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ABSTRACT

SHENGWEN GUO. Stationary Optimal Transport Plans and The Thermodynamic
Formalism. (Under the direction of DR. KEVIN MCGOFF)

Optimal Transport (OT) and Thermodynamic Formalism are two famous linear
optimization problems. In optimal transport problem, researchers are curious about
the minimization of transportation cost and in thermodynamic formalism, problems
are centered on the minimization of ‘free energy’ in thermodynamic physics system.
In this Ph.D. project, we consider constrained versions of these two problems. That
is, given Z C C(X) a closed subset and denote by Mz(X,T) the set of invariant
measures which equals 0 on Z, when probability measure p ranges over Mz (X, T),
we explored the properties of optimal plan such as existence, convexity and ergodicity
in the framework of optimal transport and thermodynamic formalism respectively. In
addition, other topics including uniqueness of optimal plan, Lagrangian approach to
optimization, optimization as zero temperature, realization and duality problem also
have been studied.

In the first two chapters, project background, basic settings, and related references
are introduced. Generally speaking, we are interested in the properties of optimal
plans for linear optimization problems in the framework of optimal transport and
thermodynamic formalism. In Chapter 3, we talk about the existence and character-
ization of optimal plans. When Mz(X,T) is nonempty and satisfies the ‘property
(E)” which ensures that the extreme points in Mz(X,T) are ergodic, optimal plans
have some nice properties.

From Chapters 4 to 8, we studied different problems related to optimal plans.
Chapter 4 studies the uniqueness property of optimal plan. In the framework of
optimal transport, we have the ‘generic’ uniqueness property; and in the framework

of thermodynamic formalism with entropy term, there is a unique optimal solution if
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marginal given distributions are Bernoulli. Chapter 5 explores ‘Lagrangian approach’
to optimization. Such result is based on the famous Isreal[l]’s theorem. It is named
as ‘Lagrangian approach’ because a restricted linear optimization problem can be
transformed into an unrestricted problem through this approach. In Chapter 6 we
studied optimization as zero temperature. In thermodynamic formalism, if potential
function ¢ is replaced to t¢ and then let ¢ — oo, what is the behavior of optimal
solution fu44? This problem has a background in thermodynamic physics, ¢ is called an
‘inverse temperature’ of a system. Chapter 7 explores ‘realization’ problem: if a subset
of measures £ in Myz(X,T) is given, can we fund a function ¢ such that the set of
optimal plans is exactly co(€) or co(£)? We have results in both types of optimization
problems. And Chapter 8 talks about duality problems. For optimization problems,
its duality is always good to study. We have both Kantorovich duality and Fenchel
duality with respect to the linear optimization problem in the framework of optimal
transport and thermodynamic formalism.

Finally, in Chapter 9, we list several open problems. These problems are interesting

and valuable enough to be explored in the future.
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CHAPTER 1: INTRODUCTION

The Optimal Transport (OT) problem originates from the basic transportation
problem in real life: if we want to move some goods from one or more places (ware-
houses) to one or more destinations, is it possible to find an ‘optimal’ transport plan
which minimizes transportation cost? The usual setting for the OT problem consists
of a fixed-cost function with some nice properties, the distribution of goods in different
warehouses and the distribution of demand in different destinations. Thermodynamic
Formalism is a famous topic in mathematical statistical physics, which studies the ‘free
energy’ in certain thermodynamical systems and states that minimize system’s free
energy, such states are called ‘equilibrium states’ since systems with minimized free
energy achieve an equilibrium. The key issue of general Thermodynamic Formalism
is ‘pressure’ function, which consists of two parts: potential function that represents
system’s total energy and entropy that measures the disorder of a system. Both Op-
timal Transport and Thermodynamic Formalism are linear optimization problems.
In this Ph.D. project, we focus on the linear optimization problem with restrictions
under the framework of Optimal Transport and Thermodynamic Formalism. In the
following, we will firstly introduce some basic concepts which are preliminaries of this
Ph.D. project, and then the basic settings and problems studied in this project will

be listed, finally structure of this dissertation will be given.
1.1  Preliminaries
1.1.1  Optimal Transport

The earliest Optimal Transport theory[2] only considers discrete cases that moving

between finite number of places, while our work focuses on the problem under more
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general settings. Suppose X and Y are compact metrizable spaces, cost function
¢ : X xY — R a real valued continuous function defined on the product space
X xY ={(zr,y) : z € X,y € Y}, M(X) and M(Y) denote the set of Borel
probability measures defined on X and Y. The classical Optimal Transport Theory

deals with the following optimization problem:

inf / c(x,y)dr(z,y)
XxY

mell(p,v)

This problem, initiated by Monge[3] and generalized by Kantorovich|[4], is also called
Monge-Kantorovich problem, where II(u, v) is the set of couplings with its marginals
on X and Y are p € M(X) and v € M(Y) respectively. In other words, for any
measure 7 € I(j, ), (projy)4m™ = moprojy = i, (projy )xm = moprojy = v, where
projy and projy respectively stand for projection maps (z,y) — = and (z,y) — v,

the subscription ‘#’ is read as ‘push-forward’.
1.1.2  Measure-Preserving System and Invariant Measures

To study the stationarity of optimal transport plan, we introduce the notions of
measure preserving and ergodicity. Given a probability space (X, A, i), where X is
sample space, A is the Borel o-algebra on X (in some papers it is denoted as B(X))
and p is a probability measure defined on A. A transformation 7' : X — X is called
measure-preserving if for any A € A, Tyuu(A) = po T 1(A) = p(A), the measure
w € M(X) is called T-invariant. The probability space (X,.A, u) together with a
measure-preserving operator 7' is called measure-preserving system. Let M(X,T)
be the set of all T-invariant probability measures defined on B(X). The invariance
property listed above represents stationarity, and in ergodic theory, M(X,T) is an
important object of study. M(X,T) is nonempty by the following Krylov-Bogolioubov

theorem|5]:

Theorem 1.1 (Krylov-Bogolioubov). If T': X — X is a continuous transformation



of a compact metric space X then M(X,T) is nonempty.
We have the following properties of M(X,T):

Theorem 1.2 (properties of M(X,T)[5]). If T is a continuous transformation of a

compact metric space X then
(i) M(X,T) is a compact subset of M(X).
(i1) M(X,T) is convex.

(111) w is an extreme point of M(X,T) iff T is an ergodic measure-preserving trans-

formation of (X, B(X), ).
() If p,v € M(X,T) are both ergodic and p # v then they are mutually singular.

1.1.3  Ergodicity

Definition 1.1 (Ergodicity). Suppose (X, A, u, T) is a measure-preserving system, a
measure-preserving transformation T is called ergodic if for any set E € A satisfies

T—'E = E implies p(E) =0 or u(E) = 1.
Example 1.1. In the dynamical system ({0,1}%,0):
o /= %5000 + %5100 15 not ergodic.
e The Bernoulli measure p given by u([0]) = p, u([1]) =1 — p is ergodic.

1.1.4  Joinings

The notion ‘joinings’ was firstly introduced by Furstenburg|6] and now widely stud-
ied in ergodic theory|7, 8|. Given two measure-preserving Borel systems (X, A, u, T)
and (Y,B,v,5), where T : X — X and S : Y — Y are two transformations,
pe M(X,T) and v € M(Y,S) are Borel invariant probability measures. The prod-
uct operator 7' x S : X x Y — X x Y is defined by (7" x S)(z,y) = (T'(x), S(y)) for

any x € X,y € Y. If a probability measure A is defined on product space X x Y,
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is (T x S)-invariant and is a coupling of p and v (A € TI(u,v)), then it is called
the joining of two dynamical systems (X, A, u, T) and (Y, B,v,S). We use J(u,v) to
denote the set of all joinings of (X, A, u,T) and (Y, B, v, 5).

