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ABSTRACT

THI THU THUY LE. Globally convergent numerical methods for several inverse

problems based on Carleman estimates. (Under the direction of DR. LOC
NGUYEN and DR. MICHAEL KLIBANOV)

This dissertation is focused on developing efficient numerical methods and theoretical
analysis for solving various inverse problems that arise in the fields of mathematics,
physics, engineering, and beyond. The goal of inverse problems is to explore inac-
cessible regions using external measurements, which is essential for non-destructive
testing, biomedical imaging, geophysical exploration, and radar applications, among
others. However, solving inverse problems is always challenging. This is because they
are severely ill-posed and highly nonlinear.

We propose in this dissertation a unified framework to solve severely ill-posed and

highly nonlinear inverse problems. The framework is split into two stages:

1. In the first stage, we derive a system of partial differential equations by intro-
ducing a new variable and truncating the Fourier series of the solution to the

governing equation. The obtained system has only one unknown.

2. In the second stage, we solve the system derived in the first stage using the
quasi-reversibility method, the Carleman contraction mapping method, and the
convexification method. The obtained solutions of this stage directly yield the

desired solutions to the inverse problems.

An important contribution of the dissertation is that we will rigorously and numer-
ically prove the efficiency of this framework, including its global convergence to the
true solution. The analytic proofs are based on some Carleman estimates, and the
numerical proofs are provided by successfully testing our methods with highly noisy
simulated data and experimental data provided by US Army Research Laboratory

engineers.
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CHAPTER 1: INTRODUCTION

The field of inverse problems is a diverse and interdisciplinary area of research that
has applications in mathematics, physics, engineering, and many other fields. The
goal of this field is to explore inaccessible regions through external measurements,
which is crucial for non-destructive testing, biomedical imaging, geophysical explo-
ration, and radar, among other applications. This dissertation contributes to this
field by developing effective numerical methods and theoretical analysis for various
inverse problems.

Specifically, the dissertation has developed methods for solving scattering inverse
problems in both the frequency and time domains, inverse source problems for nonlin-
ear parabolic equations, and a linearized kinematic inverse problem with incomplete
data. All of these problems are highly ill-posed and often nonlinear, making their
solutions challenging. Throughout this dissertation, a unified framework is developed

to solve inverse problems. This framework has two stages.

1. In stage 1, we truncate the Fourier series of the solution to the governing equa-
tion [1, 2, 3| or introduce a new change of variable [4]. By this step, we obtain

a system of partial equations.

2. In stage 2, we compute the solution to this system. As soon as this system is
solved, we directly obtain the desired solutions to the inverse problems under

consideration.

While stage 1 is straightforward, stage 2 is challenging, especially when the govern-
ing equation is nonlinear. There are three numerical methods that are proposed and

developed for stage 2 in this dissertation, named the quasi-reversibility method, the
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Carleman contraction mapping method, and the convexification method. All of them
are based on a sophisticated mathematical tool of Carleman estimates. This tool was
first introduced in the field of inverse problems in 1981 in the work of Bukhgeim and
Klibanov [5|. Since then, many works of many authors [6, 7, 8, 9, 10, 11, 12, 13, 2]
have explored the idea of [5]. See a survey about the Carleman estimates and their ap-
plications in [14]. Based on Carleman estimates, these numerical methods are proven
to provide reliable solutions even when the data is highly noisy. Importantly, they
are “globally” convergent, meaning that they do not require advanced knowledge of
the true solution before solving inverse problems. This global property distinguishes
this work from many other publications in the field, which often rely on local meth-
ods such as least squares optimization. Due to the nonlinear nature of the inverse
problems, the least squares functionals are non-convex. They might have multiple
local minima and ravines. Therefore, good initial guesses sufficiently close to the true
solution are important for optimization-based methods to deliver reliable numerical
solutions. However, we only consider the case when such good initial guesses are not
available. This is the main reason for us to develop the convexification and Carle-
man contraction mapping method. These two methods are globally convergent in the

following sense:

1. they deliver good numerical solutions to the inverse problem without knowing

any information of the true solutions,
2. the claim in #1 above is rigorously proved and numerically verified.

The developed numerical algorithms were successfully tested with highly noisy
simulated and experimental data provided by engineers at the US Army Research
Laboratory.

The dissertation is organized as follows.

Chapter 2 presents a novel numerical approach for solving the linearized version
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of the travel time tomography problem which is given with incomplete data. Our
method involves the truncation of Fourier series using a special basis introduced in
[15], leading to a boundary value problem for a system of first-order PDEs. We
solve this problem using the quasi-reversibility method, which helps to obtain the
Fourier coefficients of the solution to the linearized eikonal equation that is spatially
dependent. Our method is shown effective even with highly noisy data. We present
numerical results to demonstrate its effectiveness. The work in this chapter is adapted
from [1].

Chapter 3 proposes a new convergent numerical method for reconstructing the ini-
tial condition of a quasilinear parabolic equation from the Dirichlet and Neumann
data measured at the boundary of a bounded domain. Unlike previous methods, we
do not require any prior knowledge of the true solution, despite the high nonlinearity
of the problem. The key in our method is the derivation of a boundary value problem
for a system of coupled quasilinear elliptic equations, whose solution is the vector
function of the spatially dependent Fourier coefficients of the solution to the govern-
ing parabolic equation. We apply an iterative approach to solve this problem and
rigorously establish the global convergence of the system using a Carleman estimate.
The effectiveness of our method is illustrated through numerical examples. The work
in this chapter is adapted from [4]. This work is original and serves as the foundation
of one of our numerical methods, named the Carleman contraction mapping method.

Chapter 4, adapted from [4], develops the Carleman contraction mapping method
to solve a Coeflicient Inverse Problem for a 1D hyperbolic equation. The numerical
method is based on the contraction mapping principle with the involvement of a Car-
leman Weight Function. Using a Carleman estimate, the global convergence of the
corresponding numerical method is established. Numerical studies for both computa-
tionally simulated and experimentally collected data are presented. The experimental

part is concerned with the problem of computing dielectric constants of explosive-like
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targets in the standoff mode using severely underdetermined data collected by engi-
neers at the US Army Research Laboratory.

Chapter 5, adapted from [3], focuses on analyzing the global convergence of the
gradient descent method for minimizing strictly convex functionals on an open and
bounded set of a Hilbert space. Unlike the case of the entire Hilbert space, such
results are currently unknown for this type of set. We then utilize our findings to
establish a comprehensive framework for numerically solving boundary value problems
for quasilinear partial differential equations using noisy Cauchy data. This procedure
involves using Carleman weight functions to convexify a cost functional from the given
boundary value problem, thereby ensuring the convergence of the aforementioned
gradient descent method. We prove the global convergence of this method as noise
approaches zero, and the convergence rate is Lipschitz. Finally, we apply this method
to solve a highly nonlinear and severely ill-posed coefficient inverse problem known
as the backscattering inverse problem, which has numerous real-world applications.
We present various numerical examples to support our approach.

The final chapter, chapter 6, is for the concluding remarks.



CHAPTER 2: NUMERICAL SOLUTION OF A LINEARIZED TRAVEL TIME
TOMOGRAPHY PROBLEM WITH INCOMPLETE DATA

2.1  Introduction

In this chapter, we develop a new numerical method for the linearized Travel Time
Tomography Problem (TTTP) for the d D case. Our data are both non-redundant
and incomplete. Using results of [1], we establish the convergence of our method. In
addition, we provide results of numerical experiments in the 2D case. In particular,
we demonstrate that our method provides good accuracy of images of complicated
objects with 5% noise in the data. Furthermore, a satisfactory accuracy of images is
demonstrated even for very high levels of noise between 80% and 170%.

In fact, both the idea of our method and sources/detectors configuration are close
to those of our recent works |2, 1|. However, our case is substantially more difficult
one since the waves in our case propagate along geodesic lines, rather than a radiation
propagating along straight lines in [2, 1]. Still, although we formulate here results
related to the convergence of our method, we do not prove them. The reason is that,
as it turns out, proofs are very similar to those in [1|. In other words, surprisingly,
the analytical apparatus of the convergence theory developed in [1] works well for the
problem considered in this chapter.

In the isotropic case of acoustic/seismic wave propagation, the TTTP is the problem
of the recovery of the spatially distributed speed of propagation of acoustic/seismic
waves from the first times of arrival of those waves. In the electromagnetic case, this
is the problem of the recovery of the spatially distributed dielectric constant from
those times. Another name for the TTTP is an inverse kinematic problem (IKP).

Waves are originated from some sources located either at the boundary of the closed
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bounded domain of interest or outside of this domain. Times of the first arrival from
those sources are measured on the part of the boundary of that domain. The TTTP
has well-known applications in Geophysics, see, e.g. the book of Romanov |3, Chapter
3.

The pioneering chapters about the solution of the 1D TTTP were published by
Herglotz [4] (1905) and then by Wiechert and Zoeppritz [5] (1907). Their method
is described in the book of Romanov [3, Section 3 of Chapter 3|. It was recently
discovered that, in addition to Geophysics, the IKP has applications in the phaseless
inverse scattering problem [6, 7, §|.

The next natural question after the classical 1D case of [4, 5| was about 2 and 3
dimensional cases. The first uniqueness and Lipschitz stability result for the 2D case
was obtained by Mukhometov [9], also see [10, 11]. Next, these results were obtained
by Mukhometov and Romanov for the 3D case in [12, 3]. We also refer to the work
of Stefanov, Uhlmann and Vasy [13] for a more recent publication for the 3D case.
As to the numerical methods for the inverse kinematic problem, we refer to [14] for
the 2D case and to [15] for the 3D case.

In all past publications about the IKP, the data are redundant in the 3D case and
complete in both 2D and 3D cases. In two recent works, the first author [16, 17|
two globally convergent numerical methods for the 3D TTTP with non-redundant
incomplete data were developed.

Along with the full IKP, a significant applied interest is also in a linearized IKP,
see |3, Chapter 3|. Below d 2 is the dimension of the space RY: Points of this
space are denoted as X 2 RY: Let T  const: > 0 be the speed of sound in a certain
reference medium in RY; which we do not specify, and ¢ (X) > 0 be the variable speed

of sound. Then the refractive index is [3, Chapter 3]

n (x) =t=c (X) (2.1)
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To linearize, one should assume that n(X) = ng(X) + Ny (X); where Ng (X) is the
known background function and n; (X) with jng (X)j No (X) is its unknown per-
turbation, which is the subject of the solution of the linearized TTTP. Thus, one
assumes that the refractive index is basically known, whereas its small perturbation
Ny is unknown. This problem is also called the geodesic X-ray transform problem.
The Lipschitz stability and uniqueness theorem for this problem in the isotropic case
was first obtained in [18], see Theorem 3.2 in Section 4 of Chapter 3 of [3]. In the
nonisotropic case this problem was studied in [19]. In [20] numerical studies of this
problem in the isotropic case were performed.

In our derivation, we end up with an over-determined boundary value problem for
a system of coupled linear PDEs of the first order. It is well known that the quasi-
reversibility method is an effective tool for numerical solutions of over determined
boundary value problems for PDEs. Lattés and Lions [21] were the first ones who
propose the quasi-reversibility method. This technique was developed further in, e.g.
[22, 23, 24, 25, 2, 26, 1]. In particular, it was shown in [25] that while it is rather easy
to prove, using Riesz theorem, the existence, and uniqueness of the minimizer of a
certain functional related to this method, the proof of convergence of those minimizers
to the correct solution requires a stronger tool of Carleman estimates.

Another important feature of this chapter is a special orthonormal basis in the space
L2( —;7); where — > 0is a certain number. The functions of this basis depend only
on the position of the point source. This basis was first introduced in [27] and was
further used in 28, 16, 29, 17, 30, 2, 31, 1]. Just like in these previous publications,
we use here an approximate mathematical model. More precisely, we assume that
a certain function associated with the solution of the governing linearized Eikonal
equation can be represented via a truncated Fourier series with respect to this basis.
This assumption forms the first element of that model. The second element is that

we assume that the first derivatives with respect to all variables are written via finite
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differences, and the step size of these finite differences with respect to all variables,
except for one, is bounded from below by a positive number hg > 0.

We do not prove convergence for the case when hg ¥ 0" and the number N of terms
in that truncated series tends to infinity. Thus, we come up with a finite-dimensional
approximate mathematical model. We point out that similar approximate mathemat-
ical models are used quite often in studies of numerical methods for inverse problems,
and numerical results are usually encouraging, see, e.g., [32, 33, 34, 29, 1, 35|. Just
as ourselves, proofs of convergence results in such cases when e.g. N ¥ 1;hg ¥ 0"
are usually not conducted since they are very challenging tasks due to the ill-posed
nature of inverse problems.

The chapter is organized as follows. In Section 2.2, we formulate the inverse prob-
lem. Next, in Section 2.3, we introduce the truncation technique and our numeri-
cal method. Then, in Section 2.4, we recall the quasi-reversibility method and its
convergence in the case of partial finite differences. In Section 2.5 we present the

implementation and numerical results. Finally, Section 2.6 is for concluding remarks.
2.2 The linearization

Consider numbers R;a;b such that R>1and 0 <a <. Set

=( RRRY ! (ajb) R (2.2)

Recall that by (2.1) n(X) = t=c(X); where ¢(X) is the speed of sound propagation
and N (X) is the refractive index. Let the function Ng (X) be the known refractive

index of the background. We assume that

non 2 C* RY; nd(x);n*(x) 1in ; (2.3)

n(x) = n*(x)=1forx2R%n : (2.4)
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For any two points X; and X, in RY, define the geodesic line generated by ng con-

necting X; and Xp as:

Z
n
o(X1:%2) = argmin  ng( )d () where :[0;1] ¥ RY

(0]
is a smooth map with (0) =X;; (1) =X, : (2.5)

Here d () is the elementary arc length. Note that by (2.5) the geodesic line

o(X1; X2) connects points X; and X;. Let
ap(X) = n3(x) for all x 2 RY: (2.6)

The corresponding travel time between X; and X, is the integral

Z Z
no()d ()= P20 ()

o(X1;X2) o(X1;x2)

Introduce the line of sources Lg located on the X;j-axis as
Le=[ =71 f(:0;:::;0)9; (2.7)
where ~ is a fixed positive number. It follows from (2.2) and (2.7) that
\Li="7: (2.8)

For X 2 Lg, the travel time along o(X;X ) of the wave from X to X is

Z
Uo(X; X ) = pmd (), x2R% (2.9)

o(x:x )

Assumption 2.2.1 (regularity of geodesic lines) We assume everywhere in this

chapter that the geodesic lines are regular in the following sense: for each point x of
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the closed domain  and for each point x of the line of sources L there exists a

single geodesic line o(X; X ) connecting them.

The inverse problem we consider arises from the highly nonlinear and severely ill-
posed inverse kinematic problem. We now present the formal linearization arguments
in exactly the same way as they are presented in the book of Romanov |3, Section
4 of Chapter 3]. Just as in this book, we avoid a setting via functional spaces for
brevity.

Assume that the function a(x) = n?(X) contains a perturbation term of the back-

ground function ag(X) = n3(x). In other words,
P— d
a(x) =a(X) +2 = ao(X)p(x); x2RY (2.10)

where > 0 is a sufficiently small number. Here, the function p 2 C RY and
p(X) =0for x 2 : Hence, by (2.8) p(x) = 0 for points X in a small neighborhood of

the line of sources Lg: Denote

Z
Un(X; X ) = n()d ()

n(X;x )

the travel time from the point X 2 Lg to the point X 2 | where L(X;X ) is the
geodesic line generated by the function n(X). It is well-known that u,(X; X ) satisfies

the Eikonal equation [3, Chapter 3]
jrxun(;x )P =a(x); x2 ;x 2L (2.11)

Let Up(X;X ) be the travel time function in (2.9) corresponding to the background
ag. Then

jrxuo(;x )jE = ag(x); x2 ;x 2L (2.12)
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Due to (2.10) we represent FyxUn(X;X ) as
FUn (G X ) = FUp(X: X ) + P (x;x ): (2.13)
Hence, ignoring the term with 2; we obtain
IrcUun (6 X )i® jrxUo(X; X )i? + 2 rcUo(X; X ) u®(x; x ): (2.14)

Denoting
u® :=u (2.15)

and comparing (2.14) with (2.10) and (2.12), we obtain

M ru(x;x ) = pXx): (2.16)

ao(X)

Thus, equation (2.16) is the “linearization" of the nonlinear equation (2.11). By
(2.12) jryxuo(X; X )j =pm 1. Hence, this is a unit vector, which is tangent to
the curve o(X;X ) at the point X [3, Chapter 3]. Hence, the left hand side of (2.16)
is the derivative of the function u(x; X ) along the curve ¢(X;X ): Thus, integrating,

we obtain [3, Chapter 3|

ux;x ) = p()d (): (2.17)

o(X:x )

Let @ sm be the smooth part of the boundary @ of the domain : For each
2 ( 7;7); define

@ =fX20 n:rxU(x;x) (X)<O0g;

@ T=FX20 on:rxUulx;x ) (x)>0g;
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where X = ( ;0;:::;0) 2 Ls and (X) is the outward looking unit normal vector at
the point X 2 @ sm: If ng 1, then ¢(Xz;X7) is the line segment connecting these

two points. Hence, it follows from (2.2), (2.7), (2.8), (2.13) and (2.15) that

ux;x )=0;x20 (2.18)

The aim of this chapter is to solve the following inverse problem:

Problem 2.2.1 (linearized travel time tomography problem) Let the function
u=u(x;x)2C* [ 7] be the solution of boundary value problem (2.16),
(2.18). Given the data f(x;x );

8

X ) Supcx ) x28 *x 2L (2.19)
X;X )= .
= 0; x20 ;X 2L

determine the function p(x); x 2

Note that the data (2.19) are non-redundant ones. Indeed, the source X 2 Lg
depends on one variable and the point X 2 @ * depends on d 1 variables. Hence
the function F(X; X ) depends on d variables, so as the target unknown function p(X):

From now on, to separate the coordinate number d of the point X, we write X =

. B¢ g, ug(x
O g oo )+ P g upex ) =p; (220
ao(X) i=1 20(x)

which is equivalent to

< P—
@,uo(X; X AU X )+ By Uo(X X )Bxu; X ) = ao(X)p(X) (2.21)
i=1
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forall x2 ;X 2Ls.

2.3 A boundary value problem for a system of coupled PDEs of the first order

This section aims to derive a system of partial differential equations, which can be
stably solved by the quasi-reversibility method in the semi-finite difference scheme.
The solution of this system yields the desired numerical solution to Problem 2.2.1.
Recall that Problem 2.2.1 is the linearized travel time tomography problem, and it is
labeled this way by its title.

We will employ a special basis of L2( —; ™) where 27 is the length of the line of
source Lg; see (2.7). Foreachn=1;2;  ;let o( )= " lexp( ). Theset f g,
is complete in L?( —;7): Applying the Gram-Schmidt orthonormalization process to

this set, we obtain a basis of L2( —;7), named as ¥ ,g,. We have the proposition
Proposition 2.3.1 (see [27]) The hasis f gL, satisfies the following properties:

1. , is not identically zero for all n 1.

2. Forallmn 1

8
Z — 21

Smn = %()m()d =
- -0 ifn<m;

ifm=n;

Thus, the matrix Sy = (smn)m;nzl, is invertible for all integers N 1.

We now derive a system of partial differential equations for the Fourier coefficients

of the function

wW(X; X ) =u(Xx;X )@,up(X;x ) X2 ;x 2Ls (2.22)
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with respect to the basis f ngi—;. Differentiate (2.21) with respect to . We obtain
i

o " >
B @,uo(X; X )@u(x;x ) + Oy, Uo(X; X )Oxu(x;x ) =0 (2.23)

i=1

forall X 2 ; X 2 Lg: From now on, we impose the following condition.

Assumption 2.3.1 (Monotonicity condition in the z-direction) The traveling
time function uo, defined in (2.9) with n replaced by ng, is strictly increasing with
respect to z. In other words, @,uo(X;x ) >0 for all x = (Xy;:::;Xq 1;2) 2 and for

all x 2 Ls:

Assumption 2.3.1 means that the higher in the z-direction, the longer the traveling
time is. A sufficient condition for Assumption 2.3.1 to be true is formulated in (2.24)
of Lemma 3.1. A similar monotonicity condition can be found in formulas (3.24) and
(3.24% of section 2 of chapter 3 of the book [3]|. Also, a similar condition was imposed
in originating works for the 1D problem of Herglotz and Wiechert and Zoeppritz [4, 5|:
see section 3 of chapter 3 of [3]. Besides, figures 5 and 10 of [36] justify this condition
from the geophysical standpoint. Recall that by (2.6) and (2.3) ap 2 C? RY and
ao(X) 1 in RY: Therefore, the following lemma follows immediately from Lemma

4.1 of [17]:

Lemma 2.3.1 Let conditions (2.3) and (2.6) hold. Also, let
@,a0(x) Oforallx2 (2.24)

Then

@,Uo (X; X ) pooraIIXZ_; 21 =7
a’+2
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Although Lemma 2.3.1 is proven in [17] only in the 3D case, the proof in thed D
case is very similar and is, therefore, avoided. Let wW(X;X ) be the function defined

in (2.22). Then

@,Uo(X; X )@ u(X; X ) = @W(X ) u(X; )@z Uo(X;X ) (2.25)

=@,w(x;x )  w(x; )—%ZZ:OO((XX_;;( )):

Also, fori=1;:::;d 1

0 wxx)
@xi @;uo(X;X )
_ 0w X )02U0(X; X ) WX, X )@z, Uo(X; X )

(@,uo(x; X ))?

Oxu(x;x ) = (2.26)

for all X2 ;X 2 Lg: Combining (2.23), (2.25) and (2.26), we obtain

@22Uo(X; X )
@,uo(X; X )
D 0 WO X )8 Uo(GX ) WG X ) Uo(X; X )

(@zUo(X; x ))?

oh
0 WO X ) WX X )

i
BxUo(X;x ) =0: (2.27)

+
i=1

This is equivalent to

@,2Uo(X; X ) @ @ Uo(X;X )

@ ;w(x;x ) B.Un(X X )@ w(x; X ) T Wi X )
Mh@xiuo(x;x ) . @ @XiUO(X;X ) .
T hbox ) RO )+ e ey Bawlix )

i=1
@2x; Uo(X; X )@y, Uo(X; X )

(@,uo(X; X ))? i

@Q @ZXiUO((@tL):())fQ”)O)(;“X ) Woex ) =0 (2.28)

0 w(x;x )

We recall now the orthonormal basis f g, constructed at the beginning of this
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section. For each X 2  and for all X 2 Ly, we write

X X
WX )= Wn(X) n() Wn(X) n( ) (2.29)
n=1 n=1
ya
Wh(X) = 7W(X;X ) n()d: (2.30)

The “cut-off" number N is chosen numerically. We discuss the choice of N in more
details in Section 2.5. Following our approximate mathematical model introduced in

Section 1, we assume that the approximation in (2.29) is an equality as well as

N
O WOGX )= W) U ): (2.31)

n=1

Plugging (2.29) and (2.31) into (2.28) gives

0,7Uo(x; x ) X
@zUo(;x ),

@Wn(x) n( ) Wn(X) n( )

n=1
0 Gato(ix) > > Mauo0ix ) 3¢ o
B Bucx) 00 O ueaxy B0 m(0)
0 Buuoix ) > By Uo(X; X g Uo(x; x ) 3K 0
+ 0 8,000 X ) n:1@xiWn(X) n( ) (@,U006 X ))? n:1Wn(X) n()

@ @zxUo(X; X )@x;Uo(X; X ) N i_ |
e (@Uo(; X )2 ~wn(9 n() =0

For each m 2 f1;:::;Ng, multiply the latter equation by ,( ) and then integrate

the resulting equation with respect to . We get

X D L
Smn@,Wn(X) + amn(X)Wn(X) + bmn;i (X)@x,Wn(X) =0 (2.32)

n=1 n=1 n=1 i=1
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for all X 2  where Sy is defined as in Proposition 2.3.1,

Z _
_ @zzUo(X;X ) @ @zuo(X;X )

amn(¥) = B U0 X ) n( ) 8 Guxx) n( )
220 B Uo(X; X )BxyUo(X; X ) ')
_, 0 (@,uo(x; X ))? " )
DL 0 B Uo( X B, Uo(X; X )
Il ey () m(d (233)

and fori=1;:::;d 1
T IS PUL I "/CL5 R Vo
e — BUo(x;x ) " @ @Uo(x) " " P

forall x 2 . Foreach x 2 ; let W(X) =(W1(X);::1; WN(X))T, S= (Smn)min=1, A(X)
:(amn(x))m;nzl and Bj(x) = (bmn;i(x))r'\,'m:l for i =1;:::;d 1. Since (2.32) holds

>
SO W (X) + A(X)W (X) + Bi(X)@x,W (x) = 0: (2.35)

i=1

Since S is invertible, see Proposition 2.3.1, then (2.35) implies the following system

of transport equations

[l
0, W (X) + S PAGOW (X) + S IBi(X)0W(X) =0; x2 (2.36)
i=1

The boundary data for W are:

Z —
Wi =F() =z fa) = FOGX )@Uo(x ) n( )d (2.37)

where T is the given data, see (2.19).

Remark 2.3.1 (The approximation context) Due to the truncation in (2.29),
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equation (2.36) is within the framework of our approximate mathematical model men-
tioned in Introduction. Since this chapter is concerned with computational rather
than theoretical results, then this model is acceptable. Our approximation leads to

good numerical results in Section 2.5.

Remark 2.3.2 Problem 2.2.1 is reduced to the problem of finding the vector valued
function W satisfying the system (2.36) and the boundary condition (2.37). Assume
this vector function is computed and denote it as W™ = (w°™";:::; we™), Then,
we can compute the function w®™P(x; x ) and then the function u®™P(x;x ) sequen-

tially via (2.29) and (2.22). The computed target function p®™P(x) is given by (2.20).

