
Probability and Measure, Problem 1 UNCC ID:

1. [10 points] Let Y1, Y2, · · · be a sequence of iid random variables following an exponential
distribution with parameter λ > 0. This means that P (Y1 > t) = e−tλ, t > 0. Let

Sn =
n∑
k=1

kYk.

(a) Find the mean and variance of Sn.

(b) Prove that there exists a real number A such that

Sn
n2

p−→ A

and find A.
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Probability and Measure, Problem 2 UNCC ID:

2. Let X1, X2, · · · be a sequence of iid random variables. A sequence of real numbers
{an} is called an upper function for {Xn} if P -a.s. we have only finitely many events
[Xn > an]. A sequence of real numbers {ãn} is called a lower function for {Xn} if
P -a.s. we have infinitely many events [Xn > ãn]. Assume that {Xn} have the Cauchy
distribution with density

p(x) =
1

π(1 + x2)
.

Use the Borell–Cantelli Lemmas to prove that a sequence of real numbers {an} with

an →∞ is an upper function if and only if
∞∑
n=1

1

an
<∞ and that it is a lower function

if and only if
∞∑
n=1

1

an
=∞.
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Probability and Measure, Problem 3 UNCC ID:

3. [10 points] Let X and Y be independent random variables and let φ : R2 7→ R be a
Borel function with E|φ(X, Y )| <∞. Let g(x) = E[φ(x, Y )]. Prove that

E[φ(X, Y )|X] = g(X) a.s.
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Probability and Measure, Problem 4 UNCC ID:

4. [10 points] Let (Ω,F , P ) be a probability space, and let X,X1, X2, X3, · · · be random
variables on this space. Assume that, with probability 1, we have X1 ≤ X2 ≤ X3 ≤ · · ·
and Xn ≤ X for every n = 1, 2, · · · . Prove that if Xn

p−→ X, then Xn → X with
probability 1.
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