1.1.5  Measure-Theoretic Entropy

Entropy is a well-known concept in physics, it quantifies the disorder of systems.
In this project entropy quantifies the disorder of dynamical systems. Before we talk
about entropy, some necessary concepts will be introduced.

Suppose that (X, A, u, T) is a measure-preserving system.

Definition 1.2 (Partition). A finite measurable partition of (X, A, u,T) is a collec-
tion of disjoint elements of A. In other words, if P = {Ay, Ag, -+, A} is a finite

measurable partition of (X, A, u, T), then it satisfies the following properties
o Aye Aforanyi=1,2,--- ,n, AiNA; =0 fori,je{l,2,---,n}, i#j,
o UL, Ai=X.
The basic definition of entropy is based on measurable partitions:

Definition 1.3 (Entropy of a partition). Let P = {Ay, -+, Ay} be a finite partition

of (X, A, u), the entropy of P is given by

where 0log 0 = 0 by regulation.

Let T7'P = {T7'A; : 1 <i < n}, and for any n finite partitions Py, - - - , P, define
their join as

\V/P={CinCyn---NC,: C; € Pi}

i=1
For n € N, let P" = ;:01 T~¥P, now we are ready to define the measure-theoretic

entropy with respect to P:
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Definition 1.4 (Measure-theoretic entropy). Suppose (X, A, u, T) is a measure-preserving

system, P = {Ay, -+, A} is a finite partition, the entropy of T w.r.t P is given by

n—oo M n—oo M

n—1
WT,P) = lim ~H (\/ T"P) ~ lim LH(P
=0

the existence of limit above is ensured by subadditivity. Then the measure-theoretic

entropy h(p) = h,(T) := sup h(T,P). The supremum is taken over all finite partitions
P

of (X, B, ).
1.1.6  General Thermodynamic Formalism

General Thermodynamic Formalism is centered on ‘topological pressure’, which
consists of two parts: potential function and metric along the orbits.

The concept of tolpological pressure, defined by Ruelle[9] and Walters[10] firstly,
relies on Bowen’s metric: If (X,d) is a compact metric space, the map T : X — X
is continuous, then for n € N, a new metric d,, on X is defined by d,(z,y) :=
Jnax d(T'z, T'y). For e > 0, asubset £ C X is called (n, €)-spanning set if Vz € X,

Jy € E s.t. dy(z,y) < e. Now let C(X) be the space of real-valued continuous
functions on X and for f € C(X) and n > 1, S, f(x) = 3.1y f o T%(x), define

P,(T, f,e) := inf {Z 5 I . F is a (n, e)-spanning set for X}

zel

then we put

1
P(T, f) := limlimsup — P,(T, f,¢)
e—

0 nsoo N
the existence of limit above is again assured by subadditivity, and P(7T, f) is called
the topological pressure for f. Specifically, when f = 0, the value

1
P(T,0) = lin% limsup — inf{|E| : E is a (n,e)-spanning set for X}
e—

n—oo 1N



is named ‘topological entropy’, denoted by hop (7).
The wvariational principle is an important result in Thermodynamic Formalism,

which builds a relationship between pressure and measure-theoretic entropy:

Theorem 1.3 (Variational Principle). Suppose that X is a compact metrizable space

and T : X — X is a continuous transformation, for f € C(X)

PT,f)= sup (/ fdu+h(u))

HEM(X,T)

where M(X,T) = {p € M(X) : Tup = p} and M(X) is the set of Borel proba-
bility measures on X. Proof of the variational principle please refer to|5].

The variational principle offers a way to pick out some members of M(X,T'): If
p € M(X,T) satisfies P(T, f) = [ fdu + h(), then p is called an equilibrium state
for function f (called potential function) w.r.t T.

Note that when f = 0 from Theorem 1.3 we obtain a special case of the variational

principle:

Corollary 1.4. Suppose that X s a compact metrizable space and T : X — X is a

continuous transformation. Then hyop(T) = sup  h(u).
HEM(X,T)

1.1.7  Shift of Finite Type and Gibbs measure

Gibbs measure is a special form of equilibrium state as it is based on a special
dynamical system: Shift of Finite Type (SFT). The topics for SFTs are in the field
of symbolic dynamics widely introduced by [11].

We firstly define SFT. Assume that {1,2,--- n} is a set of possible states in a
system, is it named as alphabet in symbolic dynamic theory. Let ¥, = {1,2,--- ,n}Z
be the space of infinite sequences z = {z,}>% ___ with x,, € {1,2,--- ,n}. A transfor-

mation on ¥, is given by o : 3, — X, 0(z), = ®,41, such transformation o is called



‘left-shift’ map. If A is an n X n matrix with its entries either 0 or 1, define

Ya={zeX, A =1 for all 1 € Z}

LiLi41

That is, any sequence z in 34 is an member of ¥,, and for any i € Z, the (z;, x;)-th
entry of matrix A is 1. In other words, the matrix A rules out all the sequences

x in ¥, with A = 0 for some i € Z. X, define above is a SFT. The set

@i
F(3a) = {z € ¥4 : Apgy,, = 0if Fi € Z} is called the set of forbidden words
for ¥ 4. The forbidden words is an important component of a SFT, if F(34) = &,
then A is a matrix of all 1’s and ¥4 = X, is called a full shift (on the alphabet
{1,2,---,n}). When {1,2,--- ,n} is given the discrete topology and ¥, (thus %)
the product topology, >4 is closed, compact and metrizable. The metric on >4 is
given by d,,(z,y) = 27"@Y n(z,y) = sup{N : z; = y; for |i| < N}.

Mixing property of SFTs is also required there. Let L£,, be the set of words of
length m (elements of A™) in ¥4, £ = (J,,5, L is known as a dictionary for 3.
For u € L, u = Uty - Upy_1 = uf" *, define [u] = {z € B4 : 2! = u} a cylinder
set in X4. An SFT X, is mixing if for u,v € L, there exists N > 0 and for some
n > N, we can find w € £,, s.t. w € [u] N o™ "[v]. Equivalently, ¥4 is mixing if and
only if there exists an N > 0 s.t. AN contains all positive entries.

Gibbs measure is a special equilibrium states for potential function ¢ with proper

regularity conditions, for detailed introduction please refer to [12]. Denote C(¥,) the

set of real valued continuous functions on ¥4, for ¢ € C(X4) define

var, = sup{|(z) — 6(y)| : 7. = y: VJi| < n}

and

Fa={peC(X4):var,p < fa" for § > 0,a € (0,1)}
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Assume X4 a mixing SFT and ¢ € Fu, the Gibbs measure|[12] on ¥4 with potential

¢ satisfies: 4C1,Cy >0

m—1

Mqﬁ([xo ])
S o Gadla) —mP) =

for any x € ¥4 and m > 1. P(¢) is the pressure of ¢. pg4 is an equilibrium state for

potential ¢ with respect to o, i.e.