We find an approximate solution of the boundary value problem (2.36)—(2.37) by

the quasi-reversibility method. This means that we minimize the functional

z B
JW)= @WK+  Sy'Bi(X)lxW (X) + Sy " AW (X) 2dx

i=1

+ kW k|2_|1( )N (238)

on the set of vector functions W 2 HY( )N satisfying the boundary constraint (2.37).

Here the space HY( )N = Pl( ) H( } with the commonly defined norm.

{z
N
Similarly to [1], we analyze the functional J (W) for the case when derivatives in

(2.38) are written in finite differences.
2.4 The quasi-reversibility method in the finite differences

For brevity, we describe and analyze here the quasi-reversibility method in the case

when d = 2. The arguments for higher dimensions can be done in the same manner.
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In2D, =( R;R) (a;b): We arrange an Ny N, grid of points on

G=FfXi;z;) ' xi= R+ 1hgzz=a+(J 1hy

where hy 2 [hg; x) and h, 2 (0; ,) are grid step sizes in the X and z directions
respectively and and hp; x; ; = 0 are certain numbers. Here, Ny and N, are two

h

positive integers. Let h = (hy; h;): We define the discrete set as the set of those

points of the set (2.39) which are interior points of the rectangle and @ " is the

set of those points of the set (2.39) which are located on the boundary of ;

"=f(xi;z;):xi= R+({ Dhgz=a+( 1)h,:
1=2;:::;Ny 1;J=2;:::;N, 19
@ h=f( R;zj):J =1, N.g LF(Xi;2) :1=1;:5 Ny, z 2 fa; bgg

_h: h[@ h:

For any continuous function v defined on its finite difference version is v = vjg.
Here, h denotes the pair (hy; h;): The partial derivatives of the function v are given

via forward finite differences as

VI (Xi+1;25) V(X3 7))

O v(xi;z) =

i (2.40)
@0V (xi;z5) = V(Xi’ziﬂ)h v(xi;Zj)
z
for i =0;:::;Nx  land j =0;:::;N; 1: We denote the finite difference analogs

of the spaces L?( ) and HY( ) as LZ"( ) and HY"( ). Norms in these spaces are
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defined as
h DI ) -
Kv'Kpamn( my = hyh, v(xi; Zj) ;
i=0 j=0
. h R oG I ,
kv kHl;h( h) = kv kLz;h( h) + hxhz @XXV (Xi;Zj)
i=0 j=0

hzy/h 12
+ 0,°v'(Xi; )

Let F" =F jy n : The problem (2.36)—(2.37) becomes

L" WP = 0;"W"(xi;2j) + Sy Ba(xi: 7))@ W "(xi; ;)

+ S A Z)W N (XisZ) =0 (2.41)

Whj, n=F"™ (2.42)

To solve problem (2.41)-(2.42) numerically, we introduce the finite difference version
of the functional J , defined in (2.38),

D<K

INW") = heh, BIW " (xi523) + Sy B (xi: )8 W (2. 27)
i=0 j=0
2
+ S A Z)W N (Xis z)  + kthZH,ﬁ“( hy’

where Hﬁh( hy= HIh( M N and similarly for Lﬁh( "): We consider the following

problem:

Problem 2.4.1 (Minimization Problem ) Minimize the functional J"(W") on

the set of such vector functions Wh 2 H,{,;h( M) that satisfy boundary condition (2.42).

The convergence theory for this problem is formulated in Theorems 2.4.1 and 2.4.2.
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Proofs of these theorems follow closely the arguments of |1, Section 5| and are, there-
fore, not repeated in this chapter. Theorem 2.4.1 guarantees the existence and unique-
ness of the minimizer of J"(W"™); and this result can be proven on the basis of Riesz
theorem. The next natural although a more difficult question is about the conver-
gence of regularized solutions (i.e. minimizers) to the exact one when the level of
the noise in the data tends to zero, i.e. Theorem 2.4.2. As it is often the case in the
quasi-reversibility method (see, e.g. [25]), a close analog of Theorem 2.4.2 is proven in
[1, Section 5] via applying a new discrete Carleman estimate: recall that conventional
Carleman estimates are in the continuous form. In other words, these two theorems

confirm the effectiveness of our proposed numerical method for solving Problem 2.2.1.

Theorem 2.4.1 (existence and uniqueness of the minimizer) For any h = (hy; h,)
with hy, 2 [he; »);h, 2 (0; ,);any > 0 and for any matrix F" of boundary con-
ditions there exists unique minimizer Wrﬂin; 2 H,{jh( M) of the functional satisfying
boundary condition (2.42).

As it is always the case in the regularization theory, assume now that there exists
an “ideal" solution Wh 2 H,{,;h( N) of problem (2.41)-(2.42) satisfying the following

boundary condition:

Whj, n=F"; (2.43)

where F N is the “ideal" noiseless boundary data. Since W exists, then (2.43) implies
that there exists an extension G" 2 H,{jh M) with G" jy n= FN of the matrix FN
in M As to the data FN in (2.42), we assume now that there exists an extension
G2 HY"( ") with GM jy n=FP of F"in M Let > 0 be the level of the noise in

GM: see Remark 5.1. We assume that
Gh Gh Ry <B; (2.44)

where the constant B > 0 is indpendent on
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It is convenient to replace the above notation of the minimizer W5, with Wl .. ;
thus, indicating its dependence on : In [1, Section 5|, to prove a direct analog of
Theorem 2.4.2 (formulated below), a new Carleman estimate for the finite difference
operator @'2v was proven first. The Carleman Weight Function of this estimate
depends only on the discrete variable z. The value of this function at the point
zi=a+( 1)h,ise? U Dz; where > 0 is a parameter. This estimate is valid
only if h, <1 (Lemma 4.7 of |1, Section 5]). The latter explains the condition of
Theorem 2.4.2 imposed on the grid step size h; in the z direction.
We now explain why do we impose the condition that the grid step size hy in the
X direction must be bounded from below as hy ~ hg = const: > 0: Indeed, this bound
guarantees that with a constant C > 0 independent on h, we have @M>wW"h Lain hy
Cc wh Lain( hy which is exactly inequality (4.8) of [1, Section 4]. Note that proofs

of convergence results in [1, Section 5] use the latter inequality quite essentially.

Theorem 2.4.2 (convergence of regularized solutions) Let conditions (2.43) and
(2.44) be valid. Let L" be the operator in (2.41). Let Wh,.. 2 HE"( ") be the min-
imizer of the functional J"(W") with boundary condition (2.42). Then there exists a
su Cciehtly small number h, > 0 depending only on hy; a; b; R; N; L" such that the
following estimate is valid for all (hy;h;) 2 [ho; «) 0:h, and all ; >0 with a

constant C > 0 independent on ;

p-
Wrﬂin;; wh L") c + wh HYM(C

We also note that Lipschitz stability estimate for problem (2.41)-(2.42) is valid as a
direct analog of Theorem 5.5 of [1, Section 5]|. Therefore, uniqueness also takes place

for problem (2.41)-(2.42).
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2.5 Numerical Implementation

In this section, we solve Problem 2.2.1 in the 2D case. The domain is

=( LD &3 (2.45)

The line of sources Lg is set to be ( —;7) with — = 3:

We solve the forward problem to compute the simulated data as follows. Given
the background function Ng, instead of solving the nonlinear Eikonal equation (2.12),
we find Up(X; X ) using (2.9). To do this, we first find the geodesic line (X;X )
in (2.9) connecting points X 2  and X 2 LsWe do the latter by using the 2D
Fast Marching toolbox which is built in Matlab. Fast Marching is very similar to
the Dijkstra algorithm to find the shortest paths on graphs. We refer the reader to
[37] for more details about Fast Marching. Next, with this geodesic line o(X;X ) in
hand, we compute the function u(x;x ) via (2.17). It is clear that this function u
solves (2.16). The point X above is chosen as ( j;0) where ; =2(i 1)7=N : We

set in our computations N = 209:

Remark 2.5.1 Denote by f (X;x ) the noiseless data u(x;x ), x 2 @ ; X 2 L.

The corresponding noisy data at the noise level > 0 are set as

fogx)=Ff (x;x )A+ rand(x;x )); x20@ *;x 2Ly (2.46)

where rand is the uniformly distributed function of random numbers taking values
in the range [ 1;1]: Recall that by (2.19) f (x;x ) = 0 for x 2 @ : This noise
generates noise in the boundary condition F" in (2.42). Hence, using (2.43), we

obtain F" = FP+ " where " is generated by the noisy part of (2.46).

The choice of appropriate values of parameters is always a difficult task. We have

selected an appropriate cut-off number N in (2.29) by a trial and error procedure.



24
More precisely, we took Test 4 in subsection 2.5.2 with the noise level 5% as a reference
test and have selected such a value of N; which gave us the best reconstruction result.

We have selected N = 35 this way. Then we used the same N = 35 for all other tests.
2.5.1  Computing W emMP

We arrange the grid G in  as in (2.39). For simplicity, we choose Ny = Ny = Nj.
The step size h = hy = h, = 2R=(Nx 1). We observe numerically that the matrix
Syt present in the definition of J in (2.38), contains some large numbers. This
causes some unwanted errors in computations. Therefore, using (2.35), we slightly
modify the functional J of (2.38) as:

z <

L (W)= jSnBW(X) + AW (X) +  Bi(X)8x W (x)j’dx

i=1

+ kazHl( )N + kWXszLz( )N + kWszZLZ( )N : (2.47)

We have numerically observed that the additional regularization term with the
second derivatives in (2.47) is crucial. If this term is absent, then our numerical

results do not meet our expectations; see, Figure 2.1g

Remark 2.5.2 The above Theorems 2.4.1 and 2.4.2 are valid only for the case when
the regularization term with the second derivatives is absent in (2.47). We also recall
that proofs of those theorems are presented in [1, Section 5]. We are not sure that
those theorems can be extended to the case when the second derivatives are present
in (2.47). Thus, we have a discrepancy between the theory and computations. It is
well known, however, that such discrepancies quite often occur in numerical studies

of truly hard problems, such as e.g. the one of this publication.

The procedure of computing p(X) is summarized in Algorithm 1.
In all tests with all noise levels in the data, we use = 10 8: This value was chosen

by a trial and error procedure. The finite difference version of the functional 1 for
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Algorithm 1 The procedure to solve Problem 2.2.1

1: Choose the cut-off number N = 35. Find f ,gN\.;:

2: Compute the boundary data of the vector-valued function W (X).

3: Minimize the functional | (W) subjected to the boundary condition (2.37) to
obtain WM (x), x

4: Set WOMP(x;x ) = Eﬂwg‘jmp n( ), x2 , 2 77

5. Set U©°MP = weMP=@,uy. Compute p®®™P by the average of the left hand side of
(2.21), namely

Z —h

peemP = —_91: @,uo(X; X )@,u®MP(x;x )
2 ao(X) -
> i
+ Ox, Uo(X; X )Ox,UP™P(x;x ) d : (2.48)
i=1

d=2is
h ) X ,\><1 X hsmn[Wn(Xi; Zj+1) Wn(Xi; Zj)]
I"(W)=h h
m=1i;j=1 n=1 B
o R NN I
+ amn(Xi; Zj)W(Xi; yj) + b (Xi; ZJ)(W(X'““hl’ Zj) W(xi:z))
2 X X H 2 2 X Ml :~h 2 s~h 2
+ h Wn(Xi;z)j*+ h J8wWn(Xi; 2)j° + @, Wn (Xi; Zj)]
n=11i;j=0 n=1 i;j=0
2XM1_ , 2X®(1_ . ,
+ h J@ocWn(Xi; Zj)j"+ h 10, Wn (X5 Z1)J%
n=1 i;j=1 n=1i;j=1

where amn and bymn = by in (2.33) and (2.34) respectively. The partial derivatives
@7 and @) are as in (2.40). The second derivative in the finite difference method is
understood as usual. We next line up the discrete vector-valued function Wn(X;;z;),

1 15J Nx, 1 n N as the vector (Wi)i'i’%lN with
Wi = Wn(Xi; zj) (2.49)

where

i=(@{ DNN+( DN +n: (2.50)
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The functional 1" in the “line up" version is

h i
I"(w) = h? jLwj? + jD,wj? + jDyuj* + jLwj? : (2.51)

In (2.51),
1. Lis the N2N  N2N matrix with entries given by
(a) (I—)ij =  Smn=h+amn(Xi; Zj) bmn(xi;Yj):h for i = (i 1)NXN+(j 1)N+m
and jJ=(0 1)NyN+(J 1I)N +n,

(b) (L) = bmn(xi;zj)=h fori=(i 1NN +( 1N +mandj=(i+1
DNGN +(j DN +n:;

() (L)j=Smn=hfori=( DNN+(@G DN+mandj=( 1NN +
G+1 LN +n,

(d) the other entries of L are 0O
forl i;j Nx landl m;n N;
2. Dy is the N2N  N2N matrix with entries are given by

(a) Dy)i= l=hfori=( 1NN+ LN +m,

(b) (D) =1=hfori=(@ LNN+(@{ ILN+mandj=(i+1 1NN+
g IN+m,

(c) the other entries of L are 0

forl 1;J Nx landl m N;

3. Dy is the N2N  NZN matrix with entries are given by

(a) (Dy)i= 1=hfori=(@ 1NN +(G 1N +m,
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(b) (Dy)j=1=hfori=(@ DNN+@G DN+mandj= (@ 1NN +(j+
1 1N +m,

(c) the other entries of L are 0
forl 1;J Nx landl m N;
4. Lis the N2N  N2N matrix with entries are given by

(a) (L)i= 4=h?fori=( LNN+(G 1N +m,

(b) (L)j= 1=h*fori=( I)N\N+(G IN+mandj=( 1 1)NN+
g IN+m;

() (L)j= 1=h?fori=({ IDNN+(G IDN+mandj=( I)NN +
g 1 IDN+m

(d) the other entries of L are 0
for2 1;J Nx landl m N:
The minimizer w of 1" satisfies the equation
L'L+ (Id+DyDy+DyDy +L"L)w =0: (2.52)
On the other hand, due to the constraint (2.37)
Dw = f (2.53)

where D is a N2N  N2N matrix and f is a N2N dimensional vector, both of which

are defined below
1. (D)i=1lfori=({ I1I)NNN+(J I)N+m;

2. ()i = FmOiy)) fori=( NN +(G 1N +m;
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3. the other entries of L and f are 0

for 12 F1;Nxg, 1 J Nyxor2 i Ny 1, J2fl;Nygandl m N: Here,
(Fm)N_; is in (2.37). Since the data might be noisy, we slightly modify the system

constituted by (2.52) and (2.53) to a more stable version

o2 3;2 3 1 2 3

82“% QL%+ (1d+DIDX+D§Dy+LTL)Rw:90g: (2.54)
D D f

Solving the system (2.54), we obtain W®™. The values of components of vector
valued function W™P (X) at grid points are computed as Wn(Xi; zj) = w; for i =
i DNNN+(G IN+m,;1 i;J Ny, 1 m N;see (2.49).

We have presented the implementation of Step 3 in Algorithm 1. The other steps

are straight forward.

Remark 2.5.3 In Step 5 of Algorithm 1 when computing p®™ using (2.48), which
involves ru®™P  we smooth out u®™ by replacing the value of u®®™(x;y; ); 2
[ =] by the average of u®™ on the rectangle of 5 5 points around the point

(X;y). We also apply the same smoothing technique to the function p™F:

2.5.2  Numerical Tests

We perform four (4) numerical tests in this chapter. When indicating dependence
of any function below on X;z, we assume that (X;z) 2 ; where the domain is

defined in (2.45). In all our tests, the noise level is as in (2.46).

Remark 2.5.4 In all our tests below the function aq is far away from the constant
background function. Therefore, Problem 2.2.1 is not considered as a small pertur-
bation of the problem of the inverse Radon transform with incomplete data, see [2].
Some functions ag in our tests might not be smooth in R?: Still, ag 2 C*(" ) in Tests

2,3. Thus, the second derivatives of the corresponding function uy are well-defined
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in these two tests. Even though ag 2 C*(' ) in Test 1, numerically we have not

experienced problems with second derivatives of the function ug:

Test 1. The true source function p is given by

8
§ 8 (X 05)2+(z 2)%<0:24%
P (X Z) = _ 5 (x+05)2+(z 2)2<0:22%;

- 0 otherwise.

The background function ag is

8
< 140301 XA 2) ifz2 2>0;

= 1 otherwise:

ao (x;z) =

The numerical results of this test are displayed in Figure 2.1.

trie in Test 1 consists of two discs. The value of the function p

The support of p
in the right disc is higher than the value in the left disc. Our method detects both
these inclusions very well, see Figures 2.1¢-2.1f. There are some unwanted artifacts
near @ where we measure the noisy data. The higher level of noisy data, the more
artifacts are present. When the noise level = 5%, the computed maximal value
of p®™ in the left inclusion is 4.97 (relative error 0.6%) and the computed maximal
value of p®™ in the right inclusion is 7.79 (relative error 2.62%). When the noise level

= 170%, the computed maximal value of p®™ in the left inclusion is 4.327 (relative
error 13.46%) and the computed maximal value of p®®™ in the right inclusion is 7.811
(relative error 2.36%).

To verify the necessity of the presence of the second derivatives in the regularization
term of (2.47), we also conduct computations for Test 2.1 in the case when only the

first derivatives are present in the regularization term of (2.47). The result for the

case of 5% noise in the data is depicted on Figure 2.1g. Comparison with Figure 2.1c
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(f) The function p'“® and
peemP with 170% noise in the
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dicated by a dash-dot line in
(e)

Figure 2.1: Test 1. The true and reconstructed source functions using Algorithm 1

from noisy data.

makes it evident that the presence of the second derivatives in the regularization term

of (2.47) is important.
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Test 2. We test a complicated case when the support of perye looks like a ring. In

this test, s

<) 052 <r2=x2+ (z 2)?<0:75%
ptrue (X, Z) —
- 0 otherwise.

The background function ag is given by

8
<14 0:25(x 0:5)%In(z) z>1;

= 1 otherwise.

a(x;2) =

The numerical results of this test are displayed in Figure 2.2.

3 2 3 5
’ e L
1.5
25 15 2.5
14
1
1 E 13 2
0.5
1.2
15 0.5 1.5 0
. 1.4
-0.5
1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

0 0 1
-1 -05 0 0.5 1

1

(a) The function perye (b) The function ag and some (c) The function p®™P com-
geodesic line, generated by puted by Algorithm 1 with 5%
the Fast Marching package in noise in the data
Matlab

\.

-1 -0.5 0 0.5 1 -1 -0.5 0 0:5 1
(d) The function pt™“® and (e) The function p®™P com- (f) The function p'“® and
pc™P with 5% noise in the puted by Algorithm 1 with pc™P with 100% noise in the
data on the set fz = 2g; in- 100% noise in the data data on the set fz = 2g; in-
dicated by a dash-dot line in dicated by a dash-dot line in
(©) (e)

12
\ 15
1
0.5
o
0
-0.5

Figure 2.2: Test 2. The true and reconstructed source functions using Algorithm 1
from noisy data.

In this test, it is evident that the reconstructed “ring" is acceptable, see Figures
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2.2¢ and 2.2e. The position of the ring is detected quite well, see Figures 2.2d and
2.2f. When the noise level is 5%, the reconstructed maximal value of p®™ in the
ring is 2.078 (relative error 3.9%). When the noise level is 100%, the reconstructed
maximal value of p®™ in the ring is 2.329 (relative error 16.45%).

Test 3. We test an interesting and complicated case of the up-side-down letter Y
having both positive and negative values. In this test, the function pere is given by

8
% 25 jx (z 2)j<0:35maxfixj;jz 2jg<0:7;z<2;x<0;
25 jx+(z 2)j<02;maxfixj;jz 2jg<0:7;z<2;x>0;
ptrue (X, Z) —
25 jxj < 0:2;maxfixj;jz  2jg<0:8;z > 2;x <0;

- 25 jx)<0:2;maxfixj;jz  2jg<0:8;z>2;x>0:

The background function ag is given by

8

:2) < 1+ 0:5(x +0:5)?In(z) z>1;
ag(x;2) =
= otherwise.

The numerical results of this test are displayed in Figure 2.3.

It is clear from Figure 2.3 that both positive and negative parts of the function
p (X; z) are successfully identified. When the noise level = 5%, the reconstructed
maximal value of the positive part of p©™P is 2:186 (relative error 12.56%) and the

©mP of the negative part is 2:482 (relative error

reconstructed minimal value of p
0:72%:) When the noise level is = 100%, the reconstructed maximal value of p®™mP
of the positive part is 2:492 (relative error 0.32%) and the reconstructed minimal

value of p®™P of the negative part is 3:327 (relative error 33:08%:)
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Figure 2.3: Test 3. The true and reconstructed source functions using Algorithm 1

from noisy data.

Test 4. In this test, we reconstruct the letter . The function pt™® is given by

8

g 2 jx (z 2)j<0:325 maxfjxj;jz  2jg<0:7 and x < 0:03;

ptrue (X, Z) —

2 jx+(z

- 0 otherwise.

In this test, we choose ag as

ao (x;2) =

2)] < 0:2 and maxfjxj;jz 2jg < 0:7,
8
< 1+x%In(z) z>1;
71 otherwise.

The numerical results of this test are displayed in Figure 2.4.
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Figure 2.4: Test 4. The true and reconstructed source functions using Algorithm 1
from noisy data.

The letter and the values of the function p™® are successfully reconstructed.
The computed position of is a quite accurate one, see Figures 2.4d and 2.4f. When
the noise level = 5%; the computed maximal value of p®®™ is 2.24 (relative error
12.0%). When the noise level = 80%; the computed maximal value of p®®™P is 2.375

(relative error 18.75%).
2.6 Concluding Remarks

In this chapter, we have developed a convergent numerical method of the solution
of the linearized Travel Time Tomography Problem with non-redundant incomplete
data. A good accuracy of numerical results with 5% noise in the data is demonstrated

for rather complicated functions to be imaged. It is quite surprising that an acceptable
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accuracy of computational results is observed even for very high level of noise in the

data varying between 80% and 170%.
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CHAPTER 3: A CONVERGENT NUMERICAL METHOD TO RECOVER THE
INITIAL CONDITION OF NONLINEAR PARABOLIC EQUATIONS FROM
LATERAL CAUCHY DATA

3.1 Introduction

Let d 1 be the spatial dimension andl > 0. Letq: R! Randc:RY! R
be two smooth functions in the clasC!. Assume thatco(x) ¢y for somec, > O:

Consider the problem

8
2 cx)u(x;1)

>

u(x;t) + g(u(x;t)) x 2 R%t2(0;T)

(3.1)

u(x;0) p(x) x 2 RS

wherep is a source function compactly supported in an open and bounded domain
of R with smooth boundary @ : We brie y discuss the unique solvability and some
regularity properties of (3.1). Assume that the initial condition ofp is in H?* (RY)

for some 2 [0;1 +4=d and has compact support. Assume further that

ja(s)j C(1+jsj) foralls2 R (3.2)

for some constantC > 0. Then (3.1) has a unique solution withju(x;t)j M and
u2 H?:*=2(R4 [0;T]) for some constantM > 0. These unique solvability and
regularity properties can be obtained by applying Theorem 6.1 in [1, Chapter 5, Y6]
and Theorem 2.1 in [1, Chapter 5, Y2].

We are interested in the following problem.

Problem 3.1.1 (Inverse Source Problem) Assume that there is a numbe > 0
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such thatju(x;t)j M forall x 2 ;t2 [0;T]. Given the lateral Cauchy data

f(x;t)=u(x;t) and g(x;t) = @u(x;t) (3.3)

forx 2 @, t2[0;T], determine the functionu(x;0) = p(x);x 2

Problem 3.1.1 arises from the problem of recovering the initial conditiop(x) of
parabolic equation (3.1) from the lateral Cauchy data. It has many real-world ap-
plications, e.g., determination of the spatially distributed temperature inside a solid
from the boundary measurement of the heat and heat ux in the time domain [2];
identi cation the pollution on the surface of the rivers or lakes [3]; e ective monitor-
ing the heat conduction processes in steel industries, glass and polymer-forming and
nuclear power station [4]. When the nonlinear terng(u) takes the formu(1 u) (or
g(u) = u(@ j uj )) for some > 0, the parabolic equation in (3.1) is called the high
dimensional version of the well-known Fisher (or Fisher-Kolmogorov) equation [5].
Although the nonlinearity q does not satisfy condition (3.2), we do not experience
any di culty in numerical computations of the forward problem. It is worth mention-
ing that the Fisher equation occurs in ecology, physiology, combustion, crystallization,
plasma physics, and in general phase transition problems, see [5].

Due to its realistic applications, the problem of determining the initial conditions
of parabolic equations has been studied intensively. However, up to the knowledge of
the authors, numerical solutions are computed only in the case when the nonlinearity
is absent, see e.g., [6]. The uniqueness of Problem 3.1.1 is well-known assuming that
the nonlinearity g is in classC?, see [7]. On the other hand, the logarithmic stability
results were rigorously proved in [2, 4].

For completeness, we briey recall the logarithmic stability of Problem 3.1.1 in
this chapter. The natural approach to solve this problem is the optimal control

method; that means, minimizing some mismatch functionals. However, since the
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known stability is logarithmic [2, 4], the optimal control approach might not give good
numerical results; especially, when the initial guess, if provided, is far away from the
true solution. A more important reason for us to not use the optimal control method
is that the cost functional is nonconvex and, therefore, might have multi-minima. We
draw the reader's attention to the convexi cation methods, see [8, 9, 10, 11, 12, 13, 14,
15], which convexify the cost functional and therefore the di culty about the lack of
the initial guess is avoided. Applying the convexi cation method to numerically solve
Problem 3.1.1 will be studied in the near future project. In this chapter, rather than
working on the convexi cation method, similarly to [16, 17], of which the authors
have successfully solved a coe cient inverse problem for a hyperbolic equation and
an inverse source problem for a parabolic equation by combining the contraction
principle and a new Carleman estimate, we propose a numerical method for Problem
3.1.1. The convergence of our method is proved based on the contraction principle
using a new Carleman estimate. The latter is similar to the idea of [16, 18, 17].

