 60 62 62 74
107 3 62 62 62 64 74
108 3 60 60 60 62 72
109 3 60 60 60 64 74
1010 4 60 60 62 66 74
1011 4 60 60 62 64 74
1012 3 60 60 60 66 74
1013 3 62 62 62 66 76
1014 3 60 60 60 66 76
1015 3 60 60 60 64 74
1016 4 60 60 62 64 74
1017 3 58 58 58 64 74
1018 4 60 60 62 66 76
1019 3 60 60 60 64 74
1020 4 60 60 62 64 74
1021 3 60 60 60 64 74
1022 4 60 60 62 64 74
1023 4 60 60 62 66 76
1024 4 62 62 64 66 76
1025 3 62 62 62 66 78
1026 3 62 62 62 66 76
1027 4 60 60 62 66 78
1028 4 60 60 62 64 74
1029 3 62 62 62 66 76
1030 4 60 60 62 64 76
1031 5 60 62 62 66 76
1032 3 62 62 62 64 76
1033 4 60 60 62 66 76
1034 4 60 60 62 64 74
1035 3 62 62 62 66 76
1036 3 60 60 60 66 76
1037 4 62 62 64 64 76
1038 3 62 62 62 64 76
1039 3 62 62 62 66 76
1040 3 62 62 62 66 78

continued on next page. . .
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Table 2 – continued from previous page
knot span uncon 4-slab 3-slab 2-slab 1-slab
1041 3 62 62 62 64 76
1042 4 60 60 64 66 78
1043 3 62 62 62 68 78
1044 3 60 60 60 66 78
1045 4 60 60 62 68 80
1046 4 60 60 62 64 72
1047 4 60 60 62 66 74
1048 3 60 60 60 66 74
1049 3 62 62 62 66 74
1050 3 62 62 62 66 74
1051 4 62 62 64 68 76
1052 3 62 62 62 66 78
1053 4 62 62 64 68 76
1054 4 60 60 64 66 74
1055 3 62 62 62 68 76
1056 3 62 62 62 66 76
1057 3 62 62 62 66 76
1058 3 62 62 62 68 76
1059 4 62 62 64 68 80
1060 3 62 62 62 68 80
1061 4 60 60 62 66 74
1062 4 60 60 62 66 76
1063 3 62 62 62 66 74
1064 3 62 62 62 66 76
1065 3 62 62 62 66 74
1066 3 62 62 62 66 78
1067 4 62 62 64 66 78
1068 3 62 62 62 68 78
1069 4 60 60 62 68 78
1070 4 62 62 64 68 78
1071 3 62 62 62 68 78
1072 4 60 60 62 66 78
1073 5 60 62 62 68 78
1074 3 62 62 62 68 76
1075 4 62 62 64 68 76
1076 4 62 62 64 64 76
1077 3 62 62 62 64 76
1078 3 62 62 62 66 76
1079 4 62 62 64 66 76
1080 4 62 62 64 68 76
1081 3 64 64 64 70 78
1082 4 60 60 62 68 80
1083 4 62 62 64 68 82
1084 4 62 62 64 68 80

continued on next page. . .
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Table 2 – continued from previous page
knot span uncon 4-slab 3-slab 2-slab 1-slab
1085 4 60 60 62 66 78
1086 4 60 60 64 68 80
1087 4 62 62 64 66 78
1088 4 62 62 64 70 84
1089 4 62 62 64 70 82
1090 3 64 64 64 68 82
1091 4 62 62 64 68 80
1092 4 62 62 66 70 82
1093 4 62 62 64 68 80
1094 4 62 62 64 68 80
1095 4 62 62 64 70 82
1096 4 64 64 66 70 84
1097 4 62 62 64 70 82
1098 4 62 62 66 70 82
1099 4 62 62 64 68 80
10100 4 62 62 64 66 76
10101 4 62 62 66 68 78
10102 4 62 62 64 66 78
10103 4 62 62 64 68 78
10104 4 62 62 64 68 80
10105 4 62 62 64 70 82
10106 4 62 62 66 68 80
10107 4 62 62 64 68 82
10108 4 60 60 64 68 80
10109 4 64 64 66 72 84
10110 4 62 62 64 70 80
10111 4 62 62 66 70 80
10112 4 60 60 64 68 80
10113 4 60 60 66 70 84
10114 4 62 62 64 70 84
10115 4 62 62 66 72 88
10116 4 62 62 66 68 80
10117 4 62 62 64 70 82
10118 4 64 64 66 70 82
10119 4 62 62 66 70 84
10120 4 64 64 66 70 84
10121 5 60 62 66 72 86
10122 4 62 62 66 70 84
10123 5 60 62 68 74 84
10124 4 48 48 50 52 56
10125 3 54 54 54 56 64
10126 4 54 54 56 58 64
10127 3 56 56 56 58 66
10128 3 54 54 54 56 64

continued on next page. . .
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Table 2 – continued from previous page
knot span uncon 4-slab 3-slab 2-slab 1-slab
10129 3 56 56 56 58 68
10130 4 54 54 56 58 66
10131 4 56 56 58 58 68
10132 3 52 52 52 56 62
10133 3 54 54 54 56 68
10134 3 56 56 56 58 66
10135 3 58 58 58 60 68
10136 3 54 54 54 58 68
10137 3 56 56 56 60 68
10138 4 56 56 58 60 70
10139 3 50 50 50 54 62
10140 3 54 54 54 56 62
10141 3 54 54 54 58 66
10142 3 54 54 54 56 64
10143 3 54 54 54 58 64
10144 3 58 58 58 60 70
10145 3 52 52 52 56 66
10146 3 56 56 56 58 70
10147 4 54 54 56 58 66
10148 3 56 56 56 58 68
10149 3 56 56 56 60 70
10150 3 56 56 56 60 68
10151 3 56 56 56 60 72
10152 3 54 54 54 58 64
10153 4 54 54 56 56 64
10154 3 56 56 56 58 66
10155 4 54 54 56 60 68
10156 3 56 56 56 60 70
10157 3 54 54 54 62 74
10158 4 56 56 58 60 72
10159 4 56 56 58 60 70
10160 3 56 56 56 58 70
10161 3 50 50 50 56 64
10162 3 56 56 56 60 68
10163 4 56 56 58 62 76
10164 4 56 56 58 62 74
10165 4 56 56 60 64 74
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Table 3: Number of ergodicity classes of knots with minimum step
number in the 1-slab

knot length ergodicity class number of conformations
01 4 1 1
31 26 1 6
41 36 2 43, 55
51 38 1 12
52 42 4 10, 34, 63, 795
61 48 4 10, 91, 546, 990
62 48 1 285
63 50 1 156
71 50 1 18
72 54 4 49, 120, 570, 2205
73 54 4 51, 123, 135, 402
74 54 1 1728
75 56 4 6, 149, 277, 388
76 56 2 191, 540
77 56 1 1
81 60 4 70, 124, 1602, 2073
82 60 1 336
83 60 4 51, 51, 1065, 1067
821 54 1 4