P(g) = / bty + h(j1g)

and i, is the unique equilibrium states for ¢ € Fjy.
1.2 Settings and Problems
1.2.1  Settings

In this project, we suppose that X is a compact metric space, 7' : X — X is a
continuous transformation. Let C(X) be the set of real-valued continuous functions
defined on X and M(X) be the set of Borel probability measures on X. M (X) can be
seen as a subset of C*(X) by defining pu(f) = [ fdp for any p € M(X) and f € C(X),
M(X) is closed in weak™ topology. Denote M(X,T) := {u € M(X) : Tup = u}
the set of T-invariant Borel probability measures on X. For A the Borel o-algebra
on X and given p € M(X,T), we call (X, A, u,T) a measure-preserving dynamical
system.

The following example fits for the settings above:

Example 1.2 (Shift Space). (X, A, u,T) is a measure-preserving system if

o X ={0,1}2, every element z € X is a sequence consists of Os and 1s.
e Borel o-algebra A is generated by all the cylinder sets over X.

o I'=0:X — X is called ‘left shift’, for any sequence x := {z;}°_ (o(z)); =

1=—00
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Tip1. It is continuous if the metric d on X is given by d(z,y) = 2~ N@Y  where
N(z,y) :=max{N : x; = y; for |i| < N} when z #y

and N(z,y) =0 when z = y.

e The Bernoulli measure p defined as u([0]) = p and p([1]) = 1 — p is measure-

PTeserving.

1.2.2  Problems

Let the ‘restriction set’ Z be a closed subset of C(X) and define Mz (X, T) := {u €
M(X,T) : pu(h) =0 for all h € Z}. In this project we have studied the following two

problems:

Problem 1.1 (Problem (I) - Linear Optimization for Dynamical Systems). Suppose
that (X, A, u, T) is a measure-preserving systems defined as the settings, Z C C(X)
closed such that Mz(X,T) is nonempty. Given ¢ € C(X), the linear optimization

problem for dynamical systems is

d
ue%?))({j)/xgb H

subject to / Yvdp =0,V € Z
X

which is equivalent to

max d
:U'EMZ(XvT) /}( ¢ ILL

Problem 1.2 (Problem (II) - Linear Optimization for Dynamical Systems with En-
tropic Regularization). Suppose that (X, A, i, T') is a measure-preserving systems de-
fined as the settings, Z C C(X) closed such that Mz(X,T) is nonempty. Given

¢ € C(X), the linear optimization problem for dynamical systems with entropic regu-
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larization is
d h
s, [ ool

subject to / vdp =0,V € Z
X

which is equivalent to

max )/qudu—l—h(,u)

HEMZ (X, T

where h(p) is the measure-theoretic entropy for (X, A, u,T).

1.3  Statement of main results

At the level of generality, problems of interests are: (i) existence and characteriza-
tion of the set of optimal solutions; (ii) uniqueness of optimal solutions for problem
(I) and (II); (iii) duality problems for problem (I) and (II); (iv) Lagrangian approach
to optimization; (v) optimization as zero temperature and (vi) realization problem.
In this section we will list our main results which may cover one or more problems of
interests above.

Before the statement of main results, an important property (named ‘property (E)’)

which ensures that Mz(X,T) contains ergodic measures is given below:

(E) If for any p € Myz(X,T), its ergodic decomposition is

= / vdr(v)
Me(X,T)

where M¢(X,T') denotes the set of all ergodic measures of M(X,T') and 7 is a proba-
bility measure defined on the Borel subsets of M(X,T') and supported on M¢(X,T).

Then v € Myz(X,T) for 7- almost everywhere of v.

Theorem 1.5 (Lagrangian approach to optimization). Suppose that there are n dy-
namical systems {(X;, T;)},, where each X; and T; : X; — X; satisfy our basic

settings in section 1.2.1. Let ¢ € C(I[;_, Xi) and m; : [[;_, Xi — X, be the projec-
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tion map onto the ith space. Given pu; € M(X;,T;) and let

i=1

there exists (f1,--- , fn) € C(X1) X -+ x C(X,,) s.L.

Y= argmax / d\ + h(\)

AeM([Tr=1 XeIToe1 Tk)

¢+;<fiom—/xifidm)

= \¢€ argmax /qbd)\ + h(N)
AeMz([Tp=1 Xe I Te=1 Tx)

Note that

MZ(HXkaHTk) :{NGM(HXmHTk) iuoﬂi_l =p; fori=1,--- n}
k=1

k=1 k=1 k=1

The next two results are about the uniqueness of optimal solution in the framework
of problem (I) and (II). In problem (I), we are interested in ‘generic’ uniqueness
property. Denote M(X,T, f) the set of measures maximize [ fdu over Mz(X,T).

The ‘generic’ uniqueness property is, given E C C(X), the set
UE):={f€E: M(X,T;f) is a singleton}

is ‘topologically large’ in E:

Theorem 1.6 (Uniqueness of optimal solutions in problem (I)).

Let X be a compact metric space, and T : X — X a continuous map on X. Let E
be a topological vector space which is densely and continuously embedded in C(X). If
Z is closed in C(X) and satisfies property (E), then U(E) is a residual set. Moreover,

if E is a Baire space, then U(E) is dense in E.

In the uniqueness result of problem (II), we will consider the problem defined on a
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product dynamical system with its optimal solution has specified marginal distribu-

tion, so in the following result we let

Z:{goowx—/Xgodu+¢07ry—/xz/;dV:Vg0€C(X),1/1EC(Y)}

where i, v are given in advance.

Theorem 1.7 (Uniqueness of optimal solutions in problem (II)).

(1) Let (X,T) and (Y,S) be shift spaces, and let p € M(X,T),v € M(Y,S) be
i.%.d. wnvartant measures. The continuous function ¢ : X XY — R is given by
d(z,y) = do(w0,v0), and Z is as above. Then problem (II) has unique optimal

solution X = (\g)®N, where

Ao = argmax /gbod)\f) + Hy, (P)
Ao €I (po,v0)

(ii) Let (X, A, u,T) and (Y,B,v,S) are measure preserving systems. ¢ € C(X xY)

and Z is given as above. By Theorem 1.5, there exists a measure A e Mz(X x

Y, T xS) and x € Z s.t.

~

A€ argmax /(¢ +x)dA+h()) = A€  argmax /¢d)\ + h(N)
AEM(X XY, TxS) AEMZ (X XY, TXS)

If ¢ + x is regular enough (Hélder, Lipschitz, locally constant or Walters[13]),

then problem (II) has unique optimal solution.

Define (. () == [ fdp+7-h(p) and Lo(f) = sup,cp, x.r) brp(p) for 7 € {0,1},
Denote by M(X, T;¢) C Mz(X,T) and R(X,T; ¢) C Myz(X,T) the set of measures
maximize (,4(p) over Myz(X,T) for 7 = 0 and 7 = 1 respectively (that is, y/ €
M(X,T;0) = fog(i) = Lo(6) and i € R(X,T;8) = Lua(u) = L(9).
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Denote M%(X,T) the set of ergodic measures in Mz(X,T), when Z satisfies
property (E), M%(X,T) is nonempty. We have the following realization result, which

generalizes Jenkinson[14]:

Theorem 1.8. Assume that Z satisfies property (E). Let € be a non-empty subset of
MS(X,T) which is weak™ closed in M z(X,T). Letco(E) denote its closed convex hull
in Mz(X,T). There exists a continuous function ¢ : X — R such that M(X,T; ¢) =
co(E). Furthermore, if hlsg) is continuous, then there exists a continuous function

¥ X — R such that R(X,T;v¢) =7co(E).