As mentioned, since a good initial guess of the true solution of Problem 3.1.1 is not
always available, the optimal control method, which is widely used in the scientic
community, might not be applicable. To overcome this di culty, we propose to solve
Problem 3.1.1 in the Fourier domain. More precisely, we derive a system of elliptic
PDEs whose solution consists of a nite number of the Fourier coe cients of the
solution to the parabolic equation (3.1). The solution of this system directly yields
the knowledge of the functioru(x; t), from which the solution to our inverse problem
follows. We numerically solve this nonlinear system by an iterative process. The initial
solution can be computed by solving the system obtained by removing the nonlinear
term. Then, we approximate the nonlinear system by replacing the nonlinearity with
the one acting on the initial solution obtained in the previous step. Solving this
approximation system, we nd an updated solution. Continuing this process, we get

a fast convergent sequence reaching to the desired function. The convergence of this
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iterative procedure is rigorously proved by using a new Carleman estimate and the
standard arguments of the contraction principle. The fast convergence will be shown
in both analytic and numerical senses.

Two papers closely related to the current one are [17] and [6]. In [17], a source
term for a nonlinear parabolic equation is computed, and in [6], the second author
and his collaborator computed the initial condition of the linear parabolic equation
from the lateral Cauchy data. On the other hand, the coe cient inverse problem
for parabolic equations is also very interesting and studied intensively. We draw the
reader's attention to [19, 20, 21, 22, 23, 24, 25] for important numerical methods and
good numerical results. Besides, the problem of recovering the initial conditions for
the hyperbolic equation is very interesting since it arises in many real-world appli-
cations. For instance, the problems of thermo- and photo-acoustic tomography play
key roles in biomedical imaging. We refer the reader to some important works in
this eld [26, 27, 28]. Applying the Fourier transform, one can reduce the problem of
reconstructing the initial conditions for hyperbolic equations to some inverse source
problems for the Helmholtz equation, see [29, 30, 31, 32, 33] for some recent results.

The chapter is organized as follows. In Section 3.2, we derive a nonlinear system
of elliptic PDEs, which leads to a numerical method to solve Problem 3.1.1.

This nonlinear system is solved by an iterative scheme. The proof of the conver-
gence of this iteration is based on the contraction principle.

In Section 3.3, we establish and prove a Carleman estimate. This estimate plays an
important role in the proof Theorem 3.2.1 that guarantees the existence and unique-
ness of the least-squares solution to over-determined elliptic systems. In Section 3.4,
we prove the convergence of the iterative sequence. In Section 3.5, we discuss the
implementation of our method and show several numerical results. Section 3.6 is for

concluding remarks.
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3.2 A numerical method to solve Problem 3.1.1

The main aims of this section are to derive a system of nonlinear elliptic equations
whose solutions directly yield the solutions to Problem 3.1.1 and then propose a

method to solve it.
3.2.1 A system of nonlinear elliptic equations

Let f .0, 1 be an orthonormal basis ol ?(0; T): For each pointx 2 , we can

approximate u(x;t), t 2 [0; T]; as

X X
u(x;t) = Un(X) n(t)' Un(X) n(t) (3.4)
n=1 n=1
where z.
Un(X) = u(x;t) H(t)dt n 1L (3.5)
0
Remark 3.2.1 Replacing' in (3.4) by\ =" forms our approximate mathematical
model. We cannot prove the convergence of the modelMs! 1 . Indeed, such

a result is very hard to prove due to both the nonlinearity and the ill-posedness of
our inverse problem. Therefore, our goal below is to nd spatially dependent Fourier
coe cients u, de ned in (3.5). The numberN should be chosen numerically. In fact,
in Section 3.5, we verify that with appropriate values dfl, the error causing from

(3.4) is small, see also Figure 3.1

Due to (3.4), the function uy(x;t) is approximated by
X
(Gt u(x) () x2 t2[0T] (3.6)
n=1

From now on, we replace the approximation' " by equality. This obstacle will be

considered numerically in Remark 3.5.1 and Figure 3.1. Plugging (3.4) and (3.6) into
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the governing equation in (3.1), we obtain
X o X X
c(x)  un(x) f(t)= Un(X) n(t)+ g Un(X) n(t) (3.7)
n=1 n=1 n=1

forall x 2 :Foreachm=1;:::;N, multiply (t) to both sides of (3.7) and then

integrate the resulting equation with respect tat on [0; T]. For all x 2 ; we have

X Zr
c(X)  Uun(x) a(t) m(t)dt
n=1 0
X Z1 Z1 X
= Un (X) n(t) m(t)dt+ q Un(X) n(t) m(t)dt: (3.8)
n=1 0 0 n=1
The system (3.8) withm =1;:::; N can be rewritten as
X
¢(X)  SmnUn(X) = Um(X)+ o (us(x); Uz(x); 115 un (X)) (3.9)
n=1
where z .
Smn = 0(t) n(t)dt
0
and
Z X
O (U1(X); U2(X); 215 Un (X)) = q Up(X) n(t) m(t)dt: (3.10)
0 n=1
Due to (3.5), each functionu,, m = 1;:::;N, satis es the Cauchy boundary
conditions
8 Z
2 Uun(x) =fa()=  f(Xit) m(t)dt
5 pA (3.11)
T @um(x) =

Om(X) = . g(x;t) m(t)dt
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Remark 3.2.2 Problem 3.1.1 becomes the problem of nding all functions,(x),
x2 ,m=1;:::;N, satisfying (3.9) and the Cauchy boundary conditions (3.11). In
fact, if all of those functions are known, we can compute the functiargx;t), x 2,

t 2 [0; T] via (3.4). Then, the initial condition p(x) is given by the functionu(x; 0):

Remark 3.2.3 From now on, we consider the values df,(x) and gn(x) on @,
m=1;:::; N, as the indirect data", see (3.11). Denote by ,(x) and g, (x) the

noiseless data. In numerical study, we set the noisy data as

f,=f,(1+ ( 1+2rand)) g,=0g,(1+ ( 1+ Z2rand))

on@;1 m N where > 0is the noise level andand is the function taking
uniformly distributed random numbers in the rangd0; 1]. In our numerical study,

= 20%:
3.2.2 An iterative procedure to solve the system (3.9) (3.11)

We propose a procedure to compute; (X), :::; uy (X). We rst approximate (3.9)

(3.11) by solving the following over-determined problem

8

% o(x) r'\,'l smUP2) = uQx) x2 ;

: UWO(x) = fm(x) x2@:; m=1;2:N (3.12)
- @Quy(x) = gn(x) x2@

(0).::..

for a vector value function(u; (O)) Then, assume by induction that we know

(u(lk l);:::;u(Nk l)), k 1, we nd (u(k)'::" (k)) by solving
8
%dm n-1 Smn U (X) = Ui (X)
(K Dryyye.o.. (k 1) .
+on[P(up V(X)) Pluy (X)) x 2 (3.13)
E(WM=fMM X2@:;

@UEY (X) = gm(X) X2 @
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whereq, is de ned in (3.10) form =1;2;:::;N: Here,

p

S s2[ M T;Mpﬂ; for all s2 R: (3.14)

8
§ MPT sa2m T

P(s) =

3

Mpf s2(1 ; MpT]

serves as a cut-o function. whereM > ku k.1 (o7 iS @ xed constant.

In practice since both Dirichlet and Neumann conditions are imposed, problem
(3.12) and problem (3.13) might have no solution. However, since these two problems
are linear, we can use the linear least-squares method to nd the best t" solutions.
In order to guarantee the convergence of the method, we include a Carleman weight

function in the linear least-squares functional. De ne the set of admissible solution
H="fumN_; 2H?() Y iunje = fm and @upje = gn;1 m Ng:

Throughout the chapter, we assume that the setl is nonempty. In the analysis, we

will need the following subspace afi?() N
Ho= (Vi;:::;WW) 2 H?2() 1 Vm(X) = @Vm(X)=0 : (3.15)

Let Xo be a pointinRYn  with minfr(x):x2 g>landb>maxfr(x):x2 g
where

r(x) = jx X forall x2 RY:

We choosex, such that minfr(x) : x 2 g > 1 To nd u@, we minimize the
functional J© : H | R with
w2 X 2
IOy :iiuy) = e " un o(X)  SmaUn dX (3.16)

m=1 n=1
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where and are the numbers as in Corollary 3.3.1. The obtained minimizer
(uﬁ?) N_, 2 H is called the regularized solution to (3.12). Next, assume, by induction,

m=1

that we know (ufs "N, k 1, we set(uf)N_, as the minimizer ofJ® : H 1 R

de ned as
NA X
J®(ug;iuy) = e "M un oX)  SmnUn
m=1 n=1
2
+ qn(P(u(lk D ;:::;P(uf\,k 1))) dx: (3.17)

Remark 3.2.4 The function € " ®) in (3.16) and (3.17) is called the Carleman
weight function. Its presence is very helpful to prove the existence and uniqueness of
the minimizers for the functionalsJ®, k  0; see Theorem 3.2.1. On the other hand,
this Carleman weight function and the Carleman estimate (see Theorem 3.3.1) play

important roles for us to prove the convergence of our method, see Theorem 3.4.1.

The following result guarantees the existence and uniqueness of the minimizer of

(3.12) and the one of (3.13)k 1.

Theorem 3.2.1 Assume thatf, andg, are in L>(@) , m=1;2;:::;N and assume
that H is nonempty. Then, each functional®™, k 0, has a unique minimizer

provided that both and are su ciently large.

Proof 3.2.1 We only prove Theorem 3.2.1 whek 1. Since H is nonempty, we

can nd a vector-valued function(* ,,)N_, 2 H: De ne

Vmn(X) = un(x) "m(x) x2 ;m=1;:::;N: (3.18)

We minimize

where(vi,)N_, varies in Hg, de ned in (3.15). If (vyh)N_; minimizes|®; then by the
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variational principle,

X D X X
P T vy X)) SmVat 'm CX)  Sm'n
m=1 n=1 n=1
X E
+on(PUE )P M) 0 hm oX) Smnhn » =0 (3.19)
n=1

for all (hyn)N_; 2 Ho. The identity (3.19) is equivalent to

XD X Y E
e T v oo(X) SmaVa, hm  ©(X)  Smnhn
m=1 ne1 . L2()
X D b\
= €0 1M o)) Smt et Gn(PQUY )Py )
m=1 n=1
XN E
hn  c(X) Smn N : (3.20)
n=1 L20)

The left hand side of (3.20) de nes a bilinear fornf ; g of a pair (V)= ; (hm)N_;)
in Ho.

We claim thatf ; g is coercive; that means,
f(Vmdm=t; (Vm)m=19  CK(Vim)meg Kii2(y w

for some constantC. In fact, using the inequality(x y)? x?=2 y? we have

X Z X T KA
e T vy (X)) SmVa OX e " M vpjdx
m=1 n=1 m=1
XN X 2
P T g(x)  spaVh OX:
m=1 n=1

Applying the Carleman estimate (3.42), which will be proved in Section 3.3, for the
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function v,, for eachm 2 f 1;:::;Ng; we have
w £ X 2
e " vy oeX)  SmVa OX
m=1 Z =1
X hc' 4 Vinj? i
S 121G Vol | C jr Vmj?+ C %jvpj? dx
m=1

X Z X 2
P T g(x)  spaVh OX:
m=1 n=1

Since¢(x) and s, are nite, we can choose su ciently large such that

w2 X 2
P T vy o(X)  SmaVa dX
m=1 n=1

X
CmaXfGZb ' (X)g ! k(vm)|k|%|2() .

X2 m=1

Applying the Lax-Milgram theorem, we can nd a unique vector-valued functidm, )N _,

satisfying (3.20). The vector-valued functior{u,,)N_; can be found via (3.18).

Denote by f (ul;:::;ul’)g the sequence of the minimize ad®, k 0. We

claim that this sequence converges to the true solution of (3.9) and (3.11)lirf() N
ask ! 1 . The proof of this fact is based on the contraction principle and the

Carleman estimate in Section 3.3 plays an important role.
3.3 A new Carleman estimate

In this section, we establish a new Carleman estimate, which has been used to
prove Theorem 3.2.1 that guarantees the unique existence of the functioddl) in
(3.17), k 1. This estimate and its corollary, Corollary 3.3.1, play a crucial role in
the proof of our main result, see Theorem 3.4.1 which guarantees the convergence of

our numerical method.

Theorem 3.3.1 (Carleman estimate)  Let X, be a point inRYn  such thatr (x) =
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jJX  Xoj > 1forall x 2 . Letb> max,—r(x) be a xed constant. There exist
positive constants o depending only onb, xo, and d such that for all function

v 2 C?() satisfying

v(x)= @v(x)=0 forallx2 @ ;

the following estimate holds true

Z c xd Z
P M) y(x)j?dx =T e T r2 ()@, v(x)i%dx
7 ihj =1
+C 3 4%3  r2 (x)e* " jv(x)jdx
Z

+C ¥ P " Mjr v(x)j%dx (3.21)
for o and o. Here, o = o(b; ;d;xg) > 1 is a positive number with
ob land C = C(b; ;d;xo) > 1is a constant. These numbers depend only on

the listed parameters.

Remark 3.3.1 The Carleman estimate in Theorem 3.3.1 is more complicated than
the version in [29]. The reason for us to establish this new estimate is that the
Carleman weight function in [29] decays fast when 1, causing poor numerical
results. Unlike this, the Carleman estimate in Theorem 3.3.1 allows us to choose large

in implementation, making the theory and the computational codes more consistent.

Remark 3.3.2 A new feature in Theorem 3.3.1 is the presence of all second deriva-
tives of the functionv on the right-hand side of(3.21). This makes it more convenient

for us to prove the existence and uniqueness of the regularized solutions to a system
of nonlinear elliptic equations appearing in our analysis in Section 3.2, see Theorem

3.2.1.

We split the proof of Theorem 3.3.1 into four lemmas, Lemma 3.3.1 Lemma 3.3.4.
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Lemma 3.3.1 Let v be the function as in Theorem 3.3.1. There exists a positive

constant o depending only orb, Xo, andd such that

4 Z
b 1 Mj y(x)j? e s
1D rJ 2((x))1 dx C 232 2 (xeP " Mjy(x)j?dx
Z
C &P " Mjr y(x)j%dx (3.22)
for all o and o. Here, ¢ is a constant such that gb 1.

Proof 3.3.1 By changing variables, if necessary, we can assume tRkgt= 0: De ne
the function

wx)=e? "T®yx) or vx)=e P " Mw(x) (3.23)

for all x 2 . Sincev vanishes on@ , so doesw. On the other hand, by the product

rule in di erentiation, for all x 2 ,

rvx)=e® "®rwx) b r %(x)e P " ®wx)x (3.24)

It follows that

e® "®rwix) =rvix) + b r ?(x)e® " ®wx)x=0:

for all x 2 @ . We thus obtainw(x) = @w(x) =0 for all x 2 @ . Hence, from now
on, whenever we apply the integration by parts formula anand w, the integrals on

@ vanishes. We next compute the Laplacian &fin terms of w. For all x 2 ;

vix)=e ® T wx)+2re ® T rwx)+wx) (e M)

=e® "0 wx) 2b r Z(x)r w(x) x
i
+ eb r (X)( e b r (X))W(X) :



52

Using the inequality(a b+ c)? 2ab 2bc;we have

h
i v(x)j? 4b r 2x)e?® " wx)r w(x) x
i
+ePl T e TO)wxx)r wx) x (3.25)

for all x 2 : By a straight forward computation, forx 2 ;

(e "T0Y= p e "W 2x)( 2+d) b r (X):

Plugging this into (3.25) gives

h
i vx)j2  4b r 2(x)e?" " w)r w(x) x
i
b r 2x)( 2+d) b r (x) wx)r w(x) x

for all x 2 : Hence,

z

92: br (X? ;/((:))jzdx I+ 1o+ s (3.26)
where
V4
I, = w(x)r w(x) xdx; (3.27)
I, = b ( 2+ d)Z ro2(x)w(x)r w(x) xdx: (3.28)
l3 = 2p 2 ZZ r2 2(x)w(x)r w(x) xdx: (3.29)

Estimate 1,. Write x = (X1;:::;Xq) and integrating |, by parts. It follows from
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(3.27) that I, is equal to

Z
rw(x) r[r w(x) x]dx
xd Z
= @ w(x)@ x; @ w(x))dx
i;)j(d=1 ~
= @ W(X)[@ W(x) jj + X @, W(X)]dx

xt 4 xi 2
= j@ w(x)j%dx + X; @, W(X) @ x, W(X)dX:

i=1 ijj =1

Using the identity (x)@ (x) = %@j( (x)?) with ( x) = @ w(x) gives

Z 1 Xd Z
jr w(x)jdx + > X; @ (@ w(x))?dx
iij =1
Z 1 Xd Z
jr w(x)j2dx 5 (@ w(x))*@ x; dx:

i =1

Hence, Z

l,= 1 g jr w(x)jdx: (3.30)
Estimate 1,. We apply the identitywr w = %rj wj? to get from (3.28)

Z
1, = b ( 2+d) ro2(x)rj w(x)j?> xdx

z
- C_ 2+ weopdiv(r 2()x)dx:

Here, the integration by parts formula was used. We; therefore, obtain

z
2
= 2 S 2X DT ojdx: (3.31)
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Estimate 13: Using integration by parts formula again, by (3.29),

2 2b 2 VA
l3 = — r2 2(x)rj w(x)j?> xdx
2 Zb 2 Z
= — jw(x)j2div[r?  ?(x)x]dx:
Hence,
z
2 2 2
I, = (2 2?“ DD " iwjEr? 2(x)x
C 232 r?x)jw(x)j%dx: (3.32)
Combining (3.26), (3.30), (3.31) and (3.32) and using the fact that ob 1
(which implies b 1), we get
Z

eZb r(x)j V(X)jz
4b r 2(x)

Z Z
C 23?2 r2xjwX)j%dx C jrw(x)j%dx: (3.33)

Recall (3.23) thatw = e® " v. We have for allx 2
rwx)=e® " ®rvx)+ b r o 2(x)v(x)X]: (3.34)

It follows from (3.23), (3.33), (3.34), the triangle inequality and the fact 3 2
that
Z Z
e T j v(x)j? 2 3 2 2 b r (x); 2
D T %) dx C b r2 (x)e? Z]V(X)j dx

Cc &P " Mjr yx)j%dx:

Recall that = max,,—r(x). We have obtained the desired inequality (3.22).



55
Lemma 3.3.2 Let v be the function that satis es all hypotheses of Theorem 3.3.1.

There exist positive constants  and  depending only or, Xo, andd such that

Z Z
P T Wyix) v(x)dx C P " ®jr v(x)j%dx
Z
C 222 &P M2 (x)jv(x)j?dx (3.35)

for all o and 0.

Proof 3.3.2 By integrating by parts, we have

Z
P " My(x) v(x)dx
Z
rvix) r e " ®y(x) dx
Z Z
= &P T ®jr vx)jPdx +  v(x)r v(x) r P " & dx: (3.36)

The absolute value of the second integral in the right-hand side of (3.36) can be esti-

mated as
Z
vx)r v(x) r e*P "X dx
Z
2 b rox)et? " ®jvx)ijir v(x)jdx
Z
C22p2 &b " 02 (x)jv(x)j?dx
Z
+ % P " Mjr v(x)jdx: (3.37)
This, (3.36) and (3.37) imply
Z Z
b T Wyx) v(x)dx C P " ®jr v(x)j%dx
Z

C 222 @b M2 (x)jy(x)j2dx:
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The lemma is proved.

Lemma 3.3.3 Let Vv be the function satisfying all hypotheses of Theorem 3.3.1. There

exist positive constants o depending only orb, xg, andd such that

. 4
e ") yx)jZdk  C % b3 12 (x)e® T jv(x)j%dx
4
£C @ T ) y(x)Pdx (3.38)

for all o and o: Here g is a constant satisfying ob > 1

Proof 3.3.3 Multiplying ¥ to (3.35) and then applying the inequality ab  a?=2+

¥=2, we have

Z Z

b r (x)
3=2 br () 20y Yiv(y)i2 : 2
b ¢ r (X)jV(X;j dx + b Z(X)j v(x)j%dx
C 2 &P " Mjr y(x)j2dx
Z

C2%p2 r2x)e? " Mjy(x)jdx:

Sincer(x) > 1; %2r 2(x) r? (x), we have
Z Z
i v(X)jPdx C 2 P T Mjr v(x)j2dx
Z
C25p?2 r2(x)e? " Wjy(x)j?dx: (3.39)

b 1 ()
4b r 2(x)

Here, we have used the fact thab 1. Adding (3.39) and (3.22) together, we
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obtain

Z Z
j vX)jPdx C 232  r2 x)EP " jv(x)jcdx
Z

+C 2 P " Mjr y(x)jldx;

e2b r(x)
b r 2(x)

which implies (3.38).

Lemma 3.3.4 Letv be the function satisfying all hypotheses of Theorem 3.3.1. There

exist positive constants o and ( depending only orb, X, andd such that

Z
1 . .

— P T M y(x)jdx
c W ?
7:4b eZb ' (X)r2 (X)j@ixj V(X)szx

ihj =1 7
c %p P " Mijr y(x)j?dx (3.40)
for all o and 0.

Proof 3.3.4 By the density arguments, we can assume that2 C3() : Write x =

Z xd Z
e T Mj v(x)jPdx = e 1@, v()@,, v(x)dx
ihj =1
xZ h i
= @ €° "M@, v(x)@ v(x) dx
ij =1
xi Z h i
@QV(x)@ €° " V@, v(x) dx:

ijj =1

The rst integral on the right-hand side above vanishes due to the divergence theorem.
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Z xd 7
&° " 0 v(x)jPdx = &0 @ V()@ v(x)dx
isj :1)(d 5
@ (" " )@ v(x)@, v(x)dx:
ihj =1

The rst term on the right-hand side of (3.41) is rewritten as

xd Z
" @ v(X)@x V(X)dx
ij =1 Xd ~
= @(e® " Y@ v(x))@ 4 v(x)dx
|;(d=1 2
= &0 W@, v(x)j?dx
ij =1 Xd Z
o @v@(E® T )@, vx)dx:
ijj =1

Combining this and (3.41), we have
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(3.41)

z xd £
e2b r (X)J- V(X)jdeZ ezb r(x)j@ixjv(x)jZdX
iij =1
xt Z h
+ @v(x)@ (&° " ")@, v(x)
i =1 i
|
Q Calki (X))@j V(X)@ixiV(X)dX ;
Hence,
yd xd £
e2b r (x)j V(X)jZdX ezb r(X)j@iij(X)jde
ij =1
J Xd 7

2 @ VvX)j@ (e° (X))j@ixj v(x)jdx:

ijj =1
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@EP "MY)=2p r 2P "My forall x2

Using the inequalityab a?=2 + b?=2, we obtain (3.40).
We now prove Theorem 3.3.1.

Proof 3.3.5 (Proof of Theorem 3.3.1) Adding (3.38) and (3.40) together, we ob-

tain
L Z
(1+W) P " M) y(x)j2dx
c x4
—mp €0 P (0i@ vioid
ijj =1 7
+C %3  r2(x)ef? " jv(x)jldx
Z
+C ¥2p b " Mijr y(x)j%dx:

Corollary 3.3.1 Recall o and ( as in Theorem 3.3.1. Fix = 4 and let the

constant C depend onxp; ; d and . There exists a constant o depending only on

Xo; ;dand such that for all functionv 2 H?() with
v(x)= @v(x)=0 on@;

we have

Z Xd Z
b " ®j yx)jZdx C 1! &b 1)@, v(x)j%dx
Z L Z
+C 3% &P "Tjvx)jPdx+ C P " Mjr v(x)j?dx (3.42)

for all 0-
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Remark 3.3.3 Although there are many versions of the Carleman estimate available,
those versions are either too complicated, not suitable for us to prove Theorem 3.2.1
and Theorem 3.4.1, or do not work in computations. The main ideas of the proof

follow from [34, 35, 36, 37, 38].

Remark 3.3.4 The presence of the second derivatives on the right-hand side of
(3.42) is a new feature of our Carleman estimate. The presence of those second
derivatives allows us to prove the existence and uniqueness of the minimizers of the

cost functionals in Section 3.2.2.

3.4 The convergence analysis

In this section, we prove a theorem that guarantees that the sequence of vector-
valued functions, proposed in Section 3.2.2, converges to the true solution to (3.9)
(3.11). This convergence implies that Algorithm 2 rigorously provides good numerical

solutions to Problem 3.1.1.

Theorem 3.4.1 Assume that problem (3.9) (3.11) has a unique solutiofu,,)N_, .

Then, there is a constant depending only on , T, d and N such that

X e 2
e (Uy’  Up)

m=1 L2()

hoig 1 0

2
: e® "Wl oy (3.43)

m=1 L20

fork =1;2;::: whereC is a constant depending only on, T, M, d, N and kakc.y -
In particular, if s large enough such thad < C= 3< 1; fuly'gN_, converges tau,,
exponentially. Moreover, with such a, the sequencégp®), , obtained in Step 8 of

Algorithm 2 converges to the true functiop = u (x;0) given by (3.4) with t = 0.

