
Real Analysis I Preliminary Examination

(January 3, 2014)

Name:

You must work on three of the following four questions for full
credit. If you work on all four questions, only the first three will be
graded.



Real Analysis I, Problem 1 Name:

1. Let F be an algebra whose elements are subsets of X. A generator G of F is a family
of elements of F having the following properties:
(1) G is a partition of X (i.e., elements of G are disjoint and X is their union.);
(2) Every non-empty element in F is a union of some elements in the generator G;
(3) Every (even uncountable) union of elements from G is an element of F.

Prove that
(1) If F is finite, then a generator G exists.
(2) Suppose that the generator G consists of n non-empty elements. How many

elements does F contain (including ∅)?
(3) Prove that if F is the Borel σ-algebra of R, then a generator does not exist.

(Hint: Show that, if E was a non-empty element in G, then the set E would
contain only one point of the real line.)



Real Analysis I, Problem 2 Name:

2. Do the following.
(1) State the definition that a function f is a Lebesgue measurable real valued

function.

(2) Let f and g be Lebesgue measurable real valued functions defined on a mea-
surable set E ⊂ R. Based on the definition in (1), prove that the set {x ∈
E, f(x) > g(x)} is measurable.



Real Analysis I, Problem 3 Name:

3. Suppose g(x) = limn→∞ gn(x) for x ∈ [0, 1] where gn(x), n ∈ N are positive Lebesgue
integrable functions on [0, 1]. Also suppose that:∫

[0,1]

gn(x)dµ = 1, ∀n ∈ N.

(1) Is it always true that

∫
[0,1]

g(x)dµ ≤ 1? If your answer is yes, provide a proof;

if your answer is no, provide a counterexample.

(2) Is it always true that

∫
[0,1]

g(x)dµ ≥ 1? If your answer is yes, provide a proof;

if your answer is no, provide a counterexample.



Real Analysis I, Problem 4 Name:

4. Let f be defined on [−1, 1] as following

f(x) =

0, if x = 0,

x2 sin

(
1

x2

)
, if x ∈ [−1, 1]\{0}.

(1) Show that f is continuous on [−1, 1].

(2) Is f a bounded variation on [−1, 1]? Circle your answer here:

– YES

– NO

(3) Prove your answer in (2).