For the linear optimization problems (I) and (II), we derived their duality problems.
Let Z C C(X) be a linear subspace. v is a bounded linear functional defined on Z,

1 € Z and v(1) = 1, and denote
M(X,T) :={pe MX,T): ulz =v}

we have the Kantorovich duality problem for problem (I):

Theorem 1.9. Let W ={goT —g: g€ C(X)}, define
My (v) ={p e P(X): /wd,u =0,Yw € W and p|z = v}

easy to see that Iy (v) = M, (X,T). The Kantorovich-form duality for problem (I)
18:

inf /cdu: sup v(f)
pelly (v) fHw<e
weW

where f € Z.

The rest of this dissertation are organized as follows: In chapter 2 we organized
related works of problem (I) and (II) for different selections of Z. Main results of

this Ph.D. project were listed from chapters 3 to 8, including existence and charac-
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terization of optimal solutions, uniqueness of optimal solutions, optimization as zero
temperature, realization problem, Lagrangian approaches to optimization and dual-
ity problem. In chapter 9 we summarized all the obtained outcomes and listed some

future potential work.



CHAPTER 2: RELATED WORK

For different selections of Z in problems (I) and (IT), there will be different famous
existing works. In the following we will list related existing works associated with

frameworks (I) and (II) respectively.

2.1  Related work for problem (I)

Firstly, when T is an identity map (Id), that is, T'(z) = x for all z € X, there is

no dynamic in problem (I), then

e When X is finite, problem (I) is called ‘Linear Programming’ problem, it is a
classical optimization problem and was widely introduced in [15]. The famous
Sinkhorn’s Algorithm in solving Optimal Transport problem is based on the

techniques of Linear Programming; see 2] for details.

e When we have two compact metric spaces X,Y and let 7x : X XY — X, 7wy :

X xY — Y be projection maps. Given y € M(X),v € M(Y) fixed and set

Z:{gpowX—/Xgodu+¢o7ry—/Yde:V<pEC(X),¢EC(Y)}

we recover the Optimal Transport (OT) problem from (I). The optimal trans-
port problem was first introduced by Monge|3| and generalized by Kantorovich[4],

see Villani[16] for detailed work.

There is a famous result for duality of the Optimal Transport problem: Kan-
torovich duality, which was proved by Kantorovich[4]| and later generalized by
Kantorovich and Rubinstein[17]. Some modern treatments (X,Y are compact,

Polish spaces) have been appeared in recent years, see Villani[18] for a classical
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duality result.

When 7' : X — X is a general continuous transformation, problem (I) is based on

a general dynamical system, then

e When Z = {0}, there is no restriction on p, problem (I) is called ‘Ergodic
Optimization’ problem, it is a famous topic in ergodic theory and dynamical
systems and has been studied in many aspects. The equivalence of ergodic
optimization and time average for ¢ continuous was established by [19]. The
generic uniqueness result was proved by Bousch [20], a similar version for X
Banach was given by [21]. Jenkinson|[14] showed that for any ergodic measure u
in M(X,T), there exists a continuous function such that p is the unique solution

for problem(I). A good reference for Ergodic Optimization is Jenkinson|22].

e When Z = {41, 19, -+ , 1, } is of m dimensions (m is any finite integer), define
U= (1, ,¥m) € C(X,R™), we denote by Rot(V) = {rv(u) : p € M(X,T)}
the (generalized) rotation set of ¥, where rv(u) is called ‘rotation vector’ of the

measure 1 € M(X,T) and given by

rv(p) = (/wldu,--- ,/@Dmdu)

The constraint y € Mz(X,T) in problem (I) can be written as u € My(0), for
My (0) = {p € M(X,T) : rv(u) = 0}, which is non-empty when 0 € Rot ().
In this setting, problem (I) is an optimization problem over rotation sets. The
rotation set was firstly defined in the context of degree-one circle maps|23|, and

was studied by Geller and Misiurewicz[24] and Ziemian|25].

e In problem (I) if we have another dynamical system (Y, S) where Y is compact
matrizable space and S : Y — Y continuous, v € M(Y,S) is given. Moreover,

there is a factor map 7 : X — Y between two dynamical systems, that is, 7 is
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a surjection and satisfies m o T'= S o . When the restriction set is defined as

Z:{¢ow—/¢dy:¢€C(Y)}

then Mz(X,T) = {p € M(X,T) : mpp = v} = M,(X,T) and problem
(I) is called relative ergodic optimization problem. Tuncel|26] proved that if
(Y, B, S,v) is a Markov shift, (X,T) is a topological Markov chain and 7 : X —
Y a bounded to one factor map, then M, (X,T) contains only one point. A
related problem, known as measures of maximal relative entropy, is a famous

optimization problem which focuses on the maximal measure-theoretic entropy

over M, (X, T).

2.2 Related Work for problem (II)

When T is an identity map, the measure-theoretic entropy k() = 0 and problem
(IT) is reduced to problem (I). So we only need to consider 7' : X — X is a general

continuous transformation.

e When Z = {0}, problem (II) is called ‘thermodynamic formalism’; a topic of
statistical mechanics. At the beginning, problem’s setting was born in statistical
mechanics directly, a special case that X is one-dimension lattice was introduced
by Dobrushin|27, 28, 29| and the optimizer was named ‘Gibbs states’. Unique-
ness of Gibbs states was given by Ruelle|30] and the variational principle for
Gibbs states was established in the work of Lanford and Ruelle[31]. When X
is shift of finite type, the thermodynamic formalism and the variational prin-
ciple was given by Ruelle[32], in this more general case the equilibrium states
is called ‘Gibbs measure’. In general thermodynamic formalism, X is compact
and metrizable space. For expansive T" the topological entropy and variational
principle was given by Ruelle|9], and for general T', related results were proved

by Goodwyn[33] and Goodman|34, 35]. Uniqueness of equilibrium states was
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proved by Bowen|[36] firstly, in achieving uniqueness, the regularity conditions
that potential function satisfies is named ‘specification’ condition. Bowen’s
result was improved by several scholars like Climengaha and Watson|37, 38|,

Pavlov|39] and so on.

When Z = {¢1,...,0n}, ¥ = (U1, - ,0n) € C(X,R™). Let Rot(¥) =
{rv(p) : p € M(X,T)} where rv(u) is the rotation vector for pu and is given
by ([4rdp, -+, [Pmdu). A good reference for rotation set is Jenkinson|40].
In further discussion, Kucherenko and Wolf[41]| studied geometric properties for
rotation set and analytical properties for entropy function over rotation sets.
Assume that 0 € Rot(V) (so Myz(X,T) is non-empty), problem (/) is called
‘localized relative equilibrium states’ problem. This is another restricted ver-
sion of thermodynamic formalism, was studied by Kucherenko and Wolf[42|. In
Kucherenko and Wolf[43], the ground states for a family of localized equilibrium

states {y} associated with potential functions t¢ was studied.