Proof 3.4.1 In the proof, C is a generous constant that might change from estimate

to estimate.
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Step 1. Establish a priori bound. RecalHq as in (3.15). Since(u(lk); i uﬂ‘)) is the

minimizer of J®, by the variational principle, for allh 2 Hy

X D h XN i
e” 10U ax) s+ gn(P(U )i P(U )
m=1 n=1
h X iE
e® "0 hy X)) Smnhm =0: (3.44)

X D h X i
e® "™y X)) SmnU + Gn(ugiiiiuy)
m=1 n=1
h XN iE
e " hoo¢o(X)  Smnhm =0: (3.45)
_ L2()
n=1
It follows from (3.44) and (3.45) that
X D h X
e T u® yy) eox)  sm(u®  u)
m=1 n=1 i
+on(PUE )i PR ) on(ugiiiuy)
h XN iE
e® " hoooX)  Smnhm =0: (3.46)
- L2()
n=1
Using the test functionh,, = ul) U,, m=1;:::;N, in (3.46) and using Holder's
inequality, we have
X b h k X k | 2
e T y® uy) ox)  sm@U®  u) i
m=1 n=1 L=0
X h (k 1) (k 1) |
e® " gu(PU V)i Puy ) Gn(ugiiiiuy) L)
m=1
b h k X k |
e® "0 (ul uy) ox)  smUE  uy) L (3.47)

n=1 L2()
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P P P
Using the inequality v, ambm  ( hop 82)32( 4o, BR)Y2 for the right hand side

m=1

of (3.47) and simplying the resulting, we get

X\l b h k X\l k I 2
e "0 (U u) X)) smUP  upy)

m=1 n=1

X h k 1 k 1
e "0 gn(P(uf V)iziiiP(uy M)

L2()

m=1 .
I 2
On(Up;iiz;uy) e (3.48)

Step 2. Estimate the right hand side of (3.48). Sinc&u (x;t)k.: M, we have

Zy
jum(X)j = u (X,t) m(t)dt k u (X;t)kLZ(O;T)kk m(t)kLZ(o;T)
Zr L. 2 P
= ju (x;t)j2dx M T
0
for m=1;:::;N: Therefore,
(k 1) (k 1) X k 1
Gn(P (Ul )i Puy ™) am(ugsiiiiuy)  An uk Dy

where

n p_ 0}
An=max jr gn(si;::;sn)jqjsij M T;i=1;:::;N m=1;:::;N:

P
SetA = r’fm An. The right hand side of (3.48) is bounded from above by

X h k 1) (k 1) N
e® " gn(P(uy V)i Pluy D) am(ugiiiiug)
m=1 L2()
b r (x) k 1)
A e P(uy ) up 0
m=1
2
bor (x) ,,(k 1) .
A e U U, e (3.49)
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Combining (3.48) and (3.49) gives

h X E
gl () (u#]() U,) c(x) Smn(u#:) Un) L2
. - 0
){\l 2
A eb ro(x) U%( 1 U, : (350)
m=1 -0

Step 3. Estimate the left hand side of (3.50). Using the inequalitfa )2

a?=2 2b: we have

XN h

i

X
eb T ¢ uﬁ'f) Un)  C(X) Smn(ugk) up) L2
m=1 n=1 Y
X g 2
b r (x) (k)
oy e ( um um)
- 2 L2()
e X y 2
2 e r (X)C(X) Smn (UE]) un) , : (351)
m=1 n=1 -0

Applying Carleman estimate in Corollary 3.3.1, for the functionu® u, m =

L b, 0 2
— e u u

X 2
c? e? "Wy e (3.52)
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Fix o Where ¢ is as in Corollary 3.3.1. It follows from (3.51) and (3.52) that
X 2
b r (x) (k)
— e u u
X X 2
2 ed ™ Smn (U U,)
L2()
m=1 n=1

X 2
c? e? Wy o (3.53)

m=1

Combining (3.48), (3.49) and (3.53) gives

X eb Tl gy ) 2 A X el Tk Dy 2
m m 3 m m
m=1 L20 c m=1 L20
By induction, we have
X ot o 2
e” TR uy)
m=1 0
h Ak 1 X

eb WY u,)

C 3 L2()

m=1

ReplacingA=C by the generous constarnt, we have proved the estimat.43). The

convergence op® top ask!1l is obvious.

Remark 3.4.1 The technique of using the Carleman estimate to prove Theorem 3.4.1

is similar to the one in [16] in which a coe cient inverse problem for hyperbolic

equations was considered. We also nd that this technique is applicable to solve an

inverse source problem for nonlinear parabolic equations [17] from the boundary and

additional internal measurements.

Remark 3.4.2 The convergence of p*)g, ; to the true solution to the inverse prob-

lem in Theorem 3.4.1 is numerically con rmed in Section 3.5. See also Figures 3.2e

3.5e.
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3.5 Numerical implementation
For simplicity, we solve the inverse problem in the casg= 2.
3.5.1 The forward problem

We solve the forward problem of Problem 3.1.1 as follows. LB} > R > 0 be two

positive numbers. De ne the domains

1=( Ri;R)? and =( R;R)%

We approximate (3.1)de ned onRY (0;T) by the following problem de ned on
1 (0;T)

8
3 coouxt)
u(x; 0)

u(x;t)+ glu(x;t)) x2 4;t2(0;T);
p(x) X2 1 (3.54)
0 X2 @4;t2[0;T]:

u(x;t)
In our numerical tests, the functionc is given by

h
c(xy)=1+1=303(1 3x)% > Gv1)*
i
10(x=5 273 243P%)e ** ¥ 1=8e Gx*1* ¥’

forx =(x;y) 2
The range ofc is [0:8; 1:25], which is not a perturbation of the constant functionl.
We solve (3.54) by the nite di erence method using the explicit scheme. The data
f(x;t) = u(x;t) and g(x;t) = @u(x;t) on@ [0; T] can be extracted easily.

In the next subsection, we discuss our choice of ,g, ; and the numberN in

Section 3.2.1 and the truncation in (3.4).
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3.5.2 A special orthonormal basi§ .g, 1 of L?(0; T) and the choice of the

cut-o number N

We will employ a special basis of.?(0;T). For eachn = 1;2;:::; set ,(t) =
(t T=2)" lexptt T=2). The setf ,gi., is complete inL?(0;T): Applying the
Gram-Schmidt orthonormalization process to this set, we obtain a basis bf(0; T),
named asf gl .

This basis was originally introduced to solve the electrical impedance tomography
problem with partial data in [39]. Since then, this basis was widely used to solve a
variety of inverse problems. For instance, in [24], we employ this basis to solve an
inverse source problem and a coe cient inverse problem for linear parabolic equations;
in [29], this special basis was used to solve an inverse source problem for elliptic
equations; in [40], we solve the problem of nding the Radon inverse with incomplete
data; in [41], we solve an inverse source problem for the full transport radiative
equation. The most related paper to the current one is [6], in which the second
author and his collaborator employed this basis to recover the initial condition for
linear parabolic equations.

We next discuss the choice oN in (3.4). Fix a positive integer N,. On =

[ R;RJ]? we arrange anN, N, uniform grid

n o
G= Xpy):xi= R+(i Dhyy= R+(] 1h1 ;] Ny

whereh = 2R=(Ny 1) is the step size. In our computations, we sd®; =6, R =1,
T =1:5and Ny, = 80. To solve Problem 3.1.1, we need to compute the discrete values
of the function u on the grid G

The rst step in our method is to nd an appropriate cut-o number N. We do
so as follows. Take the data ori(x;y = R) 2 @ g, which is the top part of @ ,

f(X;y = R;t) = Upe(X;y = R;t) in Test 1 in Section 3.5.4. Then, we compare the
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(8 N =15 (b) N =25 )N =35

(d) N =15 (e) N =25 (f) N =35

P
Figure 3.1: The comparison of (x; R;t) and its partial Fourier sum r“]'zl fm(Xy =

R;t) onf(x;y = R) 2 @ g: The rst row displays the graphs of the absolute di er-
ences off (x;R;t) and Ezl fn(X;R) n(t). The horizontal axis indicatesx and the
vertical axis indicatest. It is evident that the bigger N, the smaller the di erence is.
he second row shows the true data(x;y = R;T) (solid line) and its approximation
N fa(xy = R) o(T) (dash dot line). We observe that whenN = 35, the two

curves coincide.

P
function f (x; R;t) and the function r'le fan(X;y = R) ,(t) wheref,(x;y = R) is

computed by (3.11). Choos& such that the function

X
evn(X;t)= f(x;y = R;t) fa(X;y = R) a(t)

n=1

is small enough. We use the same numbbBrr for all numerical tests. In this chapter,

N = 35; see Figure 3.1 for an illustration.

Remark 3.5.1 In our computations, when the cut-o numberN is 15 or 25, the
quality of the numerical results is poor. WherN = 35, we obtain good numerical

results. IncreasingN > 35 does not improve the computed quality.

Remark 3.5.2 In this numerical section, we choose the Carleman weight function
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eb X xo when deningJ®, k 0, where =40 and = 10. The point X, is
(0;1:5) and b= 5. This and the condition b  large con ict. However, in practice,
the Carleman weight function with these values of and already helps provide
good numerical solutions to Problem 3.1.1. We numerically observe that the weight

function blow-up whenb 1, causing some unnecessary numerical di culties.

We next present the key step in the implementation of the inverse problem.

3.5.3 Computing the vector-valued function(um)N_,

Recall that (uﬁﬂ)

(x;¥))N_;, minimizesJ© on H. Similarly to the argument in the
rst step of the proof of Theorem 3.4.1, for allh 2 Hy, see the de nition of Hg in
(3.15), by the variational principle, we have

XD h X i

e’ "y gx)  spu® ;
m=1 n=1
h X iE
e "™ hoooX)  Smnhm o S 0: (3.55)
n=1

For any u 2 H, we next associate the values af, fu,(xi;y;) : 1 m  N;1

i;] N, g with an N2N dimensional vectoru; with
Ui = Umn(Xi;Yj) (3.56)
where
i=(i NN +(j IN+m foralll i;j Ng;1 m N (3.57)

is

hL S Hu@:(L S )hi=0 (3.58)
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where W2, u® and h are the line-up versions of W2)N_,, (uS)N_, and (hn)N_,

respectively. Hereh; i is the classical Euclidian inner product. In (3.58)

1. theN2N N2N matrix L is de ned as
b r (xi;yj

@ (L= %" foriasin(3.57)for2 i;j Ny 1,1 m N;

(Xi3yj

(b) (L)j = &P forj=(i 1 DNN+(j DN+mandj=

(i DNyN+(j 1 I)N+m;for2 i;j Ny 1,1 m N;
(c) the other entries are0.
2. the N2N  N2N matrix S is dened as(S); = e® " %i¥)e(x;;yj)Smn for i

asin (3.57)andj = (i I1I)NN\N+(j 1 1IN +nfor2 i Ny 1,

1 m;n N. The other entries are0.

On the other hand, since(ud)N_, satis es the boundary constraints (3.11), we have
DuU® =f and Nu©® =g (3.59)

where

1. TheN2N N2N matrix D is de ned asD; =1 fori as in (3.57),i 2f 1;N,g;
1 j Nyor2 i Ny 1/j2f1;Nyg The other entries are0.

2. TheN2N  N2N matrix N is de ned as
(@) Nij = 4 foriasin(3.57),i 2fLN,g 1 | Nyor2 i Ny 1,
j 2f1L;Nyg, 1 m N;
(b) Nj = %foriasin(3.57)andj:(i+1 DNyN+(j 1IN+ m,i=1,
1 j Nyl m N;
(c) Nj = %foriasin(3.57)andj:(i 1 INyN+(j 1IN+m,i= Ny;
1 j Ny1 m N;
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(d) Ny = di foriasin (3.57) andj = (i 21)NyN +(j +1 21)N + m,
1 i Ny j=1,1 m N;

(e) Nj = di foriasin (3.57) andj = (i 1)NyN +(j 1 1)N + m,
2 1 Ny 1,j=Ny;1 m N;

(f) The other entries are0.

3. The N?N dimensional vectorf is de ned asf; = fn(xi;y;) for i as in (3.57),

i2fL;Nyg; 1 ] Ny, 1 m Nor2 i Ny 1,j2f1Nyg

4. The N2N dimensional vectorg is de ned asg; = gm(Xi;y;) for i as in (3.57),
iI2FL;Nyg; 1 ] Ny, m Nor2 i Ny 1) 2f1Nyg

Solving (3.58) (3.59) by the least square method with the command Isglin” built in
Matlab, we obtain the vector u©® and hence the initial solution(u$y (x;;y;))N_, for
1 i N,y.
Remark 3.5.3 In computation, de ning the matrices above is ine ective due to their
large size,N?N  N2N whereN, = 80 and N = 35. We note that most of those
matrices' entries are 0. So, instead of de ning dense matrices, we use the invention
of sparse matrices. Moreover, using sparse matrices signi cantly reduces the compu-
tational time.

We next compute the vector valued function(u%‘))mzl, k 1, assuming by in-
duction that (u%'f ”),’)‘m is known. Applying a very similar argument when deriving
(3.58) (3.59), the vector u® the line up version of(u%y (x;;y; )N, with 1 i;j N,

satis es the equations
(L SH(L SHM= (L s )k (3.60)

and

Du® =f and Nu® =g (3.61)
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whereg® U is the line up version of(g, (U P(x;y);::;ul Pxy))N,. To nd
u®®, we solve (3.60) (3.61) by the least square method with the command Isqglin" of
Matlab. The value of the function (um(Xi;y;))N-; follows. We next nd u(x;y;t) via

(3.4). The desired solution to Problem 3.1.p(x;y) is set to beu(x;y; 0).

Remark 3.5.4 In theory, we need to apply the cut-o functionP, see (3.14). This
is only for our convenience to prove Theorem 3.4.1. However, in computation, we
can obtain good numerical results without applying the cut-o technique. This can be

explained by settingVl su ciently large.

We summarize the procedure to ndp in Algorithm 2.

Algorithm 2 The procedure to solve Problem 3.1.1

1: Compute f ,g\.; as in Section 3.5.2. Choosdl = 35, see Figure 3.1 and

Remark 3.5.1.

Compute matricesL ;S; D and N : Find the line up versionsf and g of the data
fm(Xi;y;) and gm(xi;y;) for (xi;y;)) 2G\ @,1 m  N.

3: Solve (3.58) (3.59) by the least square method. The solution is denoted ).
Computeuw (xi;¥;), 1 ij  Ny,1 m N usingu®(x;y;) = (u®); with i
as in (3.57).

s . Py
4: Set the initial solution p@ = = ™ u®(x;;y) 1 (0):
5. for k=1 to 5do

N

6:  Find g D, the line up version ofg(P (Ul “(xi;y;)); i ul P(xicy))), 1
5] Ny, 1 m N in the same manner of (3.56) and (3 57)

7 Solve (3.60) (3.61) by the least square method. The solution is denoted by
u®, Computeutw (xi;y;), 1 i Ny, 1 m N usingu$(xi;y;) = (u®),
with i as in (3.57).

8: Set the initial solution p®) = P ul (xi:y, :

: n=1 Un (Xi;Yj) n(0):
o: De ne the recursive error at stepk askp®  p Yk.1 () .
10: end for

Remark 3.5.5 We numerically observe thakp® p@k; is su ciently small in all
tests in Section 3.5.4; i.e., our iterative scheme converges fast. Iterating the loop in
Algorithm 2 ve (5) times is enough to obtain good numerical results. Therefore, we

stop the iterative process whek =5:
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3.5.4 Numerical examples

In this section, we show four (4) numerical results.
Test 1. The true source function is given by

8

23 x2+(y 0:3)< 04%;
Prue = >
0 otherwise.

The nonlinearity q is given by
gs)=s(l s) s2R:

In this case, the parabolic equation in (3.1) is the Fisher equation. The true and
computed source functiong are displayed in Figure 3.2. It appears in the graph of
this source function a big inclusion with contrasi8.

Our method to nd the initial solution works very well in this case. One can see in
Figure 3.2b that by solving the system (3.58) (3.59), we obtain the initial solution that
clearly indicates the position of the inclusion. The value of the reconstructed function
inside the inclusion is somewhat acceptable and will improve after several iterations,
see Figure 3.2d. The reconstructed functiopeomp = p® is a good approximation of
the true function pyue, See Figures 3.2c and 3.2d. It is evident from Figure 3.2e that
our method converges fast. The reconstructed maximal value inside the inclusion is
7.202 (relative error 9.98%).

Test 2. We test the case of multiple inclusions, each of which has a di erent value.
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(@) (b)

(© (d) ()

Figure 3.2: Test 1. The reconstruction of the source function. (a) The functiopye
(b) The initial solution p© obtained by Step 3 in Algorithm 2. (c) The functionp®
obtained by Step 8 in Algorithm 2. (d) The true (solid), the initial source function
(dot) in (b), and the computed source function (dash-dot) on the vertical line in (c).
(e) The curve kp®  p*k Dk 1y ; k = 1;:::;5 The noise level of the data in this
test is 20%

The true source functionpye is given by

10 (x+0:5)2+(y+0:5)?< 0:3%;

Prue (X;Y) = _ 14 (x 0:5)2+(y+0:5)? < 0:35;

8
% 12 (x 052+ (y 05)?< 0:3%;
§ (x+0:5)2+(y 0:5)< 0:3%;

9
0 otherwise.

In this test, the nonlinearity qis given by
p '
qis) = s(1 jsj) s2R:

The true and computed source functiong are displayed in Figure 3.3.



74

(@) (b)

(© (d) ()

Figure 3.3: Test 2. The reconstruction of the source function. (a) The functiopye
(b) The initial solution p© obtained by Step 3 in Algorithm 2. (c) The functionp®
obtained by Step 8 in Algorithm 2. (d) The true (solid), the initial solution (dot),
and computed source function (dash-dot) on the diagonal line in (c). (e) The curve
kp®  p* Vk1 () ; k=1;:::;5 The noise level of the data in this test i20%

In this test, we successfully recover all four inclusions. On the other hand, the
value of p in each inclusion is high, making the true solution far away from the
constant backgroundp, = 0. Hence,pp = 0 might not serve as the initial guess. Our
method to nd the initial solution in Step 3 in Algorithm 2 is somewhat e ective,
see Figure 3.3b. The computed images of the initial solution do not completely
separate the inclusions. Both computed values and images of the inclusions improve
with iterations. The computed source functionpeomp = p® is acceptable, see Figure
3.3c. Figure 3.3d shows that the constructed values in the inclusions are good. The
procedure converges very fast, see Figure 3.3e.

The true maximal value of the upper left inclusion is 9 and the computed one is
8.992 (relative error 0.0%). The true maximal value of the upper right inclusion is 12

and the computed one is 13.4 (relative error 11.67%). The true maximal value of the
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lower left inclusion is 10 and the computed one is 10.13 (relative error 1.3%). The
true maximal value of the lower right inclusion is 14 and the computed one is 14.86
(relative error 6.14%).

Test 3. The true source function is given by

8
21 0R<x2+y2< 082
Ptrue = >
0 otherwise.
The nonlinearity is given by
qs)= s> s2R:

The support of the function pyue is ring-like. This test is interesting due to the
presence of the void and the nonlinearity grows fast. The true and computed source

functions p are displayed in Figure 3.4.

(@) (b)

(© (d) ()

Figure 3.4: Test 3. The reconstruction of the source function. (a) The function
Prue (D) The initial solution p©@ obtained by Step 3 in Algorithm 2. (c) The function
p® obtained by Step 8 in Algorithm 2. (d) The true (solid), initial solution (dot)
and computed source function (dash-dot) on horizontal line in (c). (e) The curve
kp®  p* Vk1 () ; k=1;:::;5 The noise level of the data in this test i20%
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In this test, our method to nd the initial solution in Step 3 in Algorithm 2 is
somewhat acceptable. The void in the initial solutiop©® cannot be seen very well,
see Figure 3.4b. The contrast and the void are improved with iteration. The nal
reconstructed source functionp® is satisfactory, see Figures 3.4c and 3.4d. The
computed maximal value inside the ring is 1.094 (relative error = 9.4%).
Test 4. In this test, we identify two high contrast lines". The true source function

is given by

Prrue =

8
% 10 maXj xj=4;4jy 0:6j < 0:9gand jxj < 0:§;
E 8 maxj xj=4;4jy + 0:6] < 0:9gand jxj < 0:§;

0 otherwise.

The nonlinearity is given by
qs)= s* s2R:

The true and computed source functiong are displayed in Figure 3.5.

It is evident that Algorithm 2 provides a good computed source function. The
initial solution by Step 3 in Algorithm 2 is quite good although there is a negative"
artifact between the two detected lines, see Figure 3.5b. This artifact is reduced
signi cantly with iteration. We observe that the shape and contrasts of two lines are
reconstructed very well, see Figures 3.5¢c and 3.5d. Our method converges fast, see
Figure 3.5e.

The true maximal value of the source function in the upper line is 10 and the
computed one is 9.714 (relative error 2.8%). The true maximal value of the source

function in the lower line is 8 and the computed one is 8.041 (relative error 0.51%).
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(@) (b)

(© (d) ()

Figure 3.5: Test 3. The reconstruction of the source function. (a) The functiopye
(b) The initial solution p© obtained by Step 3 in Algorithm 2. (c) The functionp®
obtained by Step 8 in Algorithm 2. (d) The true and computed source function on
the line (dash-dot) in (c). (e) The curvekp® p& Y1y ; k=1;:::;5 The noise
level of the data in this test is20%

3.6 Concluding remarks

In this chapter, we analytically and numerically solve the problem of recovering the
initial condition of nonlinear parabolic equations. The rst step in our method is to
derive a system of nonlinear elliptic PDEs whose solutions are the Fourier coe cients
of the solution to the governing nonlinear parabolic equation. We propose an iterative
scheme to solve the system above. Finding the initial solution for this iterative process
is a part of our algorithm. The convergence of this iterative method was proved. We

show several numerical results to con rm the theoretical part.
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CHAPTER 4: CARLEMAN CONTRACTION MAPPING FOR A 1D INVERSE
SCATTERING PROBLEM WITH EXPERIMENTAL TIME-DEPENDENT DATA

4.1 Introduction

The phenomenon of multiple local minima and ravines of conventional least squares
cost functionals for Coe cient Inverse Problems (CIPs) is well known; see, e.g., [38]
for a numerical example. Some cost functionals for various CIPs can be found in, e.g.,
[10, 13, 14]. Due to this phenomenon, the convergence of a numerical method of the
minimization of that functional to the true solution of the corresponding CIP can be
guaranteed only if its starting point is located in a su ciently small neighborhood of
this solution. To avoid the latter, the so-called convexi cation method was initially
proposed theoretically in [20, 17] and more recently this method was tested on a
variety of CIPs. The corresponding results for multidimensional CIPs are summarized
in the recently published book [25]. As to the various versions of the convexi cation
method for the 1D CIP of this publication, we refer to publications [22, 23, 24, 40],
where the same experimental data as ones discussed in this chapter were treated.
In [39] the same CIP, although without experimental data was treated by another
version of the convexi cation method

In the convexi cation, a weighted Tikhonov-like functionalJ. is constructed rst,
where ; > 0 are two parameters. The weight is the Carleman Weight Function
(CWF). This is the function, which is used as the weight in the Carleman estimate
for the corresponding Partial Di erential Operator, see, e.g., [5, 6, 18, 25, 30, 42]
for some publications on Carleman estimates. That functional. is dened on a
bounded convex seS  H; whereH is an appropriate Hilbert space. Next, it is

proven that, for an appropriate choice of the parameters ; the functional J. is
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strictly convex on S, has a unique minimizer or§ and minimizers generate a sequence,
which converges to the true solution of the original CIP as long as the level of noise
in the data tends to zero. Letd(S) be the diameter of the setS. An important
point here is that a smallness condition is not imposed od(S) : This means that
convexi cation is a globally convergent numerical method in terms of the De nition
given below. We call the method outlined in this paragraph the the rst generation
of the convexi cation method".

De nition. We call a numerical method for a CIP globally convergent if there is
a theorem claiming that this method delivers at least one point in a su ciently small
neighborhood of the true solution of that CIP without advanced knowledge of a small
neighborhood of this solution.

The above functionalJ. is not a quadratic one. The main new element of this
chapter is that we minimize a sequence of quadratic functionals. More precisely,
unlike the above, we construct a sequence of linear boundary value problems (BVPs)
for certain PDEs with overdetermined boundary conditions and non-local terms. To
solve each of these BVPs, we apply a weighted version of the Quasi-Reversibility
Method (QRM). The weight is again the CWF. This is the reason why we call this
method Carleman Quasi-Reversibility Method" (CQRM). For each BVP, CQRM
minimizes a quadratic weighted functional on a bounded s&° which is an analog of
the above-mentioned seS. We analytically establish the key convergence estimate
for the sequence of minimizers of these functionals. Our convergence estimate implies
the global convergence of that sequence to the true solution of our CIP. We call the
technique of this chapter the second generation of the convexi cation method".

Remark 1.1 . The convergence estimate mentioned in the previous paragraph is
similar to the estimate of the classical contraction mapping principle; see the rst
item of Remarks 8.1 in section 8. This explains the title of our chapter.

Furthermore, due to its connection with the contraction mapping, that convergence
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estimate implies a rapid convergence of our technique. As a result, computations for
our experimental data are performed imeal time here; also, see Remark 11.1 in section
11 as well as section 12. On the other hand, real-time computations are not claimed in
the previous works of this research group on the rst generation of the convexi cation
method applied to the same CIP and with the same experimental data as ones used
in this chapter [22, 23, 24, 40]. The real-time computations are obviously important
for our described Real World application described below in this section. Thus, the
real-time computations for experimental data present ammportant advantageof the
technique of this chapter over the rst generation of the convexi cation method.

The QRM was rst proposed in [29], also, see, e.g. [7, 8, 19, 25] and references
cited therein for some follow up publications. Even though Carleman estimates were
used in [7, 8, 19, 25] to establish convergence rates, the CWFs were not involved in
numerical schemes.

