
Probability and Measure, Problem 1 UNCC ID:

1. [10 points] Consider the probability space ([0, 1],B, dx), where B is the Borel σ-algebra
and dx is the Lebesgue measure. Consider the random variable (a function on [0,1]):
X(ω) = max(sin(2πω), 0).

(a) Find σ(X), i.e., the minimal σ-algebra generated by the r.v. X(·).
(b) For Y (ω) = [X(ω)]2, calculate (one of the versions of ) E[Y |X] = E[Y |σ(X)].

(c) Find the distribution function for the r.v. X(ω) and its decomposition on a.c.
and discrete parts.
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Probability and Measure, Problem 2 UNCC ID:

2. [10 points] Let X1, X2, · · · , be a sequence of I.I.D. random variables with pdf:

f(x) = e−x, x > 0. Show that

lim supn→∞
Xn

lnn
= 1 a.s.
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Probability and Measure, Problem 3 UNCC ID:

3. [10 points] For any two random variables X and Y with the finite variance of X, show
that

V ar(X) = E [V ar(X|Y )] + V ar[E(X|Y )] .
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Probability and Measure, Problem 4 UNCC ID:

4. [10 points] Let X, Y , and Z be independent N(0, 1) r.v. Find

E [(X + 5Y + 1)(X + 2Y + Z + 2)|X + 5Y = a, Y − 3Z = b] .
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