Suppose Y is another compact metric space and S : Y — Y continuous, C(Y)
and M(Y, S) are defined accordingly. Let 7 : X — Y be a factor map, measure
v € M(Y,S) is fixed. If the restriction set Z = {¢pom — [¢dv : ¢p € C(Y)},
then Mz(X,T) = {u € M(X,T) : mgp = v} and problem (I[]) is called
‘relative equilibrium states’, it was studied from different aspects by many re-
searchers. Based on Bowen’s definition for topological entropy[44], Ledrappier
and Walters|[45] gave the definitions of relative measure-theoretic entropy and
relative topological pressure, and proved the relativised version of variational
principle. In Walters[13], detailed analysis for relative topological pressure and
relative equilibrium states is given, so as the discussion of compensation func-
tion. Uniqueness of measures of maximal relative equilibrium states was given

by several scholars in different settings: when 7 : X — Y is a 1-block factor
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map from a 1-step SFT X to a sofic shift Y and v is ergodic, Petersen, Quas and
Shin|[46] gave an upper bound of number of maximal relative entropy (¢ = 0);
such upper bound was given in the form of class degree by Allahbakhshi and
Quas[47]; furthermore, Allahbakhshi, Antonioli and Yoo|48| proved that num-
ber of maximal relative equilibrium states is bounded by the class degree of v,
so when the class degree of v is 1, problem (II) has a unique optimizer. The

uniqueness result for a more general factor map 7 was proved by Yool[49].



CHAPTER 3: EXISTENCE AND CHARACTERIZATION OF OPTIMAL PLANS

In this chapter, we will firstly focus on the properties of restriction set - Mz(X,T)
especially the nonemptyness property. Then we will introduce some facts for existence

and characterization of optimal plans in Problem (I) and (II).
3.1  Properties of Mz (X, T)
By the famous result of Krylov and Bogolioubov (see [5], p.152), M(X,T) is

nonempty under the settings in section 2.1, however, Mz(X,T) may be empty for

some selections of Z, a simple example is Z = C(X). The following is another example

of Mz(X,T) =

Example 3.1 (Circle Rotations). Let S' = [0,1]/ ~ be the unit circle, where ~
indicates that 0 and 1 are identified, and mod 1 makes S* an abelian group. The

natural distance on [0,1] induces a distance on S*:

d(z,y) = min(jz — y|,1 — [z —y|)

Lebesgue measure on [0,1] gives a natural measure X on S*.

For o € R irrational, let R, be the rotation of S' by angle 27a, i.e.
Ryr=x+a mod1

(S, B([0,1]), A, Ra) is a measure-preserving system. If f = —(1—z)(1—a—x)1p_q1) €
Z, then for any element in Mz (X, T), whose support must avoid [1 —a, 1]. However,
such measures cannot be measure-preserving since for any interval I = [a, b] with pos-

itive measure and b — a < «, there exists ann € N s.t. R'I = [Ra, R!'b] C [1 — a, 1]
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(this is because the orbit {R"}, is dense in S'), thus R"I = 0. So Mz(X,T) is

empty in this setting.

To make problem(I) and (IT) meaningful, we give a sufficient condition for the

nonemptyness of Mz (X, T):

Theorem 3.1. Let X be a compact metric space and T : X — X a continuous

transformation. If there exist a Borel probability measure p satisfies p(f) = 0 for all

fe€Z, and forany f € Z, foT € Z, then Mz (X,T) is nonempty.

Proof. The proof refers to Krylov-Bogolioubov. As X is a compact and metric space,

the Banach space (C(X), || - [lmax) 18 separable and so as its closed subset Z. Define
dp ¥Yn € Nand f € C(X)

@Dn(f):/)([%gfoTi

It is obvious that |1, (f)| < || f|lmax for all f € C(X),n € N. So {1} is a bounded
sequence in [C(X)]*. As C(X) is a separable Banach space with norm || - ||max, by
Helly’s theorem, there exists a subsequence {t,, } that converges, w.r.t. the weak*

topology, to a bounded functional ¢ € [C(X)]*:

Jim by, (f) = 9(f) Vf € C(X)

Note that
dn(FoT) = (1) = [ {i<foT"k _ fﬂ du

T

so if we take k — oo:

W(foT)=v(f),Vf el(X)

which ensures the invariance of . 1 is positive, such property is inherited from pu.

And for any f € Z, we have ¥(f) =0, as ¢, (f) = 0 and any n € N.
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By Riesz-Markov Theorem, there is a Borel measure /i for which

b(f) = /X Fdi v € C(X)

[ is invariant because

[ feorai=utp=viren) = [ sai
X X

and for f = 1, ¥(f) = 1 because ¥,(f) = 1 for all n € N. For any f € Z,
a(f) =v(f) = 0. Therefore, 1 € Mz(X,T). O

Example 3.2. This example is again the rotation map dynamical system. When
f=—0-2)1—-a—-2)ly_a1 € Z and p(f) = 0. We claim that where exist an
neN st foR!¢Z, or u must be supported on [0, 1] but not on any RL[1 — «, 1],

however, it is impossible since u is an probability measure and US> R [1—a, 1] = [0, 1].

Example 3.3. This example is about the relative equilibrium states: the closed subset
Z ={gom— [,gdv : g e C(Y)}, here (Y,S) is another dynamical system and
v e M(Y,S) is an ergodic measure, w : X =Y is a factor map, mtoT = Soxw. We

have already known that Mz(X,T) is nonempty. Note that for any g € C(Y):

(go7r—/gdu)oT:goon—/ng:goSow—/(goS)dyeZ
Y Y Y

Example 3.4. Consider for X a compact metrizable set, we have continuous trans-

formation Ty : X — X and Ty : X — X .Let

Z=A{f—foTy: feC(X)}

Then I claim that Mz (X, T}) is equal to the set of measures that are invariant under

both Ty and Ty. If Ty o Ty = Ty o T, Mz (X, T}) is nonempty, as for f — foly € Z
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we have

(f=foTy)oTi=foTi—(foTi)oTr € Z

In this project, the existence of ergodic measures in Mz(X,T) is important. How-
ever, sometimes Mz (X, T) does not contain ergodic members even if it is nonempty.

The following example from Kucherenko and Wolf[42] verifies this fact:

Example 3.5 (Myz(X,T) may not contain ergodic members([42|). Let a,b,c,d € R
with a < b < c<d. Let X = [a,b]U[c,d] and T : X — X continuous with entropy

map p — h(p) upper-semi-continuous. In addition, assume that T([a,b]) C [a,b],
T(le,d]) C [e,d], T(a) = a, T(d) = d, and hiop(Tiap) = hiop(Tie,q) # 0. For w €

(b,c), let Z = {idx — w}, the set Mz(X,T) does not contain any ergodic measure.

To ensure that Mz (X, T') contains ergodic measures, we may assume that Mz (X, T)
satisfies the following property (E):

(E) If for any p € Myz(X,T), its ergodic decomposition is

= / vdr(v)
Me(X.T)

where M¢(X, T denotes the set of all ergodic measures of M(X,T') and 7 is a proba-
bility measure defined on the Borel subsets of M (X, T") and supported on M¢(X,T').

Then v € M4(X,T) for 7- almost everywhere of v.

Remark 3.1. If M (X, T) satisfies property (E), then every extreme point in Mz(X,T)

15 ergodic.
Example 3.6 (Some examples of Mz (X, T) satisfies property (E)).
(1) Z = {0} (case of ergodic optimization[22])

(it) Z ={yom— [ddv 9 €C(Y)} (given v ergodic) (case of relative ergodic op-

timization)
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(iii) Z = {pomx — [y pdu+omy — [, dv : Vo € C(X),v € C(Y)} (given u and
v ergodic), where tx : X XY — X and wy : X XY =Y are projection maps.