For the rst time, the second generation of the convexi cation method involving
CQRM was published in [2]. We also refer to works [3, 4] of the same research
group for their later publications. In these papers, globally convergent numerical
methods for CIPs for hyperbolic PDEs irR" were developed. Itis assumed in [2, 3, 4]
that one of the initial conditions is not vanishing everywhere in the closed domain
of one's interest. In other words, papers [2, 3, 4] work in the framework of the
Bukhgeim-Klibanov method, see [9] for the originating work on this method as well
as, e.g., [5, 6, 16, 18, 25, 42] for some follow-up publications. The major di erence
between works [2, 3, 4] and all above-cited publications of our research group on the
convexi cation, including the current one, is that in our works either one of the initial
conditions is the  function and another one is zero, or a similar requirement holds
for the Helmholtz equation. The only exception is the paper [26], which works within
the framework of the method of [9], also, see chapter 9 of [25] for the same result as the

one in [26]. In [31] the second generation of the convexi cation was applied to solve an
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inverse problem of the determination of the initial condition of a quasilinear parabolic
equation. We refer to papers [12, 27] for some globally convergent numerical methods
for CIPs with the Dirichlet-to-Neumann map data. In these works, the numbem
of free variables in the data exceeds the number of free variables in the unknown
coe cient, m > n: In our chapterm = n = 1: Also, m = n in all other above-cited
works on the convexi cation.

We consider in this chapter a CIP for a 1D hyperbolic PDE. We show that our CIP
has a direct application in the problem of the stando detection and identi cation
of antipersonnel land mines and improvised explosive devices (IEDs). Thus, in the
computational part of this chapter, we present results of the numerical performance of
our technique for both computationally simulated and experimentally collected data
for targets mimicking antipersonnel land mines and IEDs. The experimental data of
this chapter were collected by the forward-looking radar of the US Army Research
Laboratory [35]. Since these data were described in some previous publications of our
research group [15, 22, 23, 24, 28, 40], then we do not describe them here.

From the applied standpoint, our goal is to compute approximate values of dielectric
constants of the above-mentioned targets. We point out that our experimental data
are severely under-determined Indeed, any target is a 3D object. On the other
hand, we have only one experimentally measured time-resolved curve for each target.
Therefore, we can compute only a sort of an average value of the dielectric constant
of each target. This is the reason of the mathematical modeling of our experimental
data by a 1D hyperbolic PDE rather than by its 3D analog. We believe that our
results for experimental data might potentially help to decrease the false alarm rate
in the problem of the stando detection and identi cation of antipersonnel land mines
and IEDs.

There is a classical Gelfand-Levitan method [32] for solutions of 1D CIPs for some

hyperbolic PDEs. This method does not rely on optimization and, therefore, avoids
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the phenomenon of local minima. It reduces the original CIP to a linear integral
equation of the second kind. This is the so-called Gelfand-Levitan equation” (GL).
However, the questions of uniqueness and stability of the solution of GL for the case
of noisy data are open; see, e.g., Lemma 2.4 in the book [36, Chapter 2]. This lemma
is valid only in the case of noiseless data. However, realistic data are always noisy.
In addition, it was demonstrated numerically in [15] that GL cannot work well for
exactly the same experimental data as the ones we use in the current chapter. On
the other hand, it was demonstrated in [22, 23, 24, 40] that the rst generation of the
convexi cation method works well with these data. The same is true for the second
generation of the convexi cation method of this chapter.

Uniqueness and Lipschitz stability theorems of the CIP considered here are well
known. Indeed, it was shown in, e.g. [40, 39] that, using a change of variables,
one can reduce our CIP to a similar CIP for the equationy = vyy + r (y)v;y 2 R
with the unknown coe cient r (y): We refer to [36, Theorem 2.6 of Chapter 2] for
the Lipschitz stability estimate for the latter CIP. In addition, both uniqueness and
Lipschitz stability results for our CIP actually follow from Theorem 8.1 below as well
as from the convergence analysis of [24] for the rst generation of the convexi cation
method for this CIP.

This chapter is arranged as follows. In section 2 we state both forward and inverse
problems. In section 3 we derive a nonlinear boundary value problem (BVP) with
nonlocal terms. In section 4 we describe our iterative solution of this BVP. In section
5 we formulate the Carleman estimate for the principal part of the PDE operator of
that BVP. In section 6 we prove the strong convexity of a functional of section 5 on an
appropriate bounded set in a Hilbert space. In section 7 we formulate two methods
for nding the unique minimizer of that functional: the gradient descent method and
the gradient projection method and prove the global convergence to the minimizer

for each of them. In section 8 we establish the contraction mapping property and
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prove the global convergence of the method of section 4. In section 9 we formulate
two more global convergence theorems, which follow from the results of sections 7 and
8. Numerical results with simulated and experimental data are presented in Section

10 and 11 respectively. Concluding remarks are given in section 12.
4.2  Statements of Forward and Inverse Problems

Below all functions are real-valued ones. Ldi > 1 be a known numberx 2 R be
the spatial variable and the functionc(x) 2 C3(R), represents the spatially distributed

dielectric constant. We assume that

o(x) 2 [Lb;x 2 R; (4.1)

c(x)=1ix2(1 ;"]I[ [L1); (4.2)

where" 2 (0;1) is a small number. LetT be a positive number. We consider the
following Cauchy problem for a 1D hyperbolic PDE with a variable coe cient in the

principal part of the operator:
C(X)Ug = Uyg; X2 R;t2 (0;T); (4.3)

ux;0)=0;u (x;0)= (x): (4.4)

The problem of nding the function u(x;t) from conditions (4.3), (4.4) is our forward
problem.
Let (x) be the travel time needed for the wave to travel from the point source at
f Og to the point X,
Z, b
(x) = c(s)ds (4.5)

0

By (4.5) the following 1D analog of the eikonal equation is valid:

o0 = " <) (4.6)
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Let H(z);z 2 R be the Heaviside function,

8
2 1. z>0;
H(2)=
0 z<0O:

Lemma 2.1 [24, Lemma 2.1] For x  0; the function u(x;t) has the form:

u(x;t) = H(t (X)) + b(x;t) ; 4.7)

1
2c4 (x)

where the functionb 2 C? (t (x)) and b(x; (x))=0: In particular,

lim u(xt) = !

th o+ (x) 2c=4 (x) : (4.8)

We also refer to books of Romanov [36, formulas (2.50), (2.51)], [37, Lemma 1.2.1]
for results, which are similar with the one of Lemma 2.1. Far more challenging similar
results in the 3D case can also be found in these books, see [36, Theorem 4.1], [37,
Lemma 2.2.1].

Lemma 2.2 (absorbing boundary conditions [24, 40]).Let b > " be the number
in (4.1). Let x; bandx, " be two arbitrary numbers. Then the solutiomu (x;1)
of forward problem (4.3), (4.4) satis es the absorbing boundary conditions at= x;
and X = Xo; i.e.

Uy (X1;t) + ug (Xq;t)=0; t2 (0;T); (4.9)
Ux (X2;t) U (X2;1)=0; t2 (0;T): (4.10)

We are interested in the following inverse problem:
Coe cient Inverse Problem (CIP) . Suppose that the following two functions

Oo(t), gu(t) are known:

u(st) = () u(5t)=a(t); t2(O;T): (4.11)
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Determine the functionc(x) for x 2 ("; 1), assuming that the numbeib >" in (4.1)

is known.

Remark 2.1 . Note that only the functiongy (t) can be measured. As to the function

0 (1) ; it follows from (4.10) that

g (1) = g(t): (4.12)

We di erentiate noisy functions using the Tikhonov regularization method [41]. Since

this method is well known, we do not describe it here.
4.3 A Boundary Value Problem for a Nonlinear PDE With Non-Local Terms

We now introduce a change of variable

qg(x;t) = u(x;t + (x)): (4.13)

We will consider the functionq(x;t) only fort  0: Using (4.6) and (2.22), we obtain

G 20k ° q %=0: (4.14)

Furthermore, it follows from (4.8)

1

q(x; 0) = 2059(x) 60: (4.15)
By (4.5) and (4.15)
%Px) = 2053(&;_(2): (4.16)
Substituting (4.6), (4.15) and (4.16) in (4.14), we obtain
40 _,. (4.17)

L@ o g * G
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Equation, (4.17) is a nonlinear PDE with respect to the functiorg(x;t) with nonlo-
cal terms g,(x; 0) and g(x; 0). We now need to obtain boundary conditions for the
function q: By (4.2) and (4.5) (x) = x forx 2 [0;"]: Hence, (4.11), (4.12) and (4.13)
lead to

a(it) = G (t+ ");a () =2g5(t+ ") ; 12 (O;T); (4.18)

We will solve equation (4.17) in the rectangle
= f(x;t):x2 (";b);t2 (0;T)g: (4.19)

By (4.13)
G(Xt) = UGt + (X)) + ut+ (x)) 1) (4.20)

By (4.1), (4.2) and (4.5) qb) = 1. Hence, using (4.9) and (4.20), we obtain
o(b;)=0: (4.21)
It follows from (4.1) and (4.15) that
g AX0) o x2[ibl (4.22)

In addition, we needq 2 C?() and we also need to bound the norrgke.y from

the above. LetR > 0 be an arbitrary number. We de ne the setB (R; go) as

8
% q2 H4(): Kakya, <R;
", " — ny. ", - 0 ny .
B(R:q) = qait+ ") = go(t+ ")sak(Mt) =205 (t+ "), 4.23)
% o (b;®) = 0;

= A060)  1=2x 2 [ b]:
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We assume below that

B(R;g) 6 ?: (4.24)

By embedding theoremB (R;go) C?() and
kakcey  KR; 802 B(R;Q): (4.25)
where the constantKk = K () > 0 depends only on the domain : Using (4.22), we

de ne the function ¢® (x; 0) as:

o (x;0) = 1= 26"* : if q(x;0)< 1= 20 : 802 B(R;Qo); (4.26)

8
g q(x; 0) if q(x;0)2 1= 204 ;1=2 ;
- 1=2 if q(x; 0) > 1=2:

8x 2 ["Db]:

Then the function ¢° (x; 0) is piecewise continuously di erentiable in[";b] and by

(4.25) and (4.26)

P (60) cpyimax £ 060)  KR; 832 B(Rigo); (4.27)
1 1
s 4060 5 x2[%b): (4.28)

Thus, (4.17), (4.18), (4.21), (4.26) and (4.28) result in the following BVP for a

nonlinear PDE with non-local terms:

G0 _gin (4.29)

BRRRPTCT

G (X 1) %(X;I)Wj;_o))z

q(";t) = go(t+ "); a(";t) =203t + "); q(b;t)=0: (4.30)

Thus, we focus below on the numerical solution of the following problem:
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Problem 3.1. Find a function q 2 B(R;gy) satisfying conditions (4.29), (4.30),
where the functiong®(x; 0) is de ned in (4.26).

Suppose that we have solved Problem 3.1. Then, using (4.15) and (4.26), we set

1

7 2ot

(4.31)

4.4  Numerical Method for Problem 3.1
4.4.1 The functiong (x;t)

We now nd the rst approximation (x;t) for the function g(x;t): Using (4.2),

we choosec(x) 1 as the rst guess for the functionc(x) : Hence, by (4.15),
1
B(x0) (4.32)

We now need to nd the function gy(x;t): To do this, drop the nonlinear third term in
the left hand side of equation (4.29) and, using (4.32) and (4.26et 1=(2c°(x; 0))2 =
2. Then (4.29), (4.30) become:

Ooxx (X; 1) 200k (X;t) =0 in (4.33)

W("t) = Gt +"); (1) =2g0(t+ "); dpx(; ) = O: (4.34)

BVP (4.33), (4.34) has overdetermined boundary conditions (4.34). Typically,
QRM works well for BVPs for PDEs with overdetermined boundary conditions [19,
25]. Therefore, we solve BVP (4.33), (4.34) via CQRM. This means that we consider
the following minimization problem:

Minimization Problem Number 0. Assuming (4.24), minimize the functional
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J9:B(R;g)! R on the set;

Z
‘](;O) () = (Coxx Zcbxt) e dxdt+ kODkH4() ; (4.35)

where€®’ is the Carleman Weight Function for the operator@ 2@ [39, 40]
e =e2kt) (4.36)

where 2 (0;1=2) is the parameter, and 2 (0;1) is the regularization parameter.
Both parameters will be chosen later.
Theorem 6.1 guarantees that for appropriate values of parameters; there exists

unique minimizer qo.min B (R; go) of the functional JEO) (p):
4.4.2 The functiong, (x;t) forn 1

Assume that functionalsJ™(gn) : B(R;go) ! R are dened form =0;::5n 1
and their minimizers functionsf g min g”m:é B(R; go) are constructed already, all for
the same values of parameters ; . Replace in (4.29)q(x;t) with ¢, (x;t); ¢°(x; 0)
with of vmin (% 0); Gk (X; 1) With @ 1y;min (X;1) and g (x;t) with @ 1y;min (X;1)
Then problem (4.29), (4.30) becomes a linear one with respect to the functign(x; t) ;

Ghoc (X: 1) Gt (X; 1) @j(n 1):min (X; ) @n 1)m|n( O) 0in : (4.37)

2 q(w) 1;min(X; 0) 2 Cﬁ 1m|n(X O)

Gh(" 1) = Go(t+"); Ghe("51) = 2g5(t + "); Ghe (D)) = O (4.38)

To solve problem (4.37), (4.38), we consider the following minimization problem:
Minimization Problem Number n. Assuming (4.24), minimize the functional
JE”) :H*() ! R on the setB(R;q);

Z

J(;n)(ch) — o (1) Ohxt (X; 1) @j(n 1;min (X; 1) @QGn 1) min (X; 0) 2 & dxdt

2 ch) 1;min (X; 0) 2 C‘ﬁ 1;min (X O)
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+ KonkGay (4.39)

Suppose that there exists unique minimizetg,.min 2 B(R;go) of the functional

JE”)(q1): Then, following (4.31), (4.26) and (4.31), we set

1 .
2q(wJ;min (X; 0) v

G (X) = (4.40)

The rest of the analytical part of this chapter is devoted to the convergence analysis

of the iterative numerical method presented in this section.
4.5 The Carleman Estimate

In this section, we formulate the Carleman estimate, which is the main tool of our
construction. This estimate follows from Theorem 3.1 of [24] as well as from (4.27)
and (4.28). Letq(x;t) 2 B(R;g) be an arbitrary function and let the function
d® (x; 0) be constructed from the functiong(x;t) as in (4.26). Consider the operator

Lo:H?() ! La() ;

LoU = Uk (X;t)  Ux(X;1) for all (x;t) 2

1
2 (cP(x; 0))*"
Theorem 5.1 (Carleman estimate [24]).There exists a number o= o(R;) >0
depending only onR; such that for any 2 (0; o) there exists a su ciently large
number o= o(R; ; )> 1depending only onR, ; such that for all o and

for all functions v 2 H?() the following Carleman estimate holds:

Z
(Lov)? € dxdt

z Z,
C VZ+v2 o+ v e dxdt+ C v 2(x;0)+ S3v¥(x;0) e %X dx

Z

C VRSt + VRt + VA(ht) e 2 0 Dt (4.41)
0
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Z b
C VI T)+ 3V2(x;T) e 2 " Tdx:

Remark 5.1. Here and everywhere below€ = C(R; ; ) > 0 denotes di erent

constants depending only on listed parameters.

4.6  Strict Convexity of Functional (4.39) on the SeB (R; go), Existence and

Uniqueness of Its Minimizer

Functional (4.39) is quadratic. We prove in this section that it is strictly convex on
the setB(R; go): In addition, we prove existence and uniqueness of its minimizer on
this set. Although similar results were proven in many of the above-cited publications
on the convexi cation, see, e.g. [24] for the closest one, there are some peculiarities
here, which are important for our convergence analysis, see Remarks 6.1, and 6.2
below.

Introduce the subspaceHi () H*() as:
Ho()= V2H*(): v(5t)= v ()= w(b;y=0 (4.42)

Denote[;] the scalar product in the spaced4() : Also, denote

1 -
21
2 qEI) 1;min (X; O)

An () (X t) = G (X1) Qe (X51) (4.43)

@O(n 1);min (X; 0) .
2 ch) 1;min(X; 0) *

Theorem 6.1. Let 3 be the functional de ned in (4.39) Then:

Bn (X;t) = @n 1):min (X; ) (4.44)

1. For any set of parameters; and for any q2 B(R;go) this functional has the

0 0
Frechet derivative J(;”)(q) 2 H3() : The formula for J(;”)(q) is:

3™ “(h)
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4

=2 (An(@ () + Ba(x:1)) An (h)(x;t) € dxdt+2 [q;h]; 8h2 Hg() :
(4.45)
2. This derivative is Lipschitz continuous inB (R; gy), i.e. there exists a constant

D > 0 such that

0 0 [
IP@ I Dke Ky, i forall ;e 2 B(R; go):
H4()
(4.46)
. Let o= o(R;) >0, 2(0; o) and o= (o(R; ; ) 1be the numbers of

Theorem 5.1 Then there exists a su ciently large constant
1= 1(R, ; ) 0~ 1 (447)

depending only on listed parameters such that forall ,andforall 2 2 T ;1
the functional J(;”)(q) is strictly convex on the setB (R;g): More precisely, letq 2
B (R;g) be an arbitrary function and also let the functiomg+ h 2 B(R; g): Then the

following inequality holds:

Z p

0 i .
I@+h) 3@ I"@ () cC h2+h? + %% & dxdt

Zy
+C h 2(x;0)+ 3h3(x;0) e 2*dx+ Ekhkf'4() . 8 ¥ (4.48)
4. For any 1 there exists unique minimizer
Oh; min 2 B(R;go) (4-49)

of the functional 3" (q) on the setB(R; go). Furthermore, the following inequality
holds:
0 [
3@ ia Gmn 0 892 B(RIg): (4.50)
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Remark 6.1 . Even though the expression on the right-hand side of (4.45) is linear
with respect to the functionq; we cannot use Riesz theorem here to prove the existence
and uniqueness of the minimizer, nn; at which J(;”)(q“min) ° = 0: Rather, all
what we can prove is (4.50). This is because we need to ensure that the function
Ghimin 2 B(R; Qo).

Proof of Theorem 6.1 . Since both functionqg; g+ h 2 B(R;g) satisfy the same
boundary conditions, then

h2Hg() : (4.51)

By (4.39) and (4.51)

Z
IV@+hy I@=2  (An(@(it)+ By (1) An(h) (xit) &' dxdt+2 [q;h]

Z
+ [An()(xD)P € dxdt+ khkZs, ; 8h2 HE() (4.52)

The expression in the rst line of (4.52) coincides with the expression in the right-
hand side of (4.45). In fact, this is a bounded linear functional mappingls () in
R. Therefore, by Riesz theorem, there exists a unique functiah (q) 2 Hj () such

that
h

i
$(@;h =
Z
=2 (An(@(X;t)+ By (x;t)) An(h)(x;t) € dxdt+2 [qg;h]; 8h 2 Hg() :
(4.53)

In addition, it is clear from (4.52) and (4.53) that

( i)

1 h h |
lim ——— 3"@g+h I"Q &(@;h =0:

khkya ! 0 Khkya)

Therefore,

£@= IP0@ 2HI) (4.54)
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is the Frechet derivative of the functionald™(q) : B(R;go) ! R at the point g 2
B(R; go); and the right hand side of (4.45) indeed represents) " (q) O(h) : Estimate
(4.46) obviously follows from (4.45).
We now prove a strict convexity estimate (4.48). To do this, we apply Carleman

estimate (4.41) to the third line of (4.52). We obtain

3@+ ) I%@  I7@ ()
z Z,
C h2+ h? + 3%h? & dxdt+ C h2(x;0)+ 3h?%(x;0) e 2* dx
Z, '
c h2(x;T)+ 3h?(x;T) e 2 " Tdx+ khkﬁm ; 8h2 Hy() : (4.55)

By trace theorem there exists a constanC; = C;() > 0 depending only on the

domain such that
kviGa,  Cikv (X T)kgs 5 8V 2 HY()

Since the regularization parameter 2 2e T ;1 ; then we can choose; so large
that

501 Cie " >Ce 2(*T)- g 18X 2 [:h]:

Hence, for these values of the expression in the last line of (4.55) can be estimated

from the below as:

Zb
c h2(6T)+ *h%(xT) e 2 0" Ddx+ khk?., Ekhkﬁm ; 8h 2 HA() :

(4.56)



99
Hence, (4.55) and (4.56) imply
0 z
IP@+h) 3@ 3@ () C  hZ+h? + h? e dxdt

Z b
+C h2(x;0)+ 3h%(x;0) e 2% dx + §khkﬁ4o ;8 1

This proves (4.48). The existence and uniqueness of the minimizgf,.n 2 B(R;do)
and inequality (4.50) follow from (4.48) as well as from a combination of Lemma 2.1
and Theorem 2.1 of [1], also see [33, Chapter 10, section 3].

Remark 6.2 . Since the functionaIJE”)(q) is quadratic, then its strict convexity on
the whole spaceH*() follows immediately from the presence of the regularization
term ko, kfw) in it. However, in addition to the claim of its strict convexity, we
actually need it in our convergence analysis below those terms on the right-hand side of
the strict convexity estimate (4.48), which are di erent from the term khkﬁm =2
These terms are provided by Carleman estimate (4.48). The condition2 2e T ;1
of Theorem 6.1 is imposed to dominate the negative term in the last line of (4.55):

see (4.56).
4.7 How to Find the Minimizer

Since we search for the minimizeg,. i, of functional (4.39) on the bounded set
B(R;go) rather than on the whole spaceH*() : then we cannot just use Riesz
theorem to nd this minimizer, also see [1] and [33, Chapter 10, section 3] for the
case of nding a minimizer of a strictly convex functional on a bounded set. Two

ways of nding the minimizer ¢,.min 2 B(R; go) are described in this section.



100
4.7.1 Gradient descent method

Keeping in mind (4.24), choose an arbitrary functiortp,, 2 B(R; go): We arrange

the gradient descent method for the minimization of functional (4.39) as follows:
_ (n) O v — 10
Ck;n - Ckk 1);n J : (Ckk 1);n) ’ k= 11 21 reey (457)

where 2 (0;1) is a small number, which is chosen later. It is important to note that
since functionsJ E”)(q(k 1n) 2 H3 () ; then boundary conditions (4.38) are kept the

same for all functionsg., (X;t) : Also, using (4.26) and (4.40), we set

1
Cen (X) = W; X2 ["b]; (4.58)
Crimin (X) = 2@ (x:0) 7 X 2 [ b]: (4.59)

Theorem 7.1 claims the global convergence of the gradient descent method (4.57)
to the pair (Gh:min; Cr:min) IN the case whemgyin.n 2 B(R=3; gy); see Remark 7.2.
Theorem 7.1 . Let the number = (R; ; ) o > 1 be the one de ned in
(4.47). Let 1. For this value of ; let ¢,.min 2 B (R; go) be the unique minimizer
of the functional Jf”)(%) on the setB (R;go) with the regularization parameter 2
2e T ;1 (Theorem 6.1). Assume that the functiong,.min 2 B(R=3; g): For eachn;
choose the starting point of the gradient descent method (4.57) @s, 2 B(R=3; g):
Then, there exists a number o 2 (0;1) such that for any 2 (0; o) all functions
Gen 2 B(R;go): Furthermore, there exists a number = () 2 (0;1) such that the

following convergence estimates are valid:
KGcn  OhyminKya( “KQon  Oh:min Kagy k=150 (4.60)

ka;n Cn; min kH 3("b) C K kq:);n Ch; min kH 4() ; k=1, (4.61)
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Proof . Estimate (4.60) follows immediately from [21, Theorem 4.6] combined with
corrections” of functions g, (X; 0); th:min (X; 0) via (4.26). Estimate (4.61) follows

immediately from trace theorem, (4.26) and (4.58)-(4.60).
4.7.2  Gradient projection method

Suppose now that there is no information on whether or not the functiorng,. min 2
B (R=3;g): In this case we construct the gradient projection method. We introduce
the function F (x;t) below since it is easy to construct the projection operator on a
ball with the center at f0g:

Consider the function (x) such that

(x) 2 C*[bl; ()=

8

% 1,x2["b=4];
0;x 2 [b=2;1;

2

betweenO and 1 for x 2 (b=4; b=2):

The existence of such functions (x) is well known from the Real Analysis course.

Suppose that the functiongy(t) 2 H>(0; T + ") : De ne the function F 2 H%() as

Fot)= () (g(t+")+2xgo(t+"):
Then
F(1) = go(t+"); Fx("t) =200t + "); Fe(b;t) = 0: (4.62)

Denote

P (Xit) = ch (X1)  F(X;t): (4.63)
Then (4.37), (4.38) become:

1
2 q? 1;min (X; 0) ?

