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You must work on three and only three of the following four questions for full
credit. If you work on all four questions, please make sure to mark clearly the
question that you don’t want to be graded. Otherwise, only the first three
will be graded.

Unless otherwise stated, you may appeal to a well-known theorem by name
in your solution to a problem. However, if you do so, then it is your re-
sponsibility to make it clear which theorem you are using and why its use is
justified.



1. Let m∗ denote the Lebesgue outer measure, and suppose that E ⊂ R.

(a) State the definition of m∗(E).

(b) Now suppose that E is compact. Prove that

m∗(E) = inf

{
N∑

n=1

`(In) : E ⊂
N⋃

n=1

In

}
,

where the infimum is over all finite collections of bounded open intervals and
`(I) denotes the length of the interval I.



2. Suppose that {an}∞n=1 is a sequence of positive real numbers tending to zero, and
suppose that {fn}∞n=1 is a sequence of measurable functions on R. Let

En =
{
x : |fn(x)| > an

}
,

and suppose that
∑

nm(En) <∞.
(a) Prove that {fn}∞n=1 converges in measure to zero.

(b) Prove that {fn}∞n=1 converges pointwise almost everywhere to zero.



3. Prove that the following limit exists and find the limit:

lim
n

∫ 2

0

en(x−1)

1 + en(x−1)
.



4. Let f : [0, 1]→ R be Lebesgue integrable, and let F : [0, 1]→ R be defined by

F (x) =

∫ x

0

f.

(a) Prove directly from the definition that F has bounded variation.

(b) Now suppose that f ≥ 0. Find the total variation of F .