(case of ergodic optimization over product dynamical system)

Now we give some properties of Mz (X, T):

Theorem 3.2. If T is a continuous transformation of a compact metric space X,

Z C C(X) is a closed subset of C(X) such that Mz(X,T) is nonempty, then
(i) Mz(X,T) is a compact subset of M(X).
(i1) Mz(X,T) is convez.

(111) If T is an ergodic measure-preserving transformation of (X, B, i), then u is an

extreme point of Mz(X,T).
() If u,v € Mz (X, T) are both ergodic and p # v then they are mutually singular.

Proof.

(i) As M(X,T) is compact in weak™ topology, we claim that M (X, T) is also
compact in weak® topology: given a sequence of measures {p,}, C M(X,T),

we can find a sebsequence {n;}; s.t. p,, = p € M(X,T), and for any ¢ € Z:

/ iy = lim / bipy, =0

so u € Mz (X, T), which means My (X, T) is compact.
(ii) Convexity is obvious.

(iii) It is clear because the extreme points in M(X,T) are also the extreme points
in Mz(X,T), and together with the fact that the extreme points in M (X, T)

are ergodic.
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(iv) This is because of Theorem 1.2(iv).

If Z; C C(X) and Zy C C(X), define

Z1+Zgz{h1+h2:h1EZl,h2€Z2}

then we have the following results:

Lemma 3.3 (Additivity properties of Mz(X,T)).

(i) If Zy and Zy are subspaces of C(X) satisfying property (E), then Zy + Zs is a

subspace of C(X) that satisfies property (E).

(it) Let Co(X) ={f e C(X): foT = f}. If Zy and Zy are subspaces of Cr(X),
then Zl + ZQ C CT(X)

(i1i) If Zy and Zy are subspaces of C(X), then

MZ1 (X7 T) N MZz (Xa T) = MZ1+Z2 <X7 T)

3.2 Existence and characterization of optimal plans for problem (I) and (II)

The existence of optimal solutions in problem (I) is ensured by extreme value

theorem of upper-semi-continuous (u.s.c) function:

Theorem 3.4. If f € C(X) is upper-semi-continuous, i.e. Yo € E, a conver set

limsup f(z) < f(zo)

T—T0

then f is bounded above and the supremum of f is attained.

The next result is very classical, see Jenkinson[22]:
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Proposition 3.5. If ¢ is w.s.c., the map p — [ ¢dp, M(X,T) — [—00, +00) is also

u.s.c.:if prn, — poin M(X,T), then [ ¢du > limsup,_,.. [ ¢dpu,.
The constraint set Mz (X, T) := {u € M(X,T) : [¢du =0V € Z} is convex.
As if py, po € Mz(X,T), then for any ¢ € Z:

[ vdlen+ (1= )l =0 = g+ (1 - ahue € M(X,T)

All the facts above ensure the existence of optimal solutions. If M z(X,T') is nonempty,

define

MX,T: ) = {i* € My(X,T) /¢du* > /¢du,vu € My (X, T)}
the collection of optimal plans for problem (I) (measures that maximizes [ ¢du in
problem (I)).

Theorem 3.6 (Existence, characterization of optimal plans for problem(I)). If the
settings are as section 2.1 and the restriction set Mz(X,T) is nonempty, then the

set of optimal solutions for problem(I), denoted by M(X,T;¢), satisfies

(i) M(X,T;¢) is nonempty, compact and convez.

(11) If property (E) holds, then the extreme points of M(X,T; @) are ergodic.
(iii) If property (E) holds, then M(X,T;¢) contains an ergodic measure.

() If f,g € C(X) and if there exists ¢ € R s.t. f— g — c belongs to the closure of
the set {hoT —h:heC(X)}, then M(X,T; f) = M(X,T;g).

Proof.

(i) e Nonemptyness. Nonemptyness is established because by Proposition 3.4,

p— [y édp is us.c., and the restriction set Mz(X,T) is convex (by
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Theorem 3.2 (ii)). Thus, by Theorem 3.3, M(X,T; ¢) := {u € Mz(X,T) :

p maximizes (/)} is nonempty.

e Compactness. If (1), is a sequence of optimal solutions in M,.x(¢), then
by the compactness of Mz(X,T'), there is a subsequence (i, ) — p* and
p* € My(X,T). Since

im [ édp, = [ odu

therefore p* € M(X,T;¢), and we proved the compactness of M (X, T ¢).

e Convexity. For p,v € M(X,T;¢) and « € (0,1),

[ odton+ @ -ap)=a [odu+(1-a) [odv= [ odn= [ odv

soap+ (1 —a)y e M(X,T;¢).
(i) Assume that © € M(X,T;¢) is an extreme point of p € M(X,T;¢) and
p=ap + (1 —a)uy for a € [0,1], p1, po € Mz(X,T). As

[ odn= [ odam -+ (1 -yl = a [ odu+ (1) [ odu

and [ édy > [ odpn, [édu > [ by, so [ édu — [ éduy = [ Gdpi, which
implies 1, o € M(X,T;¢). Then, since p is extreme in M(X,T’; ¢), we have

p= pq = pg and g is an extreme point of Mz (X, T), so it is ergodic.

(iii) For p € M(X,T;¢), let p= [, . (X1 mdr(m) be the ergodic decomposition of
VA )
p, where M (X, T) is the set of ergodic measures of Mz(X,T). Then

/¢dM N /¢d (/MeZ(X,T) de(m)) - /MeZ(X,T) (/ gbdm) arim)
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Since [ ¢pdm < [ ¢du, so m € M(X,T;¢) for 7 almost all m.

(iv) Suppose that there exists ¢ € R and h € C(X) such that f =g+c+hoT — h.
Then for any p € M(X,T; f) we have

[ € argmax /fdm = p € argmax /(g+c+hoT—h)dm
meMz(X,T) meMz(X,T)

—> p € argmax <c+/gdm+/(hoT—h)dm>

meMyz(X,T)
= | € argmax /gdm
meMz(X,T)

so u € M(X,T;g) and thus M(X,T; f) C M(X,T;g). The reverse direction

can be proved similarly.

Let R(X,T;¢) be the set of optimal plans for problem(II), i.e.

ROXT50) = (" € Mo, T) ¢ [ du +1lu') = [ o+ ), ¥ € Ma(X. 7))

Theorem 3.7 (Existence, characterization of optimal solutions for problem(II)).
If the settings are as section 2.1, the restriction set Mz(X,T) is nonempty. Let
¢ € C(X). Then

(1) R(X,T;¢) is conve.
(ii) If the entropy map is u.s.c. then R(X,T;¢) is compact and nonempty.

(111) If hiop(T) < 00 and My (X, T) satisfies property (E), the extreme points of
R(X,T;¢) are ergodic.

() If hiop(T) < 00 and Mz(X,T) satisfies property (E), then R(X,T;¢) contains

an ergodic measure.
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(v) If f,g € C(X) and if there exists ¢ € R s.t. f— g— c belongs to the closure of
the set {hoT —h:h € C(X)}, then R(X,T; f) = R(X,T;g).

Before we start to prove Theorem 3.6, two necessary lemmas will be given first:
the first lemma given below shows that the entropy map pu — h(u) is affine in our

settings (in Section 2.1):

Lemma 3.8. Suppose that the settings are as in Section 2.1. The entropy map
of T is affine, i.e., if p,v € M(X,T) and o € [0,1] then h(ap + (1 — a)v) =
ah(p) + (1 — a)h(v).