Pk (X3 1) Prxe (X3 1) (4.64)
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1 @Yn 1):min (X; 0) :
+Fx (X t) Fa(Xt) + @Yn 1);min (X 1) ‘ =0in ;
2 q(w) 1;min (X; 0) ? 2 q(w) 1;min (X; 0) °
Pa("; 1) =0; pux (" 1) =0;px(b;) =0: (4.65)
Assume that
kFkysy <R (4.66)
By (4.62), (4.63), (4.65), (4.66) and triangle inequality
n 0]
ph2Bo(2R)= p2H;(): kpkys) < 2R (4.67)

To nd the function p, 2 Bo(2R) satisfying conditions (4.64), (4.65), we minimize
the following functional | (;”)(pn) :Bo(2R)! R

1 (p) = 3™ (pn + F); o 2 Bo(2R): (4.68)

Remark 7.1. An obvious analog of Theorem 6.1 is valid of course for the functional
1 " (pn) de ned in (4.68). But in this case, we should have instead of (4.47) € =
1(2R; ;) o> 1 In particular, there exists unique minimizerp,. min 2 Bo (2R)
of this functional on the closed balB, (2R): We omit the formulation of this theorem
since it is an obvious reformulation of Theorem 6.1.
Let Pg gy : Hg() ! Bo (2R) be the projection operator of the spacélj() on

the closed ballBo (2R) Hg () : Then this operator can be easily constructed:

8

2 pifp2 By(2R);
PBO(ZR) (p) = >

kpkii() pif p 2By (2R):

We now construct the gradient projection method of the minimization of the func-

tional I(;”)(pn) on the setBg (2R): Let pon 2 B (2R) be an arbitrary function. Then
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the sequence of the gradient projection method is:
_ (n) 1.0
Pk;n = Pm Pk 1)in 17 (P 2yn) k=120 (4.69)

where 2 (0;1) is a small number, which is chosen later. Using (4.58), (4.59) and

(4.63), we set

1
&n (X) = W; x 2 ["b]; (4.70)
— 1 . LI .
€n;min (X) - Zq?;min (X; 0) 7 X 2 [ ,b]- (4-71)

Here the function ), (x; 0) is obtained as follows: First, we consider the function
(Pnk + F)(x;0): Next, we apply procedure (4.26) to this function. Similarly for
q(w);min (X; O):

Denote pn.min 2 Bo(2R) the unique minimizer of functional (4.68) on the set

Bo (2R) (Remark 7.1). Following (4.63), denote

&:min = Prmin + F; & = Pen + F: (4.72)

We omit the proof of Theorem 7.2 since it is very similar to the proof of Theorem 7.1.
The only di erence is that instead of Theorem 4.6 of [21] one should use Theorem 4.1
of [24].

Theorem 7.2 . Let (4.62), (4.66) hold. Let the number ;= (R; ; ) 0> 1
be the one de ned in (4.47) and let

€= 1R ;) a(R )

For this value of and for 2 2 T ;1 let pumn 2 Bo(2R) be the unique
minimizer of functional (4.68) on the setB, (2R) (Remark 7.1). Let notations (4.70)

hold. For eachn; choose the starting point of the gradient projection method (4.57)
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as pon 2 Bo(2R): Then there exists a number, 2 (0; 1) such that for any 2 (0; o)
there exists a number = () 2 (0;1) such that the following convergence estimates

are valid for the iterative process (4.69):
kacn Q1;mink|_|4() kkQ);n Q1;mink|_|4() ;

ke«;n en;minkH4() C kkq);n qtminkH4() ;

where functionseén; €:min; &n; &:min are de ned in (4.70)-(4.72).

Remark 7.2. Both Theorems 7.1 and 7.2 claim the global convergence of corre-
sponding versions of the gradient method to pai®h: min; Cnh:min) &Nd (& min; €:min) -
This is because the starting function in both cases is an arbitrary one either in
B (R=3;g) or in Bp(2R) and a smallness condition is not imposed on the num-
ber R. Also, see the second item of Remarks 8.1 and our de nition of the global

convergence in Introduction.
4.8 Contraction Mapping and Global Convergence

In this section, we prove the global convergence of the numerical method of section
4 for solving Problem 3.1. To do this, we rst introduce the exact solution of our
CIP. Recall that the concept of the existence of the exact solution is one of the main
concepts of the theory of ill-posed problems [5, 41]. In particular, an estimate in our
global convergence theorem is very similar to the one in contraction mapping.

Suppose that there exists a functiorc (x) satisfying conditions (4.1), (4.2). Let
u (x;t) be the solution of problem (4.3), (4.4) withc := ¢ : We assume that the
corresponding datag, (t) ; @g, (t) for the CIP are noiseless, see (4.11), (4.12). Let
g (x;t) be the functionqg (x;t) which is constructed from the functionu (x;t) as in

(4.13). Following (4.23), we assume that

g 2 B(R;9y); (4.73)
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8 9
% a2 H*(): kakys, <R %
", wy — wy. ", - 0 ny . =
B(R:q) = qt+ ") = Gt + ");a (1) =2(g) (t+"); : 4.74)
g a(b; 9 =0; %
' w906 0)  1=2x 2 [";b] ’
By (4.29)-(4.30)
. . 1 . &(0)
G (X; 1) %(X1t)m+ Q(Xat)m =0 in (4.75)
q(5t)= g(t+"); q(it)=2@5 (t+");q(b;)=0: (4.76)
By (4.15)
1
- - . 4.77
° %" 2 o) @77

It is important in the formulation of Theorem 6.1 that both functions gand q+ h
should have the same boundary conditions as prescribednR; go): However, bound-
ary conditions for functionsq, and q are di erent. Hence, similarly to subsection

7.2, we consider a functior 2 H#() such that (see (4.62))

F (1= gt+"); F (1) =2@0(t+"); F(b;)=0: (4.78)

We assume similarly to (4.66) that

KF Ko, <R: (4.79)

Also, similarly to (4.63), we introduce the functionp (x;t) as:

p (x;t)= g (x;t) F (xt): (4.80)

Let ; be the number de ned in (4.47), let 1 and the function ¢y.min 2 B (R; Qo)
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(see (4.49)) be the unique minimizer of the functiondf”)(%) on the setB (R; o);

the existence of which is established in Theorem 6.1. Following (4.63), denote
Primin (X; 1) = Chymin (1) F (X;1) (4.81)
By (4.49), (4.67), (4.73), (4.74) and (4.79)-(4.81)
Primin; P 2 Bo (2R): (4.82)
Also, it follows from embedding theorem, (4.25), (4.49), (4.66), (4.79) and (4.82) that

kq kcz(*) ; kp kcz(*) ; kC%;min kCZ ; kpn;min kc C: (483)

) 2()

We assume that the datago; g for our CIP are given with noise of the level;

where the number > 0is su ciently small. More precisely, we assume that
KF F Kkyay < (4.84)
Observe that (4.26), (4.73) and (4.74) imply that
G 1min G0) @ (60) j G zmin (50) g (x;0)j; x 2 [%b]: (4.85)

By (4.75), (4.76), (4.78) and (4.80)

: : 1 o %(x0) : 1 _
Pac (D) P (615 QOG5 SEos + P Fulbi gy
(4.86)
in [0; T] and
p("t)=p("1t)= p(b;9=0: (4.87)

Theorem 8.1 (contraction mapping and the global convergence of the method of
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section 3). Let functions F,F 2 H#*() satisfy conditions (4.62), (4.66), (4.78),
(4.79) and (4.84). Let a su ciently large number ;= (R; ; ) o> 1 be the
one de ned in (4.47). Let

€= 12R; ;) (R ;): (4.88)

For this value of ; let g.min 2 B (R;go) be the unique minimizer of the functional
JE”)(q1) on the setB (R; o) with the regularization parameter 2 2e T ;1 (The-

orem 6.1). Let

0, = hmn 9;C = Cymin C, (4.89)

where ¢, min IS de ned in (4.59). Then the following convergence estimate holds

z Z,
Gy + G+ @ (xt)e? dxdt+ @+ @ (x;0)e ** dx

Z
Bo ox * T et B 5 (6t) € dxdt (4.90)
c4v
= T 0x (G 0)+ T ; (x;00e 2*dx+C 2+
which leads to: 7
W, + 05+ @ (xt) € dxdt (4.91)
cn z

= R+ Rt R ()& dxdt+ C 2+

n

In addition,

Z

n
Kenkiiey — OB+ B+ G (Gt)€ dxdt+C 2+ (4.92)

Remarks 8.1 :

1. Due to the presence of the tern€= with a su ciently large , estimate (4.90)



108
is similar to the one in the classical contraction mapping principle, although we do
not claim here the existence of the xed point.

2. When computing the unique minimizerg.min of functional (4.35) on the set
B(R; go); we do not impose a smallness condition on the number Therefore, The-
orem 8.1 claims the global convergence of the method of section 4: see our de nition
of the global convergence in Introduction. The same is true for Theorems 9.1 and 9.2
in section 9.

Proof Theorem 8.1. Denoteh, = p pPymin: By 4.81)h, = g,+(F F):
Hence, (4.84) and embedding theorem imply:

1 1 1 .-
hi 5% C%ho St CHhy 5% C%in g (4.93)

n

h2+h2 +hy C @R+ ++ % in (4.94)

Consider the functionall ™M (p) = 3™ (p + F): Since both functionspy,min and
p have the same zero boundary conditions (4.65) and since by (4.82) both of them
belong to the setB, (2R), then the analog of Theorem 6.1, which is mentioned in

Remark 7.1, implies (see (4.48))

| (;n)(p ) | (;n)(pn;min) I (;n)(pn;min) O(h”)

Z h i
C hZ, + h2 + 35h? & dxdt (4.95)

z b
+C h2 (x;0)+ 3%h2(x;0) e 2*dx+ Ekhnkﬁm 8 €
By (4.50)
(n) 0 :
I; (pn;min) (hn) O:
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Hence, the left hand side of (4.95) can be estimated as:

D) 1@ 1P Gun) () 1V (p): (4.96)

We now estimate the right-hand side of (4.96) from the above.
(4.39), (4.68) and (4.75) that

It follows from

Z
1W(p)= G2e* dxdt+ kp + FKis, ; (4.97)
where
1 n ;min ;O
Gn = p (Xi1) P (X 1) 5+ @Yn 1y;min (Xi 1) @ _zymin (X )3
2 n l);min(X; O) 2 n 1);min(X; O)
+Fxx Fxt(X;t) ! 2
2 n 1);min(X; O)
1 o (x; 0)
= g, (x;t L(x;t o+ ) —— 4,98
D o T Y 2q 0 (4.59)
1
+(F F )xx (F F )xt 2
2 n 1);min(X; O)
0 1
1 1
. %2  2ymin (X: 0) ?2(q(x0)?
0 1
i @O(n 1);min(X; O) . C&(X; O)
+ n 1):min (X 1 X)) ———— A .
%@q e )2 n 1)min (% 0) o A )2(q (x;0))°

By (4.75), the third line of (4.98) equals zero. Hence, (4.98) becomes

1
Gn:(F F)xx+(F F)xt 2
2 n 1);min (X; O)
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0 1
1 1
. %2 y 2):min (% 0) ?2(q(x0)°
0 1
. @O(n 1);min (X; O) . qx(X; 0)
n 1:min (X5t )3
* 0 o > (G 0) 3@ oy

Hence, by (4.26), (4.84) and embedding theorem

1 1
(X; O) ? 2 (q (X; O))2

jGoj C +C
2

n 1);min

n 1);min (X; 0 ;0
+ @ 1min (X;1) @tn_1ymin (X )3 q (x;t)% : (4.99)
2 n 1);min (X; 0) g%
Using (4.84) and (4.85), we obtain
1 1

2 (X; 0) 2 2 (q (X; 0))2

n 1);min

0(On 1);min (X’ 0) q (X’ 0) (F F )(X’ 0) 0(On 1);min (X1 O) + q (X1 O)
2 ) 4 (0) (a (6 0))"

C +Cjhy 1(x;0):

Combining this with (4.99), we obtain
jGnj C + Cjhy 1(x;0)j

+ @fn 1min (X;1) @ 1ymin (X; 0)3 a4 (x:1) q,(x; 0)

— 4.100
2 (x: 0) 2(a (x0))° (4109

n 1);min



Next,
1 _ 1
2 n 1);min (X; O) i 2 (q (X; O))3
0 1
1 1
’ E'Dz 0 ° 2@ 00)

n 1);min

T 2q o)

where the functionS, ;(x; 0) can be estimated as
jSh 1(%0) C:

Hence,
n :min (X; 0
@J(n 1);min (X;t) @0( = (X )3 =
2 (x; 0)

n 1);min

@yn 1:min (X 1) @Gn 1);min (X; 0) N
2(q (x;0))°

+ @j(n 1);min (X;t) @O(n 1);min (X; O)

Sh l(X; O) O(On 1);min (X; O) q (X; O) (F F )(X; O) :

Hence, using (4.23), (4.26), (4.73), (4.85) and (4.101), we obtain

i @O(n 1);min (X; O) . C&(X; O)
n :min it )=
o e (51 o’ Vg oy

n 1);min

m @n 1:min (X 1) @n 1):min (X, 0) g (X; )0 (X; 0)

+C( +jhy 1(x;0))

C( +jhn 1(X0)j+j@hn 1x (X 0) + jhn 1 (X 1)) :

111

Sn 1 (X; O) Ckon 1);min (X; O) q (X; 0) (F F )(X; 0) ;

(4.101)

(4.102)
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Combining (4.100) with (4.102), we obtain

IGa(xt)]  C( +jhy 1 (X;0)j + jhn 1 (% 0)f + jhn 1 (X; 1)) :

Hence, by (4.97)

Z
W) € Z+h (0 +h2 , (x0)+h2 . (xt) & dxdt+ C:

Substituting this in (4.96) and then using (4.95), we obtain

z Z,
h2 + hZ + h? & dxdt+  h2 (x;0)+ h2(x;0) e 2*dx

Z
¢ 2+ h: L (0)+ h2 1 (x;0)+ hZ 1 (x;t) € dxdt+C:  (4.103)
Obviously
Z L Zs
hy 1 (% 0)+ hy 1, (x;0) & dxdt > . hta 1x(60) + ha 1(x;0) e 2*dx;
. 2 (4.104)
¢ dxdt C—;: (4.105)
Denote
z z,
Yn = h2, + h% + hZ € dxdt+ hZ (x; 0)+ h2(x;0) e ?*dx:  (4.106)
Then (4.103)-(4.105) imply
C 2
Yo —Yn1+tC —+ : (4.107)
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Iterating (4.107) with respect ton; we obtain

y Z,
h2 + h2 + h2 & dxdt+ " hZ, (x; 0) + h2(x; 0) e 2* dx

z z,
— ha, + h3 + h3 & dxdt+ " h2.(x; 0) + h3(x; 0) e 2Xdx  (4.108)

c 2
+ —+

2
Apply (4.93) to the left-hand side of the estimate (4.108). Also, apply (4.94) at =0
to the right-hand side of (4.108). We obtain (4.91). Estimate (4.92) follows from an
obvious combination of (4.91) with (4.59), (4.77), (4.85) and (4.89). Finally, estimate
(4.90) follows immediately from (4.93), (4.94) and (4.103).

4.9 Global Convergence of the Gradient and Gradient Projection Methods to the

Exact Solution

First, we consider the gradient method of the minimization of functionals(;”)(o(k 1y:n)
on the setB(R; go); see (4.57). The proof of Theorem 9.1 follows immediately from
the triangle inequality combined with Theorems 7.1 and 8.1.

Theorem 9.1 . Let o and ( be the numbers of Theorem 5.1. Let the su ciently
large number 1= (R; ; ) o > 1 be the one de ned in (4.47). Let the number

€, be the same as in (4.88),
€= 1R ;) (R )

Let 1 and let the regularization parameter 2 2e T ;1 : Assume that the
functions gynin.n 2 B(R=3;gy) for all n: For each n, choose the starting point of the
gradient method (4.57) astp.n 2 B(R=3; g): Then there exists a number, 2 (0;1)
such that for any 2 (0; o) functions o., 2 B(R;go);8k;n = 1;::: Furthermore,

there exists a number = () 2 (0;1) such that the following convergence estimate
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is valid:
ka;n c kH 1("b) C k kcb;n Ch; min kH 4()

cn=2 z . 1=2 o _
t = U(2)x + qz)t + 0(2) (x;t) € dxdt +C + :

where the functiong, is de ned in (4.89).

Consider now the gradient projection method of the minimization of the functionals
1™ (pa) = 3™ (pn + F) in (4.68) on the setB, (2R), see (4.69). We use notations
(4.70). Theorem 9.2 follows immediately from the triangle inequality combined with
Theorems 7.2 and 8.1.

Theorem 9.2. Let the number ;= (R; ; ) o > 1 be the one de ned in

(4.47). Let the number €, be the same as in (4.88),
€= @R ) (R )

Let 1 and let the regularization parameter 2 2e T ;1 : Consider the gradi-
ent projection method (4.69). For eacn, choose the starting poinip., of this method
as an arbitrary point of the ballBo(2R): Then there exists a number 2 (0; 1) such
that forany 2 (0; ) there exists a number = () 2 (0;1) such that the following

convergence estimate is valid:

ke«;n c kH 1("b) C k kQZ);n Qumin kH 40)

Z 1=2 p _

+Cn:2 o + G, + 35 (x;t) €8 dxdt +C + :

n=2

where functionsen; @.n; G:min @and q, are de ned in (4.70), (4.72) and (4.89) re-

spectively.
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4,10 Numerical Studies
4.10.1 Numerical implementation

To generate the simulated data, we use Lemma 2.2. This means that we solve
problem (4.3), (4.4) for the case when the whole real line is replaced by a large
interval ( a;a) with the absorbing boundary conditions (4.9) (4.10). More precisely,

just as in Section 6.1 of [24], we use the implicit scheme to numerically solve

: cur (1) = Ua(Xt) ()2 ( a8 (0;T);
% ul a;t) u( a;t) = 0 t2 (0;T);
u(a;t)+ ux(a;t) = 0 t2 (0;T); (4.109)
§ uix;0) = 0 X2 R;
' u(x;0) = €x) X2 R;
wherea=5, T =6 and
°) = pte

is a smooth approximation of the function (x). We solve the problem (4.109) by
the implicit nite di erence method. In the nite di erence scheme, we arrange a
uniform partition for the interval [ a;al asfyo= a;yi;:::;yvn = ag [ a;a with

yi = a+2ia=N, i =0;:::; Ny, whereNy is a large number. In the time domain, we

ti = JT=N¢; whereN; is a large number. In our computational settingN, = 3001
and N; = 301. These numbers are the same as in [24].

We observe a computational error for the functioru near (x = 0;t = 0). This is
due to the fact that the function €(x) is not exactly equal to the Dirac function. We
correct the error as follows. It follows from (4.2), (4.7) and (4.8) that(x;t) = 1=2
in a neighborhood of the point(x;t) = (0;0): We, therefore, replace the datai( ;t)

by 1=2 when jtj is small. In our computation, we setu(x;t) = 1=2 for (x;t) 2



116
[0;0:0067] [0;0:26] This data correction step is exactly the same as in Section 6.1
of [24] and is illustrated by Figure 2 in that publication. Then, we can extract the

noiseless datay, easily. We next add the noise into the data via the formula

G = g(1+ rand) (4.110)

where is the noise level, and "rand" is the function that generates uniformly dis-
tributed random numbers in the range[ 1; 1]: In all numerical tests with simulated
data below, the noise level = 0:05;, i.e., 5% Due to (4.12), the functiong; = g
Due to the presence of noise, see (4.110), we cannot compgite= g9 by the nite
di erence method. Hence, the functiongd is computed by the Tikhonov regulariza-
tion method. The version of the Tikhonov regularization method for this problem is
well-known. Hence, we do not describe this step here.

Having the data for the function g in hand, we proceed as in Algorithm 1. In step

Algorithm 3 A numerical method to solve Problem 3.1

1. Choose a set of parameters, and
2: Compute the functiong by minimizing the functional J(;o) de ned in (4.35). Due
to (4.15), the initial reconstruction is given by

Cnit (X) = forall x 2 [;Db]:

1
(2o0(x; 0))*
3: Assume that the functiong, ; is known. We compute the functiong, by mini-

mizing the function JE”) de ned in (4.39).
4: SetGomp = Gh Whenn = n is large enough.
5: Due to (4.15), the function c;omp IS set to be

1
(20comp(X; 0))*

Ceomp(X) = forall x 2 [;Db]:

1 of Algorithm 3, we choose =2, =0:3and =10 !!: These parameters were
chosen by a trial-error process that is similar to the one in [39]. Just as in [39], we

choose a reference numerical test in which we know the true solution. In fact, test
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1 of section 10.2 was our reference test. We have tried several values, af and

until the numerical solution to that reference test became acceptable. Then, we
have used the same values of these parameters for all other tests, including all ve
(5) available cases of experimental data.

We next implement Steps 2 and 3 of Algorithm 1. We write di erential operators
in the functionals JEO) and J(;”) in the nite di erences with the step size in space

X = 0:0033and the step size in time t = 0:02 and minimize resulting functionals
with respect to values of corresponding functions at grid points. Since the integrand
in the de nitions of the functional J(;”); n = 0;1;:: is the square of linear functions,
then its minimizer is its critical point. In nite dierences, we can write a linear
system whose solution is the desired critical point. We solve this system by the
command Isqlin" of Matlab. The details in implementation by the nite di erence
method including the discretization, the derivation of the linear system for the critical
point, and the use of Isglin” are very similar to the scheme in [34]. Recall that
in our theory, in the de nition of the functional Jf”) acting on ¢,, see (4.39), we
replacedg, i with its analog ¢, 1.min Which belongs to the bounded seB (R; go); and
also replacedd, 1.min (X; 0) with of 1min (X; 0). These replacements are only for the
theoretical purpose to avoid the case whey, ; blows up. However, in the numerical
studies, these steps can be relaxed. This means that in Step 3, we have minimized

the nite di erence analog of the functional

V4
Gh 7! Ghx (X5 1)

G (51) @G 1 (X1) @ 1(X0) 2

e dxdt+ kgKZ,. ;
2 ¢ 1(x;0) ° 2 ¢ 1(x0)° hzo

(4.111)
subject to the boundary conditions in lines 2 and 3 of (4.23). Another numerical
simpli cation is that rather than using the H* norm in the regularization term,
we use theH? norm in (4.111). Although the theoretical analysis supporting the

above simpli cations is missing, we did not experience any di culties in computing
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the numerical solutions to Problem 3.1. All of our numerical results are satisfactory.
4.10.2 Numerical results for computationally simulated data

To test Algorithm 3, we present four (4) numerical examples.
Test 1 (the reference test). We rst test the case of one inclusion with a high
inclusion/background contrast. The true dielectric constant functionc(x) has the

following form

8
> (LI :
1+ 14ex v 022 jf jx 1< 0:2
Cirue (X) = (4.112)

z 1 otherwise

(@) (b)

Figure 4.1: Test 1. True and reconstructed functionsc(x); where ¢y iS given in
(4.112) (a) Functions ¢y, and ccomp are obtained by Step 2 and Step 5 of Algorithm
3 respectively. (b) The consecutive relative error ikc,  C, 1K1 (v y=KCKL1 (m)y,
n=1;:::;10. The data is with = 5% noise.

Thus, the inclusion/background contrast is 15:1. It is evident from Figure 4.1
that we can successfully detect an object. The diameter of this object is 0.4 and
the distance between this object and the source is 1. The true inclusion/background
contrast is 15/1. The maximal value of the computed dielectric constant is 15.28.
The relative error in this maximal value is 1.89% while the noise level in the data is

5%. Although the contrast is high, our method provides a good numerical solution
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without requiring any knowledge of the true solution. Our method converges fast.
Although the initial reconstruction ¢,y computed in Step 2 of Algorithm 3 is not very
good, see Figure 5.1, one can see in Figure 4.1b, that the convergence occurs after
only ve (5) iterations. This fact veri es numerically the contraction property” of
Theorem 8.1 including the key estimate (4.92).

Test 2. The true function c in this test has two inclusions”,

8
(x 0:6)2
§ 1+5e0 092 022 if jx  0:6] < 0:2;

(x 1:4)2

Crue (X) = _ 1+8ex ta? 03 jf jx 1:4j < 0:3; (4.113)

:

1 otherwise.

The numerical results of this test are displayed in Figure 4.2.

@) (b)

Figure 4.2: Test 2. True and reconstructed functionsc(x); where ¢y iS given in
(4.113) (a) Functions ¢y, and c.omp are obtained by Step 2 and Step 5 of Algorithm
3 respectively. (b) The consecutive relative error ikC, G, 1Ki1 (v )y=KCh kit (my,
n=1;:::;10 The data is with =5% noise.

Test 2 is more complicated than Test 1. However, we still obtain good numerical
results. It is evident from Figure 4.2a that we can precisely detect the two inclusions
without any initial guess. The true maximal values of the dielectric constant of
the inclusions on the left and the right are 6 and 9 respectively. The reconstructed

maximal values in those inclusions are acceptable. They are 5.31 (relative error 11.5%)
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and 7.8 (relative error 13.3%). As in Test 1, the initial reconstructiorgy,; computed
in Step 2 of Algorithm 3 is far fromcye (X): Still, our iterative procedure converges
after 7 iterations, see Figure 4.2b.

Test 3 We test the case when the functiom,,e (X) is discontinuous. Itis a piecewise
constant function given by
8
210 if jx 1j< 015

Cirue (X) = S (4.114)
1 otherwise.

The numerical solution for this test is presented in Figure 4.3.

(@) (b)

Figure 4.3: Test 3. True and reconstructed functionsc(x); where Gy IS given in
(4.114) (a) Functions cj,; and c.omp are obtained by Step 2 and Step 5 of Algorithm
3 respectively. (b) The consecutive relative error ikC, Gy 1Ki: (v )y=KCh KLt (my,
n=1;:::;10 The data is with =5% noise.

Although the function ¢y is not smooth and actually not even continuous, Al-
gorithm 3 works and provides a reliable numerical solution. The computed maximal
value of the dielectric constant of the object is 9.25 (relative error 7.5%), which is
acceptable. The location of the object is detected precisely; see Figure 4.3a. As in
the previous two tests, Algorithm 3 converges fast. After the fth iteration, the re-
constructed function c, becomes unchanged. Again, this fact numerically con rms

both Theorem 8.1 and the robustness of our method.
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Test 4 In this test, the function cyue (X) has the following form:

8
§ 35+0:3 sin( (x 135) if jx 09 < 05;

Crrue (X) = ; 8 if jx 2j< 0:37, (4.115)
-1 otherwise.

This test is interesting since the graph of the function (4.115) consists of a curve and

an inclusion. The numerical solution for this case is presented in Figure 4.4.