For proofs of Lemma 3.7 please refer to Walters|5] p.183.

The second lemma builds a relationship between ergodic decomposition and en-

tropy.

Lemma 3.9 (Walters[5] Theorem 8.4). Let T' : X — X be a continuous map of
a compact metrizable space. If p € M(X,T) and its ergodic decomposition is pu =

fMe(X,T) mdr(m), then we have
(i) If P is a finite partition of (X, B(X)) then h(u, P) = fMe(X,T) h(m, P)dr(m).

(it) hp) = fMe(Xj) h(m)dr(m)
Now we are ready to prove Theorem 3.6:

Proof of Theorem 3.6.

(i) It is clear. If puy, e € R(X,T; @), then for any a € (0,1), apug + (1 — ) €
R(X,T; ¢) since by Lemma 3.7 we have

/¢d[(w1 + (1 = a)po] + hlaps + (1 — a)us)

o (/ dd + h(ul)) F(1-a) (/ ddps + h(uz))

_ / ddpy + h(p) = / ddpa + h(p2)
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(ii) The nonemptyness of R(X, T ¢) is because the map p— [ ¢du + h(p) is u.s.c
and M z(X,T) is convex. To prove the compactness, assume (pi,,), € R(X,T; )

a sequence of optimal solutions, then we can find a subsequence (i, )i s.t.

fon, — 1 € Mz(X,T) by the compactness of Mz(X,T) and

imsup [ Gdpn, + i) = [ 6d+ i)

k
so € R(X,T;¢).

(iii) Since the map pu +— [ ¢dp + h(p) is affine, proof can be followed in the same

way as Theorem 3.5(ii).

(iv) By nonemptyness, we can always select a member p of R(X,T;¢). Let p =

fMEZ(X,T) mdr(m) be the ergodic decomposition of i, by Lemma 3.8

[ ot = [ oa ( /M;<X,T> mdr<m>> +h ( /M%(X’T) mch(m))
B /MeZ(X,T) (/ gbdm) dr(m) + /.MEZ(X,T) hlm)dr(m)
N /MEZ(X,T) (/ om h(m)) ar(m)

Since [ ¢dm + h(m) < [ ¢du+ h(p), so m € R(X,T;¢) for 7 almost all m.

(v) Suppose that there exists ¢ € R and h € C(X) such that f =g+ c+hoT — h,

then [ fdu = [ gdu+ ¢, so
/fdu+h(u) Z/gdu+h(u)+c

Thus R(X,T; f) = R(X,T;9).



CHAPTER 4: UNIQUENESS OF OPTIMAL PLANS

In this chapter, the uniqueness problem we studied is that under what conditions
the optimal plan of problem (I) and (II) is unique? In the framework of problem (I),
Jenkinson|22]| got the uniqueness result for ergodic optimization problem. There are
several uniqueness outcomes for different problems including general thermodynamic
formalism|[36, 37|, Gibbs states|30, 27, 28, 29| and Gibbs measure|9, 36|, relative
equilibrium states|49] and localized equilibrium states problem[42] in the framework
of problem (II), among them the most classical one is Bowen’s uniqueness result|36]

for general thermodynamic formalism.
4.1  Uniqueness results of problem (I)

From Theorem 3.6(i), the optimal solution set M(X,T;¢) is always nonempty.
Generally uniqueness cannot be ensured unless the constraint set My(X,T) is a
singleton. An extreme example is when ¢ is a constant and Z = {0}, then every
member 1 € M(X,T) maximizes [ ¢du. So here we would like to say that a "typical"
function ¢ does have a unique maximizing measure. That is, in a given function space
E C C(X), can we find an open, dense subset E’ such that for all p € E', M(X,T; ¢)

is a singleton? Or in other words, the set
Uz(FE) = {¢ € E : there is a unique measure in Mz(X,T) maximizes /gzﬁdu}

is open and dense in E. The next uniqueness result is generalized from ergodic

optimization by Jenkinson|22].

Theorem 4.1. Let X be a compact metric space, and T : X — X a continuous map

which has only finitely many ergodic invariant measures. Let E be a topological vector
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space which is densely and continuously embedded in C(X). If Z is closed in C(X)

and satisfies property (E), then Uz(E) is open and dense in E.

Proof. Let {p1,- -+, un} be the ergodic measures for T', and define
F, ={¢ € E : u; maximizes /gzﬁd,u over Mz (X, T)}

for each 1 <i < N, then

e step 1: By Theorem 3.5(iii), if problem (I) has unique optimal plan, then it

must be ergodic. So Uy (E)¢ can be expressed as

Uz(E) = JFinF
i<j
e step 2: F; is closed for each ¢ = 1,--- , N. Suppose that {¢,} is a net in Fj,
with ¢, — ¢ in F, then ¢ € Fj.

e step 3: each F; N Fj is hollow. Since £ is densely embedded in C(X), for any
i < j there exists ¢ = g;; € E s.t. [ gdu; # [ gdp;. If ¢ € F; N F; then for
every € > 0 then function f+eg ¢ F; N F;. Therefore F; N F; has empty interior

whenever 1 <i < j < N, soUz(FE) is dense in E.
UJ

The assumption that 7" has finite many ergodic measures is very strong. So we
strive to get an uniqueness result for a more general T'. For a specific property P, we
want to find a residual set E’ s.t. every f € E’ has the property P. A residual set
is the set contains a countable intersection of open dense subsets. We say that P is
a generic property if there is some residual set £’ s.t. every member of E’ has the

property P.
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Proposition 4.2. LetT : X — X be a continuous map on a compact metric space, Z
is closed in C(X). Let E be a topological vector space which is densely and continuously
embedded in C(X). ThenUz(E) is a countable intersection of open and dense subsets
of E.

If moreover E is a Baire space, then Uz(E) is dense in E.

The sketch of Proposition 4.2’s proof is given as below, for detailed proof we just

need to follow Jenkinson|22|’s proof of Theorem 3.2.

Proof. Define a(g|¢) == max [gdp and M(X,T;gl¢) = {u € M(X,T;¢) :

REM(X,T;9)
[ gdp = a(gle)}.

e Step 1: Show that for any ¢, g € C(X),

{/gdu:uGM(X,T;¢+eg)} — a(g|lg) ase—0

The proof is, since the set { [ gdu:p € M(X,T;¢+eg)} = [az,al], so it is
enough to show that any a. in this set we have lim._,oa. = a(g|¢). Writing

a. = [ gdm,. for some m. € M(X,T;¢ + eg), it is enough to show that any

weak™ accumulation point of m. belongs to M (X, T g|¢).

e Step 2: Since C(X) separable and E is densely embedded, then there is a
countable subset of E which is dense in C(X) (we can assume {¢, : n € N} a
dense subset of C(X) and then we can choose €,; € E s.t. e,; — f, as i — 00,
{eni: (n,i) € N?} is dense in C(X)). If {g;}5°, denotes this countable subset of
L.

o Step 3: M(X,T;¢) is a singleton if and only if M;(¢) = {[gdp : p €
M(X,T;¢)} is a singleton for each i. Define E;; := {¢ € E : |M;(¢)| > 1/5},

then

Uz (E) ={p € E:3i € N,|Mi(¢)] >0} = J|J Eiy

j=1i=1
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e Step 4: We need to show that each F;; is closed and has empty interior, thus

Uz(F) is a countable intersection of open and dense subsets of .