(a) (b)

Figure 4.4: Test 4. The true and reconstructed functiong(x); wherecye iS given in
(4.115) (a) The functions cir and ccomp are obtained by Step 2 and Step 5 of Algo-
rithm 3 respectively. (b) The consecutive relative errdkc, ¢, 1K1 (v )y=KCh kit (m ),
n=1;:::;10. The data is with = 5% noise.

One can observe from Figure 4.4a that our method to compute the initial re-
construction in Step 2 of Algorithm 3 is not very e ective. However, after only 6
iterations, good numerical results are obtained. The curve in the rst inclusion lo-
cally coincides with the true one and the maximal value of the computed dielectric
constant within inclusion is quite accurate: it is 7.83 (relative error 2.12%). Our

method converges at iteration number 6.

Remark 4.10.1 It follows from all the above tests that Algorithm 3 is robust in
solving a highly nonlinear and severely ill-posed Problem 3.1. It provides satisfactory

numerical results with fast convergence. For each test, the computational time to
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compute the numerical solution is about 29 seconds on a MacBook Pro 2019 with a

2.6 GHz processor and 6 Intel i7 cores. This is almost a real-time computation.

4.11  Numerical Results for Experimental Data

We now test Algorithm 3 on experimental data mentioned in Introduction. These
data were collected by the US Army Research Laboratory to detect and identify
targets mimicking shallow anti-personnel land mines and IEDs. Five tested targets
were: a bush, a wood stake, a metal box, a metal cylinder, and a plastic cylinder. The
bush and the wood stake were placed in the air, while the other three objects were
buried at a few centimeters depth in the ground. Since the locations of targets can be
accurately detected by the Ground Position System (GPS), we are only interested in
computing the values of their dielectric constants. We are doing so using Algorithm
3.

Just as in our earlier works [15, 22, 23, 24, 28, 40], where these experimental data
were used, we compute here the functiofy,(x) de ned as:

8
2 Ctarget (X) |f max((::tz—E;(X) > 1 andX 2 D,

Cret(X) = S Cockar (4.116)
1 otherwise
8
2 min % (x) if max®@e (x) 1 andx 2 D:
Gei(X) = (4.117)
el > ) .
1 otherwise

whereD is a sub-interval of the interval[ ; M ]; which is occupied by the target. Next,
we de ne the computed value oG ger as [24]:

8

2 : .
MaxX G (X) if maxce(x) > 1;

Ccomp = Chekgr > ) © (4.118)
MiN G (X) if Maxce(X) < 1

As in the above cited publications, we have to preprocess the raw data of [35]
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before importing them into our solver. The data preprocessing procedure is exactly
the same as the one in [24, Section 7.1]. First, we observe that the norm of the
experimental data far exceeds thé; norm of the computationally simulated data.
Therefore, we need to scale the experimental data by dividing it by a calibration factor

> 0; i.e. we replace the raw experimental datd,,, (t) with fgcae(t) = fran (1) = .
Then we work only with fge(t): To nd the calibration factor, we use a trial-
and-error process. First, we select a reference target. We then try many values
of  such that the reconstruction of the reference target is satisfactory, i.e. the
computed dielectric constant is in its published range, see below in this section about
the published range. Then this calibration factor is used is all other tests. When the
object is in the air, our reference target is bush. In this case, the calibration factor

ar = 534;592 When the object is buried under the ground, our reference target is
the metal box and the calibration factor was groung = 265; 223

Next, we preprocess the datés.,e (t) as follows. First, we rst use a lower envelop
(built in Matlab) to bound the data. We then truncate the data that is not in a small
interval centered at the global minimizer of the data, see [24, Section 7.1] for the
choice of this small interval. But in the case of the plastic cylinder we use the upper
envelop. The choice of the upper or lower envelopes is as follows. We look at the
function f ;¢4 (t) and nd the three extrema with largest absolute values. If the middle
extremal value among these three is a minimum, then we bound the data by a lower
envelop. Otherwise, we use an upper envelop. See [24, Section 7.1] for more details
and the reason of this choice. In particular, Figures 4a, 4b, 4d, 5a, 5b, 5d, 5e, 5g,
5h of [24] provide illustrations. Likewise, our Figures 5 displays computed functions
Carget (X) for our ve targets. The computed dielectric constantsc.,mp de ned in
(4.118) by Algorithm 3 are listed in Table 4.1.
The true values of dielectric constants of our targets were not measured in the

experiments. Therefore, we compare our computed values with the published ones.



(@) Crarget for bush

(C) Crarget for metal box

(b) Crarget for wood stake

(d) Ciarget for metal cylinder

(€) Crarget for plastic cylinder
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Figure 4.5: Computed functionsciget (X;y) for our ve targets, also see (4.116)-
(4.118) and Table 4.1.

Table 4.1: Computed dielectric constants of ve targets

Target Cb(:kgr CompUted Crel Cbckgr Comleted Ctarget True Ctarget
Bush 1 7.62 1 10.99 [3; 20]
Wood stake 1 2.01 1 2.26 [2; 6]
Metal box 4 4.00 [3; 5] [1200, 2C:00] [1G; 30]
Metal cylinder 4 4.01 [3; 5] [123; 20:5] [10; 30]
Plastic cylinder | 4 0.59 [3; 5] [1:6; 2:95] [1:1; 3:2]

The published values of the dielectric constants of our targets are listed in the last

column of Table 4.1. They can be found on the website of Honeywell (Table of

dielectric constants, https://goo.gl/kAxtzB). Also, see [11] for the experimentally

measured range of the dielectric constants of vegetation samples, which we assume

have the same range as the dielectric constant of bush.

In the table of dielectric

constants of Honeywell as well as in [11], any dielectric constant is not a number.

Rather, each dielectric constant of these references is given within a certain interval.

As to the metallic targets, it was established in [28] that they have the so-called

apparent” dielectric constant whose values are in the intervdlL0; 30]:
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Conclusion . It is clear from Table 4.1 that our computed dielectric constants are
consistent with the intervals of published ones. Therefore, our results for experimental

data are satisfactory.

Remark 4.11.1 (Speed of computations) Our experimental data are sparse. The
size of the data in time isN; = 80, which is a lot smaller than that in the dense sim-
ulated data (N, = 300). Therefore, the speed of computations is much faster than for
the case of simulated data of section 10. All results of this section were computed in
real time on the same computer (MacBook Pro 2019 with 2.6 GHz processor and 6

Intel i7 cores).

4.12 Concluding Remarks

We have developed a new globally convergent numerical method for a 1-D Coef-
cient Inverse Problem with backscattering data for the wave-like PDE (4.3). This
is the second generation of the above cited convexi cation method of our research
group. The main novelty here is that, rather than minimizing a globally strictly con-
vex weighted cost functional arising in the convexi cation, we solve on each iterative
step a linear boundary value problem. This is done using the so-called Carleman
Quasi-Reversibility Method. Just like in the convexi cation, the key element of the
convergence analysis of this chapter is the presence of the Carleman Weight Function
in each quadratic functional, which we minimize. The convergence estimate is similar
to the well known estimate of the classical contraction mapping principle. The latter
explains the title of this chapter. We have proven a global convergence theorem of
our method. Our numerical results for computationally simulated data demonstrate
high reconstruction accuracies in the presence of 5% random noise in the data.

Furthermore, our numerical results for experimentally collected data have satisfac-
tory accuracy via providing values of computed dielectric constants of explosive-like

targets within their published ranges.
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A practically important observation here is that our computations for experimental
data were performed irreal time. This observation did not take place for various ver-
sions of the rst generation of the convexi cation method of our previous publications
[22, 23, 24, 40], which were working with the same experimental data. The latter indi-
cates an important advantage of the second generation of the convexi cation method

of this chapter.
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CHAPTER 5: THE GRADIENT DESCENT METHOD FOR THE
CONVEXIFICATION TO SOLVE BOUNDARY VALUE PROBLEMS OF
QUASI-LINEAR PDES AND A COEFFICIENT INVERSE PROBLEM

5.1 Introduction

Numerical solutions of ill-posed Cauchy problems for quasi-linear partial di eren-
tial equations (PDESs) is an important topic that arises in many real-world applica-
tions. For example, in the case of parabolic PDEs such problems are common in
heat conduction [1, 2]. A natural approach to solve such a problem is to minimize
the functional de ned by the least-squares method. However, due to the presence of
nonlinearity, this functional is non-convex. It might have multiple local minima and
ravines. Therefore, a good initial guess, which is located su ciently close to the true
solution, plays an important role in the minimization process. Since such a good ini-
tial guess is not always available, we, in this chapter, use the convexi cation method,
in which it is not necessary to have a small distance between the starting point of
iterations and the true solution. The main content of the convexi cation method is
to construct a weighted cost functional, which is strictly convex on an a priori chosen
bounded set. It is important that smallness condition is not imposed on the diameter
of this set. The unique minimizer of that functional on that set is close to the true
solution of the given ill-posed Cauchy problem. The key element of that functional is
the Carleman Weight Function (CWF), which is involved as weight in the Carleman
estimate for the corresponding PDE operator.

An important question arises immediately on how to e ciently nd the global
minimizer of such a convex functional on that bounded set. It is well known that if

a functional is strictly convex on the whole Hilbert space, then the gradient descent
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method converges to its unique minimizer if starting from an arbitrary point of that
space. However, it is not clear what to do in our case when the strict convexity takes
place only on a bounded set. To address this question, it was proposed in [3] to use
the gradient projection method. However, this method is a complicated one and is
hard to implement numerically. On the other hand, it was heuristically observed in
all numerical studies of the convexi cation conducted so far that a simpler gradient
descent method works well; see e.g., [3, 8, 9, 10, 18]. This motivates us to analytically
study the question of the global convergence of the gradient descent method.

More precisely, we prove that the gradient descent method delivers a sequence
converging to the minimizer of that functional on that bounded set if starting from
an arbitrary point of that set. Since smallness conditions are not imposed on the
diameter of this set, this is global convergence, see, e.g. [3] where the notion of global
convergence is de ned. Some numerical results by gradient descent method will be
presented.

Another important part of this chapter is to apply this result to solve a highly
nonlinear and severely ill-posed coe cient inverse problem with a single measurement
of back scattering data in the frequency domain.

As mentioned above, the main idea of the convexi cation method is to construct
a strictly convex functional. To do this, one uses the Carleman weight function to
convexify the mismatch functional derived from the given boundary value problem.
Several versions of the convexi cation method have been developed since it was rst
introduced in [16]. We cite here [14, 12, 3, 19, 10, 20] for some important works in
this area and their applications to solve a variety kinds of inverse problems. A com-
prehensive study of the convexi cation method is presented in the recent published
book [18]. The crucial mathematical results that guarantee the above mentioned
properties of the convexi cation, are the Carleman estimates. The original idea of

applying Carleman estimates to coe cient inverse problems was rst published in
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[5] back in 1981 to prove unigueness theorems for a wide class of coe cient inverse
problems. Some follow up publications can be found in, e.g. [22, 11, 7, 27, 24, 30].
Surveys on the method in [5] can be found in [13, 33], see also [4, Chapter 1] and [18].
It was discovered later in [16], that the idea of [5] can be successfully modied to
develop globally convergent numerical methods for coe cient inverse problems using
the convexi cation.

For the convenience of the reader, we will recall in this chapter the convexi ca-
tion method , to solve ill-posed Cauchy problems for quasi-linear PDEs with both
Dirichlet and Neumann boundary data [14]. Then, we will prove that if the noise
in the boundary data tends to zero, then the convexi cation method combined with
the gradient descent method delivers a close approximation to the solution of that
Cauchy problem if starting from an arbitrary point of a selected bounded set. The
rate of convergence is Lipschitz. We next apply the above results to solve a highly
nonlinear and severely ill-posed coe cient inverse problem, described below. At a
point far away from the region of interest, we send out an incident electric wave. The
incident wave propagates in the 3D space and scatters when hitting the targets. We
measure the back scattering wave on a surface. The aim of the inverse problem is
to reconstruct the spatially distributed dielectric constants from this measurement.
This coe cient inverse problem is the so-called inverse back scattering problem. It
has many real-world applications, including the detection and identi cation of explo-
sives, nondestructive testing and material characterization, see [9, 8, 29, 32]. We also
refer the reader to [6] for the applications of this coe cient inverse problem in sonar
imaging, geographical exploration, medical imaging, near- eld optical microscopy,
nano-optics.

The widely-used method to solve nonlinear coe cient inverse problem is the least
squares optimization. This approach requires a good initial guess of the true solution.

Unlike this, we assume that the target to be detected is completely unknown. This
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means that a good initial guess of its dielectric constant is unavailable. Our numerical
procedure is as follows. We rst eliminate the unknown dielectric constant from the
governing Helmholtz equation. The obtained equation is not a standard PDE. Then,
we approximate the solution of the latter PDE via a truncated Fourier series with
respect to a special orthonormal basis. Then we obtain an ill-posed Cauchy problem
for a coupled system of elliptic of PDEs wih respect to corresponding spatially depen-
dent Fourier coe cients. That special orthonormal basis was originally introduced
in [15]. Solving this system by the convexi cation method and the gradient descent
method, we obtain the solution to the above non standard PDE above. Then the
solution to the originating coe cient inverse problem follows. We refer the reader to
[8, 10, 31] and the references therein for some related versions of this method.

The chapter is organized as follows. In Section 5.2, we prove the convergence of the
gradient descent method to the minimizer of a strictly convex functional. In Section
5.3, we present the above mentioned ill-posed Cauchy problem for a quasilinear elliptic
PDE with both Dirichlet and Neumann boundary conditions. Also, in this section
we present the corresponding functional with the Carleman Weight Function in it.
In section 5.4, we recall the convexi cation method. In this section, we also prove
the Lipschitz-like convergence of the minimizers due to the convexi cation method
to the true solution as the noise tends to zero. In section 5.5, we introduce our
coe cient inverse problem. In section 5.6, we derive an approximate model to solve
this coe cient inverse problem. We present some numerical examples in section 5.7.

Section 5.8 is for concluding remarks.
5.2 The gradient descent method to minimize a convex functional

Let X be a Hilbert space and let] : X ! R be a functional. Assume thatJ is
Fréchet di erentiable. Its derivative at the point v 2 X is denoted byDJ (v) : X ! R.

By the Riesz representation theorem, for each2 X; we can identify DJ (v) with an
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element ofX , named asJqv); in the following sense

DJ (v)(h) = hIYv);hix forall h 2 X:

Let M > 0 be an arbitrary number. Consider the balB (M) ;

B(M)=fv2 X :kvky <M g:

We assume that the Fréchet derivativel °is Lipschitz continuous inB (M); i.e.

kJAv2) JAvi)ky LKkvy viky ; 8vi;va 2 B(M); (5.1)

wherelL is a certain number. Assume thatl is strictly convex onB (M). This means

that there exists a constant > 0 such that

qvi)  JAv2)ivi Vaix kvy v,ki forall vi;v, 2 B (M): (5.2)

Theorem 5.2.1 follows from a combination of Lemma 2.1 and Theorem 2.1 of [3].

Theorem 5.2.1 Assume that the functionald : X ! R is Fréchet di erentiable

on X and its Fréchet derivative is Lipschitz continuous oB (M) as in (5.1). Also,

assume thatl (v) is strictly convex inB(M); i.e., inequality (5.2) is true. Then there

exists unique minimizervyi, 2 B (M) of the functional J (v) on the setB (M);

min J (V) = J (Vmin) :
B(M)

Furthermore, the following inequality holds

W°%Vmin) ;Vmin  Vix O; forally2 B (M):
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The fact that the minimizer guaranteed by Theorem 5.2.1 can be located on the
boundary of the ballB (M) prevents us from the proof of the global convergence of the
gradient descent method. Hence, we assume in the next theorem that the minimizer

is an interior point of B(M):

Theorem 5.2.2 Assume that the functionald : X ! R satis es conditions of The-
orem 5.2.1. Letvyi, be its minimizer on the sem; the uniqueness and existence
of which is guaranteed by Theorem 5.2.1. Suppose that, belongs to the inte-
rior of B (M): Fix v@ 2 B. Assume that the ball centered af, with the radius

kv©@  v.inky is contained inB (M); i.e.,
Bo= B(Vmin; kv@®  Vminkx) B (M): (5.3)
Denote o =min(2 =L?%1)and x 2 (0; o): For eachm O; de ne
v = ym g oym - m 1 (5.4)
Then, there exists a numbeqg 2 (0; 1) such that
vim2BM) and V' v o, d" VO v, 0 om L (5.5)

As a result, the sequence™ converges tovmi, asm tends to1 :

The sequencd v(i™g,, 1 de ned in (5.4) is generated by the well-known gradient
descent method. Although the gradient descent method is widely used in the scienti ¢
community, its convergence for a nonconvex functional can be proven only if the
starting point of iterations is su ciently close to the minimizer. Unlike this, Theorem

5.2.2 provides an a rmative answer about the convergence when the starting point is
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not necessary located in a su ciently small neighborhood of the minimizer. Theorem

5.2.2 justi es recent numerical results of our research group where we have used the

gradient descent method to minimize globally strictly convex cost functionals arising
in convexi cation even though our past theory said that a more complicated gradient

projection method should be used, see e.g., [3, 8, 9, 10, 18, 20].

Proof 5.2.1 (Proof of Theorem 5.2.2) LetL and be the constants in(5.1) and
(5.2) respectively and leg=1+ ?2L2 2 . Since 2 (0; o); 92 (0;1): We prove
(5.5) by induction. Assume, by induction, that(5.5) is true for somem 1. Due to
assumption (5.3), Vmin 2 B (M) : Thus, JqVmin) = 0: Hence,Vmin = Vmin I %(Vmin) :

By (5.4), we have

kV(m) Vmin (J 0 V(m) J 0(Vmin )) k>2(

kv™  vinkZ + 2k3% v Qv ) K2

2 M) 3% )i V™ Viinix:

Using this, together with (5.1), (5.2) and the induction assumption for(5.5), we
obtain

kv(m+1) Vimin k)z( qu(m) Vmin k>2( qm kV(O) Vinin k)z( : (56)

The last inequality in (5.6) is deduced from the induction hypothesis. It follows from

(5.6) that v(™*D) 2 B,  B. The assertion (5.5) is proved.

Remark 5.2.1 1. The hypothesis that the starting point of iterations’© is such

that the ball centered av,, with the radiuskvni, Vokx is contained inB (M)

does not weaken Theorem 5.2.2. In fact, if this hypothesis is not satis ed, we

can replaceB (M) by a larger ballB (M9 whereM® > M: Note that in the

convexi cation method, B (M) is the ball with an arbitrary chosen radius.

2. The assumption thatv,,, is inside B (M) is the main reason that helps us to



138
replace the gradient projection method in [9, 10, 8, 3] with the gradient descent
method in Theorem 5.2.2. Without this assumption, elements of the sequence
produced by the gradient descent method might be outsid& @M ), thus making

this sequence diverge.

3. We refer the reader to [17, Theorem 6], in which the authors proved a less

general case of Theorem 5.2.2.

5.3 A boundary value problem for quasi-linear PDEs

Let n 2 be the spatial dimension. Let be an open and bounded domain in
R"and beapartof@: LetG: R R"! R be areal value function in the
classC?( R R";R). Consider the following boundary value problem with both

Dirichlet and Neumann boundary conditions

G(x;v(x);r v(x)) x2 ;
Jo(X) X2 (5.7)
G(X) X2 @

@v(x)

V(X)

8
E V(X)
3

where gy and g; are two functions in the classHP() wherep is a positive integer
with p > dn=2e + 2: In fact, we can say that (5.7) is the Cauchy problem for a
guasilinear elliptic equation with the additional Dirichlet boundary data at @
Here,dn=2e is the smallest integer that is greater tham=2. This regularity condition
guarantees the embeddingdP() | C?() . This embedding will be used for the
regularization purpose. In practice, the functiongy and g, represent the ux and the
value information of v on @ and respectively. We rst recall the convexi cation

method to compute an approximation of the solution, if it exists, to (5.7). Suppose
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that

H=f 2HP(): @ (x)= go(X)
forallx2 and (x)= gu(x) forallx2 @g (5.8)

is non-empty. Letvy be a function inH. De ne
ux) = v(x) vo(x) forallx2 : (5.9)
Then, solving (5.7) is equivalent to solving

8
E ux) = Fx;ux);r u(x)) x2 ;
3

@u(x) = O X2 ; (5.10)
ux) = 0 X2 @
where
F(X;s; )= wvo(X)+ G(X;s+ Vo(X); + r vo(x)) (5.11)

forallx2 :;s2R; 2R" Let

Ho=  2HP(): @ (x)=0

forallx2 and (x)=0forallx2 @ : (5.12)

It is obvious that Hg is a closed subspace ¢fP() . We considerH, a Hilbert space
endowed with the usual norm oHP() : A widely-used approach to solve (5.10) is to

minimize the following least squares functional

Z
ux) F x;u(x);r u(x) ’dx + a regularization term (5.13)
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for u 2 Hy: Due to the nonlinearity of F, and henceL, the functional in (5.13) is
nonconvex. It might have multiple local minima and ravines, making the direct opti-
mization approach unpractical. Motivated by this fact, we convexify" this functional
using the idea in [15]. Let : I R beaC! functionwithr 60 forallx 2

Introduce the Carleman weight function

(x)=exp(2 ( x)) forallx2 (5.14)

where > 1. A Carleman estimate is an inequality of the form below.

Assumption 5.3.1 (Carleman estimate) There exists ¢ > 1 depending only on

and n such that for all 2 H?() with jg =0 and@ j =0, we have

z o, cx . .2
() jrax — (X))@ (x)j°dx
ij =1 7
+ C X)[r j?+ 3 j3dx (5.15)
for all o for some positive constanC depending only on .

Assumption 5.3.1 holds true for some functions and . For example, Klibanov
and his collaborators have established a Carleman estimate in [19, Theorem 4.1], in
which = ( R;R)® RS forsomeR > 0and ( x;y;z) = (z r)? wherer is
any number that is greater thanR. On the other hand, following the arguments in
[19, Theorem 4.1], one can prove a Carleman estimate withx;y;z) = (z + r)?, see
[10, Theorem 3.1]. This estimate plays an important role in developing a numerical
method to solve the backscattering inverse problem with moving point source in [10].
On the other hand, the reader can nd another Carleman estimate in [24, Theorem
3.1] when the second derivatives of the test function are absent in the right-hand
side of (5.15). We also cite to [4, 18] for some important versions of the Carleman

estimate for other kinds of partial di erential operators. Especially, we draw the
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reader's attention to [5] for the original idea of using the Carleman estimate to prove
the uniqueness of a variety kinds of inverse problems.

Without loss of the generality, we assume that the true solution to (5.10) has a
nite HP() -norm, which is bounded from above by a known numbévl. We seek

this solution in the set
B(M)=  2Ho:K kqsy <M : (5.16)

More precisely, in order to nd a numerical solution to (5.10), we solve the problem

below.

Problem 5.3.1 Fix a regularization parameter > 0. Minimize the following func-

tional

z
J. (u) = (x) u(x) F x;u(x);r u(x) “dx+ kukZs, (5.17)

forallu2 B(M).

In the next section, we will recall the convexi cation principle to solve Problem
5.3.1. The main content of the convexi cation principle is that if the Carleman
estimate (5.15) holds true then for any arbitrarily large numberM, there exists

1> osuchthatforall > ;and > 0;J. is strictly convex in B(M) where

B(M) is the ball in Hy with center 0 and radiusM , see (5.16).

5.4  The convexi cation method and the convergence of the minimizer to the true

solution as the noise tends to zero

In this section, we recall a theorem (Theorem 5.4.1) that guarantees the convexity
of the objective functionalJ. in B(M). We write F = F(x;s; ) and the par-
tial derivatives of F (x;s; ) with respect to its variables are written asr F(X;s; );

@F (x;s; )andr F(x;s; ). The following theorem, Theorem 5.4.1, guarantees that
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J. has Lipschitz continuous Fréchet derivative and, more importantly, that). is
strictly convex if the Carleman weight function is such that Assumption 5.3.1

holds true.

Theorem 5.4.1 (Convexi cation) 1. Let M be an arbitrary positive number and

de ne the ballB(M) as in (5.16). Then, forall > Oand > 1,J. :B(M)

Ho! R is Fréchet di erentiable. The derivative ofJ. is given by

Z
DJ. (uh=2 (x)  u(x) F(x;u(x);r u(x))

h(x) DF (u)h(x) dx +2 hu;hiye  (5.18)

forallu2 B(M) and h 2 Hy where

DF (u)h(x) = @F (x;u(x);r u(x))h(x)+ r F(x;u(x);r u(x)) r h(x)

forall x 2 : Moreover, the Fréchet derivativddJ . is Lipschitz continuous inB (M ).
That means, there exists a constant = L( ;M;F), depending only on the listed

parameters, such that

kDJ; (Uz) DJ; (ul)kL(Ho) LkU2 U]_ka() (519)

for all uy;u, 2 B(M), whereL(Hp) is the set of all bounded linear maps sending
functions in Hg into R:
2. Assume further that the Carleman estimat€5.15) holds true. Then, there exist

1= (M; ;F)> psandC = C(M; ;F) > 0, both of which depend only on the
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listed parameters, such that for all> 0; > 4, u; andu, in B(M), we have

J. (uz) J; (u) DI, (u)(uz uy)

CkU2 U1k|2_|2() + kU2 ulkap(): (520)
As a result,
DJ; (uz) DJ; (uz) (Uz u1) 2Ckup uikfo, +2 kuz uikf,, (5.21)

for all uy andu, in B(M).

3. J. has a unique minimizer inB(M):

We do not present the proof of Theorem 5.4.1 here. The reason is below. One
can prove the rst part of this theorem with straightforward computations. The
proof is similar to that of [3, Theorem 3.1]. The second part of this theorem is a
generalization of [3, Theorem 3.2] in the sense that the convexi cation" inequalities
(5.20) and (5.21) are tighter than the ones in [3, Theorem 3.2]. In fact, in those
inequalities, we replace théd ! norm in [3, Theorem 3.2] by theH ? norm in the right
hand side of (5.20) and (5.21). This is because the right-hand side of the Carleman
estimate, see (5.15), contains the second derivatives. The existence of the unique
minimizer of J. in part 3 of Theorem 5.4.1 can be proved using the same technique
in [10, Theorem 5.3], see also Lemma 2.1 and Theorem 2.1 of [3] and Theorem 5.2.1.
On the other hand, we refer the reader to [3, Section 2] for some important facts in
convex analysis that are related to the convexi cation in Theorem 5.4.1.

By using the gradient descent method, we can compute the minimizer &f in
B(M), see Theorem 5.2.2. We are now in the position of solving problem (5.7) with
noisy boundary datag, and g; given. The corresponding noiseless data are denoted

by g, and g, respectively. Let > 0 be the noise level and assume that there exists
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an error function" E such that

8

EKEK.“J() <

Ego:g0+@E on@ ; (5.22)
- =09, +tE in

Recall in Section 5.3, we assume that there is a functioag satisfying @g = go on @

andvp= g, on . Let
V. (X) = Umin(X) + Vo(x) forall x 2 (5.23)

where upi, is the minimizer of J. obtained in Theorem 5.4.1. The functiorv. is
named as the regularized solution to (5.7). Let be the solution to (5.7) with gy and
0. replaced by the corresponding noiseless dagg and g, respectively. The following
theorem con rms that the minimizer of J. can be used to approximate the solution
to (5.7) via (5.23). It is a generalization of Theorem 4.5 in [10] and Theorem 5.4 in
[10]. In fact, in those theorems, the functiorF has some speci c form and does not

depend on the rst and the second variableg and u(x).

Theorem 5.4.2 Assume that problem(5.7) with go and g, replaced byg, and g,
respectively has a solutiowv . Recall vy the function we used to change the variable

in (5.9). Without loss of the generality, assume that

M
> (5.24)

max kv ka() ;kVoka() <

Let V. = Umin + Vo Whereup, is the minimizer of the strictly convex functional . .
Then
kV; \' kHZ() C(p kv Voka() + ) (525)

for some constantC depending on ;M and F.
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Proof. Forx 2 ,dene

ux)=v (X)) wv(x): (5.26)

It is obvious that
8
2 @u (x) = gO(X) Jo(X)= @E(x) forallx2 @ ;

2 U X)=g,(x) ou(x)= E (x) for all x 2

Thus, u + E 2 Hp. Using the triangle inequality, (5.22) and (5.24), we hava + E 2

B(M): Using (5.20) with u; and u, replaced byun,, andu + E respectively, we have

‘]; (u + E) J; (Umin) DJ; (umin)(u +E umin)

Cku + E  Unnkfz) + ku + E  Umnkis(, @ (5.27)

Since Unn is the minimizer of J. in B(M), DJ. (Umin) = 0. This, together with

(5.27) and the fact that J. (uUmin) O, implies
J; (u+E) Cku +E Unnkfo, + ku +E  Uninkfp() : (5.28)
Using the inequality (a+ b)?  2a? + 2I?; we next estimate

J. (uZ+E)

= (X)j(u +E Fu+Eru+rE)jfdx+ ku + EKp
YA
2 (X)j u  F(x;u:r u)jdx
Z
+2 (xX)j E+ F(x;u;ru) F(x;u + Er u + rE )j%dx

+ ku + EKpy (5.29)
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Sincev is the true solution to (5.7), by (5.10), (5.11) and (5.26), we have

u FXu;ru)=0 forall x?2
Using (5.22) and (5.29) and the fact thatF is in C* and hence, Lipschitz, we have
J; (u+E) C?+ ku + EKpy : (5.30)
Combining (5.28) and (5.30) and using the inequalitfya+ b)?> 2(a? + k?), we have
KU Uminkfzy  C( 2+ Ku ki ):

Estimate (5.25) is proved.

The procedure to computev is described in Algorithm 4.

Algorithm 4 A numerical method to solve (5.7)

1: ChooseM large enough and choose a threshold errboe O.

2: Setm =0 and take a functionug in B(M).

3: Compute un+; using the gradient descent method, see (5.4) for sorffi& 1.
4: If Kum+1  Umkyzy <", go to Step 5. Otherwise, sem = m + 1 and go back
to Step 3.

Setv®™ = U4 + Q:

a

Remark 5.4.1 The choices ofM and" in Step 1 are based on some trial and error

processes.

Remark 5.4.2 Theorems 5.4.1 and 5.4.2 hold true even when the functionsu, G,

F, g and g, take complex values. By splittind5.7) and (5.10) into real part and
imaginary part, we obtain a system of quasi-linear PDEs on the eld of real numbers.
Then, we can apply the whole analysis for the case of a single equation to the case of

a system of PDEs.
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5.5 A coe cient inverse problem in the frequency domain with back scattering

data in R3

In this section, we introduce a method to solve the backscattering inverse problem
with multi-frequency data. This inverse problem has uncountable real-world applica-
tions. Solving a system like (5.7) plays an important role in our method. Let be
the cube( R;R)® R2whereR is a positive number. Letc 2 C*(R®) represent the

dielectric constant ofR3. Assume that

8

2c(x)=1 ifx2R3n ;
N (5.31)
-ocox) 1 ifx2

Assumption (5.31) can be understood as the dielectric constant of the air (or vacuum)
is scaled to bel. Let [k;Kk] be an interval of wave number and lexq = (0;0; d),
with d > R, be a point located outside . Let u = u(x;k), (x;k) 2 R® [k;K],
represent the frequency-dependent wave. The functiam(x; k) is governed by the

following problem

8
2 U k) + k2e(x)u(x: k)

7 @u(x;k) iku(x; k)

3.
(X Xo) X 2R (5.32)

ofjixj 1) jxj!1

where is the Dirac function. The partial di erential di erential equation in (5.32) is
called the Helmholtz equation and the asymptotic behavior af asjxj!1 s called

the Sommerfeld radiation condition. The Sommerfeld radiation condition guarantees
the existence and uniqueness of problem (5.32), see [6, Chapter 8]. We are interested

in the following problem.

Problem 5.5.1 (Coe cient inverse problem from backscattering data) Let

= fx=(x;y; R): R xy Rg @ (5.33)
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be the measurement site. Given the measurements of

f(x;k)=u(x;k) and g(x;k)= @u(x;k) (5.34)

for (x; k) 2 [k:k]; determine the functionc(x); x 2

Remark 5.5.1 We refer the reader to our recent works [9, 10, 8] in which we study
a similar inverse problem in which the data are generated by a source moving along
a straight line, and only a single frequency was used. Unlike this, the data for the
inverse problem under consideration, Problem 5.5.1, are generated by a single source

and by multi-frequencies.

Problem 5.5.1 arises from the following well-known experiment, illustrated in Figure
5.1. Let an optical source illuminate objects inside . The wave generated by the
optical source is called the incident wave. The incident wave hits the objects and
scatters in all directions. We collect the scattering wave on the part a® , named
as , that receives the wave coming back from the objects. Solving Problem 5.5.1,
with these data, we obtain the dielectric constant of the medium. This information is
important in identifying the objects. The forward problem corresponding to Problem
5.5.1 is the problem of computing the functioru(x; k), (x;k) 2 [k;k]: To solve

the forward problem, we rst model the incident wave by the point source

exp(ikjx  Xoj)

. — . 3 1
(k) = SIS (K2R kK (5.35)
It is well-known that
Uo(X; K) + K2up(x;k) = (X Xo) x 2 R%k2 [k;k]: (5.36)

Let
Usc(X:K) = u(x;k)  up(x;k) x 2 Rk 2 [k:K] (5.37)
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unknown object

back scattering wave

source

Figure 5.1: A diagram for the experiment that leads to Problem 5.5.1. The unknown
object is located inside a box . An emitter (the red dot), located outside , emits

the incident wave. The incident wave scatters when hitting an unknown object. The
back-scattering waves are represented by blue arrows and collected on an array of
detectors located on the part of @ .

denote the scattering wave. It follows from (5.37) thatu(x; k) is the sum of the
scattering wave and the incident wave. We call the functiom(x; k) the total wave.

Subtracting the di erential equation in (5.32) from (5.36), we obtain
Use(X; K) + K2use(X; K) = k2(c(x)  Du(x;k) x 2 R%:k 2 [k;K]:

Hence, see [6, Chapter 8],

exp(ikjx )

A ] (c() Du(:;k)d x2R%k2[kKk]: (5.38)

Use(X; K) = k2

Combining (5.37) and (5.38), we arrive at the Lippmann-Schwinger equation

exp(ikjx  j)

Z
. — . 2
u(x; k) = up(x; k) + k A ]

(c() Du(;k)d (5.39)

for all x 2 R%k 2 [k;Kk]: We solve the integral equation (5.39) by the method in
[25, 26]. In order to solve the inverse problem, we need to impose the following

condition.
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Assumption 5.5.1  The total waveu(x;Kk) is nonzero for allx 2 andk 2 [k;K]:

We provide here an example when Assumption 5.5.1 holds true. In this example,
we assume thatc is in the classC*®(R®). Consider the Riemannian metric generated

by c

p—— 4
d = c(x)dx; jdxj= dx2+ dx3+ dx3: (5.40)
Assume that for each pointx 2 R3, the geodesic line with respect to the Riemannian
metric de ned (5.40) connectingxo and x is unique, wherexy is the location of the

emitter that emits the point source. Then, it was shown in [21] that
LY — ik (x) 1
u(x; k) = A(x)€ + 0 K ask!1l (5.41)

for x 2 where A is a function taking positive value and is the travel time of
the wave fromxgy to x. Hence, Assumption 5.5.1 holds true when the wave number
k is su ciently large. In the next section, we derive a system of nonlinear partial
di erential equations. Solution of this system directly yields the solution to Problem

55.1.
5.6 A method to solve Problem 5.5.1

Recall that u = u(x;k), x 2 , k 2 [k;K] is the solution to (5.32). Assume that

Assumption 5.5.1 holds true. De ne

u(x; k)
Uo(X; k)

v(x; k) = k—lzlog forallx 2 k2 [k;K]: (5.42)
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Although u=u, takes complex values, the function can be de ned. Employing (5.41)

and assuming that bothk and k are large, we de ne the functionv as

v(X; k) = k—lz logu(x; k) logug(x;k)
h [
1 1 . : : _
=i In A(X) Inmﬂk( (X) j X Xqj)+ O(1=Kk)

forall x 2 ;k 2 [k;k]: We now derive a di erential equation for the functionv. It

follows from (5.42) that

1 ru(x;k) r ug(x;k)

VK E e TR Tl R

forall x 2 k2 [k;K]: (5.43)

Taking the divergence of (5.43) gives

v 1 u(x;k) ru(x;k) 2 Uo(X; K) r up(x; k) 2
VT e Wik w6k Wlak) T Uik

(5.44)

forall x 2 , k 2 [k;K]. Sinceu(x;k) satis es the di erential equation in (5.32) and

Uo(Xx; k) satis es the di erential equation in (3.1) with ¢(x) replaced by1l, we have

u(x; k) _

Uo(X; K) _
N k?c(x) and

e k? (5.45)

forall x 2 , k2 [k;k]. It follows from (5.43), (5.44) and (5.45) that

h i
a1 ] r up(Xx;k) 2 r uo(Xx;k) 2
VG = g K0 D KT Ve TS e
= () 1) K vick)? X V(X;t)(x.rk;"(x;k)

forall x 2 , k 2 [k;k]. We obtain

v(x; k) + K3(r v(x; k)? + ° V(X;u:)(x;rkl)JO(X;k) = dx)+1 (5.46)
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forall x 2 , k 2 [k;k]. Dierentiate (5.46) with respect to k. We have

@V(X; k) +2Kk?r v(x;k) r @v(x;Kk)+2Kk(r v(x;k))?
r Uo(X;K)
Uo(X; k)

r Uo(X;K)

+2r @V(X,k) W

+2r v(x; k@ =0 (5.47)

forall x 2 , k2 [k;K].

Let f mOn 1 be the orthonormal basis ofL?() dened in [15]. This basis is
constructed as follows. For eacm  1; de ne the function (k) = k™ ek (k+k)=2
for all k 2 [k;K]: It is clear that the set f ,gm 1 is complete in[k;k]: We then
apply the Gram-Schmidt orthonormalization process to this set to obtain the basis
f mOm 1.

We derive an approximation model for the solutiorv to (5.47) as follows. For each

x 2 andk 2 [k;Kk]; we write
s Xy
V(X;K) = vi(x) (k)" Vi(x) (k) (5.48)
i=1 i=1
for some cut-o number N, determined later in section 5.7, where
Z _

Vi(X) = kv(x; ) i()d i 2f1:::;Ng (5.49)
K

In this approximation context,

X
Vi (X; K) = vi(x) k) forallx2 ;k2 [k;K]: (5.50)

i=1
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Plugging (5.48) and (5.50) into (5.47) gives

X
vix) X)+2 i) rvix) K k) k) + koi(k) (k)
i=1 i =1
X [ Ug(X;K)

+2 B rvi(x) k) ——~—= Bo0CK)

r up(x; k)

f 0@

=0 (5.51)

forall x 2 : Foreachl 2f1;:::;Ng; multiplying (k) to both sides of (5.51), we

have
X X X
si Vi(x)+ aj r vi(x) rvj(x)+ Bi(x) rvi(x)=0 (5.52)
i=1 i =1 i=1
where
§ Si = 2(k) 1(k)dk;
ks .
% ag =2 K0 P00+ k09 (0 (kdk; (5.53)
Lk I Uo(X; K) I uo(X; K)
Bi(x)=2 ‘ O( ) Uo(X: K) + i(k)@m 1(k)dk

forall i;j;1 2f1;:::;Ngandx 2
We next compute the boundary information forV. For all x 2 and k 2 [k;K],
sinceu(x; k) = f (x; k) wheref is the data for the inverse problem under consideration

(see (5.34)), it follows from (5.42) thatv(x; k) = % log ;2. Hence, by (5.49), we

have

Z Zgl Fx: )

M= ) (O = Slog e

i()d i 2f1:::;Ng

for all x 2 : Since we only measure the wavwe on ; we complementv;(x) = 0 for

alli 2f1; :Ngandx 2 @ n : The boundary value ofVy = (Vvq;Vo; 125w )T is
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given by
oq FO6) .
W= a0 =« Uo(X; ) i=1 (5.54)

On the other hand, by (5.49), for allx 2 and k 2 [k; k],

o 1o @u(x;k)  @uo(x;k) 1 g(x;k)  @uo(X;K)
QR = 2 Tk wck) K PGk wo( k)

Therefore, by (5.49),

Zy
@vi(x) = ) @v(x; ) i( )d
Zy
_ 1 g(x; ) @uo(x; )
T 7T we) ) 559
foralli2f1;:::;Ngandx 2 : By setting
251 g0 ) @uolx; ) "
- - , olX, _ :
W= T F ) w ) ) L (5:56)
we have
@V (X) = go(x) forallx2 : (5.57)
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problem
8
X
Si Vi(x)+ & r vi(x) rv(x)
i=1 i =1
X
+ Bi(x) rvi(x) = 0; X2 (5.58)
i=1
§ W) = qlx) x2@;
@W(X) = o(x) x2
wheres;, aj, By, 1 1i;j;l N are given in (5.53),0; and gy, are respectively

de ned in (5.54) and (5.56).

Remark 5.6.1 Let (s;){j-, denoteS *. Problem (5.58) can be rewritten as a par-

ticular form of (5.7) as

+  §iBi(x) rvi(x)

i=1

0; X2

WX) = ax) x2@;
@Wx (X)

8 X X
% vi(x) + Siag I vi(x) rvi(x)
i=1 i =1
X

Oo(X) X 2

However, we numerically observe that solving.58) provides better numerical solu-

tions.

Let (x;y;2)= e (z+1? for a numberr > 1 be a Carleman weight function. We
refer the reader to [10, Theorem 3.1] for the proof of Carleman estimate (5.15) with
this Carleman weight function in 3D. Thus, we can nd the solution to the system of

guasi-linear equations (5.58) by the convexi cation method, see Algorithm 4.
5.7 Numerical tests

In this section, we numerically study Problem 5.3.1 and Problem 5.5.1.
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5.7.1  Numerical study for Problem 5.3.1

We present an example in which we apply convexi cation method to compute the
solution to problem of the form (5.7). For simplicity, we consider the case = 2
and the computational domain is chosen to bg( 1;1)?. We choose the set to
bef(x;y = 1) :jxj 1g @ , on which we impose the Neumann boundary
condition for the solution v. We numerically test the convexi cation method in the
nite di erence scheme. That means we compute the values of the solution on the
grid

G= (xi= 1+(i Ldey;= 1+( 1do):1 i) Ny

whered, = ﬁ and Ny is an integer. In our numerical study,N, =41:
In computation, we use the Carleman weight functiore (R*19°e (v 15 where
=1:1. This Carleman weight function is the 2D version of the one used in Section
5.7.2. The regularization term is chosen to be= 10 °: The details in implementation
including the discretizing the cost functionall. and the choice of the initial guess are
similar to the ones in Section 5.7.2. We do not present in details here. To illustrate
the e ciency of Algorithm 4, we compute solution to (5.7) when the nonlineariryG

is given by

G(x;s;p) = pjpj2+1 sin x+ (y 05)> +2 cosx+ (y 05)
h

4 2(y 05Y%sin x+ (y 05)% + 1+cosx+ (y OBy °

1=

+4 2(y 05) cosx+ (y 0572 “+1 (5.59)

forall x =(x;y) 2 ,s2 R andp2 RY The exact boundary data are given by
8
2 g(xy)= x+sin x+ (y O5) (xy)2 @;

(5.60)
z B(Xy)= 2 (y 05)cosx+ (y 052 (xy)2
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We add noise into the boundary data by the following formulas

0= 0,(1+ rand) and gy = gy(1+ rand)

where rand is a function taking uniformly distributed random numbers in the range
[ 1;1]: The noise level is set to be5%, 10%and 20% The exact solution to (5.7)
in this testis v (x;y) = x+sin x+ (y 05)? forall x =(x;y) 2 : The error
in computation is given in Table 5.1. The graphs of the exact solution , computed

Table 5.1: The relative error in our computation agaist the noise level contained in
the boundary data.

; kv vk 1
relative error —- 7
5% 4.14%
10% 9.21%
20% 19.40%
solution v°™P and their relative di erencesjk"ka%; when =5%; 10%and 20%are

displayed in Figure 5.2.
It is evident from Table 5.1 and Figure 5.2 that the convexi cation method delivers
reliable solutions to quasi-linear elliptic equations. The errors in computation are

compatible with the noise level and they occur o® where the noise takes place.
5.7.2  Numerical study for Problem 5.5.1

In this section, we present some numerical solutions to Problem 5.5.1. The numeri-
cal examples we present in this section illustrate the e ciency of the gradient descent
method for the convexi cation described in section 5.4.

Especially, we will show that the presence of the Carleman weight function in the
objective function is crucial. That means, without involving the Carleman estimate,
the descent gradient method does not deliver good numerical solutions to the problem

of minimizing our nonconvex objective functional.
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(a) The function v

(b) The function v¢°™ . = (c) The function v®°™ . = (d) The function v®®™ =
5%. 10% 20%

(e) The relative dierence (f) The relative dierence (g) The relative dierence

jv ycomp j — o jv v comp j _ o jv v comp j _ 0
kv ket ) - =5% kv ket ) ° =10% kv kp1 () - =20%

Figure 5.2: Solutions to (5.7) wherG and f and g are given in (5.59) and (5.60)
respectively.

5.7.2.1 The forward problem

The experimental setting for Problem 5.5.1 is as follows. LR = 1 and =
( R;R)3. The source location is placed af0; 0; 4). The interval of wavenumbers is
[; 2 ], which correspond to the interval of wavelength§0:5; 1]: In order to generate

the simulated data, we use the nite di erence method in which we decompose as
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the uniform partition with grid points

G=f(x;= R+(i Dhyj= R+(j 21h;z= R+(l 1)h):

whereNy =41 and h =2R=(N, 1). We also split the interval of wavenumbers to

the uniform partition

wherek; = k+(i 1)(k K)=(Nx 1)andN, = 121: The forward problem is solved via
solving the Lippmann-Schwinger equation (5.39) by the method in [25, 26]. Denote
by u (x;k), x 2 G, k 2 K the obtained solution. The noisy data for Problem 5.5.1 is

given by

f(x;k)=u(x;k)(L+ rand) g(x;k)= @u (x;k)(1+ rand)

forall x 2 \G andk 2 K where is the measurement site de ned in (5.33),
= 10% and rand is the function taking uniformly distributed random numbers in

[ 1; 1] The truncation number N is 7, which is chosen by a trial-error process.
5.7.2.2 The rst approximation of the function V

The rst step of our method is to compute a vector-valued function that satis es

@Vo] = 0 and Vojg = Oi: (5.61)

This vector-valued functionV; is used in the change of variabléJ = V  \j as in
(5.9). Moreover, to guarantee fast convergence, we will n#fy such that it is close
to the solution V. We call this function V; the initial solution.

Since our target is to solve the nonlinear system (5.58), it is natural to nd/ =
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the nonlinear term, which is

8
X X
% si VO(x)+ Bi(x) r v2(x) = O; X2
i=1 i=1
; Vo) = @x) x2@; (562)
' @Vo(X) = do(x) x2

Since (5.62) is a system of linear partial di erential equations, we can solve it directly
by the quasi-reversibility method involving a Carleman weight function in the nite

di erence scheme. That means, we minimize the following functional

VAN X 2
w 7! 2 si W)+ Bi(x) r W(X) + kWkJo, (5.63)

i=1 i=1

@W| = g. In (5.63) and also in this section, the used Carleman weight function is
= e (RN?e @ N® where =1:1andr = 1:5 and the regularization parameter
=10 ©. Even though in theory, the value of is large. However, we have discovered
computationally that a reasonable value = 1:1 works well. So, we use this. These
observations coincide with those of our previous works on the numerical studies of
the convexi cation [19, 10]. This Carleman weight function is used for all numerical
tests in this section.

We refer the reader to [24, 28] for details in the implementation of the quasi-
reversibility method to solve a system of linear partial di erential equations with

Cauchy boundary data.
5.7.2.3 The minimizing sequence

For the simpli cation in implementation, we skip the step of changing the variable
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function found in section 5.7.2.2. Then, due to (5.52), we set the cost functional as

w4 X X 2
J(V) = 2 Si Vi Qi r Vi IV Bir vi dx+ KVKZ, n:
1=1 i=1 ij =1 i=1

The nite di erence version of J is

Xy Xy
J(V)=h® 2(Xi1 Y 21) s Vi(Xi; Y5 21)

ijl=11=1 i=1
X X 2
ai r Vi(Xisyjz) rovi(Xisy;sz) Bi (Xis yi; z2)r vi(Xi;yj;z) dx
iy =1 i=1
3 %X X\I . .2 . .2 - .2
+ h ity z)ic+ jr vixis v 2)i°+ 1 vixisy; z2)j o (5.64)
=1 1=1
Remark 5.7.1 In our computation, = 10 © for all tests. Also, in (5.64), the

regularity term is set to be kUkyz(y n instead of HP() N. We observe numerically
that using the normkUk,2(y v already provides satisfactory numerical solutions. So,
it is not necessary for us to choose norm i P() N. This observation signi cantly

reduces the expensive e orts in implementation.

We now mention that to speed up the minimization procedure, we need to compute
the gradient DJ; of the discrete functionald; in (5.64) above. Having the expression
for the gradient via an explicit formula signi cantly reduces the computational time.
We have derived such a formula using the technique of Kronecker deltas, which has

been outlined in [23]. For brevity we do not provide this formula here.
5.7.2.4 Numerical examples

We perform three (3) tests.

Test 1. We rst consider the case of detecting one target with high dielectric
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constant. The dielectric constant of the medium is given by

8
2 5 if X2+ y2+(z+0:7)? 0:2%

Ctrue =
1 otherwise
(a) The true 3D image (b) The reconstructed 3D im-
age
(c) The cross sectionsfz = 0:7g (d) The cross sectionsfz = 0:7g
and fy =09 of Cirue andfy:OQOfccomp

Figure 5.3: Test 1. The functioncy,e and its reconstruction c;omp from noisy data
with noise level of10%

The true and computed dielectric constants are displayed in Figure 5.3. Itis obvious
that the location of the target is detected accurately. The reconstructed shape is
somewhat acceptable. The computed maximal value of the dielectric constanti26

(relative error 14.8%)).
Test 2. We test our method when the true dielectric constant is given by

8
23 if03% x2+y2 05and 08 z 065

Ctrue - >

1 otherwise
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The shape of the dielectric constant is a ring.

(a) The true 3D image of the (b) The reconstructed 3D im-

ring age of the ring
(c) The cross sectionsfz = 0:7g (d) The cross sectionsfz = 0:7g
and fy =0g of cue and fy = 0g of Ceomp

Figure 5.4: Test 2. The functionc,,e and its reconstruction c;omp from noisy data
with noise level of10%

The true and computed dielectric constants are displayed in Figure 5.4. It is
evident that the dielectric constant is computed successfully. The ring" shape is
clearly detected. The computed maximal value of the dielectric constant B7809
(relative error 7.3%)).

We now consider the direct optimization without using the Carleman weight func-
tion. That means we apply the same procedure to compute the dielectric constant
except taking = 0: The numerical result in Figure 5.5 show that without the Car-
leman weight function involving, we reconstruction is poor.

Test 3. We consider dielectric constant with a more complicate geometry. The
graph of the dielectric constant is a letterY located on the planez = :7 The true
and constructed dielectric constants are displayed in Figure 5.6. We observe that our

method can detect the shape of the lettelf clearly. Moreover, the reconstructed