— Closedness: Let {¢,} be a net in E;; and ¢, — ¢ € E. M(¢,) =
[ gidug, [ gidpl] for put € M(X,T;¢s) C Mz(X,T). The weak* com-

pactness of Mz(X,T) means 3u™, u~ s.t. pt — p*u, — p~, which

/ gidpt — / gidp™, / Gidpi, — / gidp~

Need to show p* € M(X,T;0): [ daduy = [(a — ¢)duy + [ ¢pduy —
[ ¢dp—, and for any m € Mz(X,T), [ ¢dadp, > | podm. From these two

implies

facts, for any m € Mz (X, T), [ ¢du~ > [ ¢pdm. So p—,ut € M(X,T;¢)
and | [ g;du™ — [ gidp~| > 1/5, thus ¢ € E; ;.

— E;; has empty interior: Let ¢ € E; ; be arbitrary, by step 1, M;(¢+cg;) =
{[gidp : p € M(X,T;¢+¢cg;)} — algi¢) as e — 0, so for some € > 0
we have |M;(¢ + €g;)| < 1/j, which implies ¢ + cg; ¢ E; ; for some £ > 0

sufficiently small, so ¢ is not an interior point of E; ;.

4.2 Uniqueness results of problem (IT)

Bowen’s classical uniqueness result|36] for thermodynamic formalism is useful and it
will be introduced firstly. A special condition given by Bowen that ensures uniqueness

is called ‘specification’, its definition is as below:

Definition 4.1 (Specification). A homeomorphism T satisfies specification if for each
d > 0 there is an integer p(0) for which the following is true: if I, - -- , I, are intervals
of integers in [a,b] with d(I1;,1;) > p(0) fir i # j and x1,--- ,x, € X, then there is a
point x € X with T'=*"P0)(z) = x and d(T*(z), T*(x;)) < § for k € I,.
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and we define
V(T) :={¢€C(X):Ve>0,3K,d,(x,y) <e=|Spo(x) — Spo(y)| < K}

Now we are ready to introduce Bowen’s result:

Theorem 4.3 (Bowen). Let T : X — X be an expansive homeomorphism of a
compact metric space satisfying specification. Then each ¢ € V(T) has a unique

equilibrium state fig4.

We studied a very special case of problem (II), in this case we consider product space
XxY,Z={porx— [ypdu+omy — [, dv:Vp e C(X),v €C(Y)} where ¢ €
C(X xY), p and v are given invariant ergodic measures. Restriction set is actually

a set of joinings between two dynamical systems J(u, v).

Theorem 4.4. In problem (II), let (X,T) and (Y,S) be shift spaces, and let p €
M(X,T),v e M(Y,S) be i.i.d. invariant measures. We specify

Z:{gpowX—/Xgpd,u+@Z)o7ry—/Ywdl/:VgpEC(X),@ZJGC(Y)}

The continuous function ¢ : X XY — R is given by ¢(z,y) = ¢o(xo,y0). That is, the
function value of ¢(z,y) depends on the first digit of the sequences z,y.

Then problem (II) is equivalent to equilibrium states over joinings:

dX + h(\
s { onnenon )

and it has unique equilibrium states A = (Xg)®N, where Ny is the optimal coupling of

1o and vy, i.e.

Ao = argmax /gzﬁod)\g + Hy, (P)
)

A()EH(;LQ,VO
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Proof. By subadditivity of entropy, if P = {Py1,-- -, Py} is defined as
Pj={(z,y) € X xY : (w0, 90) = (i,5)}
P is the partition of the first digit, note that P is a generating partition, so
o1 k
— — — <
h(A,P) = h(}) = inf -H(P") < H(P)

where P* = \/IZ (T x S)~'P.

sup {/¢d)\+h }_ sup {/¢0d)\o+H(73)}
AEJT (1,v) Ao € (p0,10)

that is to say, under this special setting we only need to consider the marginal on the

So

first digit.

Note that when A = (\g)®", then

/gzﬁod)\o + h(N\) = /gbod)\o + H(P)

this is because of

BN = Jim (1/k)H(P¥)

and since |P*| = (n x m)*:

— > A(A)log A(A

Aepk
> olio, dolXolin, ] - - Aoliv, i) log(Nolio, JoJ Molin, 1] - - - Aol i)
{liv.aH =0

== > Noliisllog Mol ) = H(P)
[i,7]eP
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Now we should prove the uniqueness. Assume we have another A\ € J(u,v) s.t.

/gbod)\o + hA(T X S) = /¢0d)\0 + H(P)

that is to say,

so we have

nh(\) = H(P") =nH(P) ¥YneN

which means \’s marginal on each position is Ag. Therefore, A = (Xg)®" is the unique

optimal plan. O



CHAPTER 5: LAGRANGIAN APPROACHES TO OPTIMIZATION

In this chapter we will concentrate on problem (II). In the first section, we give
clear definitions of the pressure function and the tangent functional in the framework
of problem (II). In the second section, we will introduce our Lagrangian method and

apply it to a special case of problem (II) in the last section of this chapter.
5.1  Pressure function and tangent functional

First of all we define a maximal restricted pressure function Py : C(X) — R. For
¢ €C(X), let
PAT.0) = sup [ odu hip)

peEMz(X,T)
According to Walters|5] Theorem 9.7, the topological pressure function P(T, ) has
some nice properties. The following result shows that the map P : C(X) — R has

some similar properties:
Lemma 5.1. Assume that Pz(T, ¢) < oo for all ¢ € C(X),
(1) f < g implies Pz(T, f) < Pz(T,g).
(ii)) Pz :C(X) — R is 1-Lipschitz (and thus continuous).
(111) Pz :C(X) — R is convex.
(w) Py(T, f+c)=Py(T, f)+c forall f €C(X) and c € R,
(v) Pz(f+goT —g) =Pz(f) forall f,g € C(X).

Proof.
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(1) Let Pz(T, f) = [ fdpus + h(py), we have

Py(T, f) < /gdﬂf +h(ps) < sup /gdu + h(p) = Pz(T, g)
HEMz(X,T)

(i) Let Pz(T,f) = [ fdus + h(ps) and P(T,g) = [ gdug + h(p), then

Py(T, f) — Pz(T,9) (/fduf+h Mf)) (/gduf+h(uf)>

= /(f—g)d/if > —|f =4l

and

Py(T, f) — Pz(T.9g) (/ fdpg + h( ug)> (/gdug+h(ug))

— [~ gy < 11£ =
So |Py(T, f) — Pz(T,g)| < ||f —gll, Pz(T,-) is 1-Lipschitz.

(iii) For f,¢g € C(X) and « € [0, 1]:

Py(T,af +(1-a)g) =  sup /Mf+ﬂ—®mw+hW)

HEMz (X7T)

=S {a (/ fdp + h(u)> +(1-a) (/ gdu + h(ﬂ))}

<a sup (/ fdp+ h(u)) +(1—a) sup (/ gdp + h(u))
HEM 7 (X,T) pwEMz(X,T)
=aPz(T,f)+ (1 —a)Pz(T,g)

complexity is proved.
(iv) Obviously, since [(f+ ¢)du= [ fdu+ c.

(v) Obviously, since for any invariant measure p and any g € C(X), [(goT —g)du =
0.
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According to Walters|[5] Theorem 9.15, equilibrium states for any ¢ € C(X) can be
connected to tangent functional to P(T,-) at ¢. Similarly, In Walters|13|, any relative
equilibrium state can be considered as a tangent functional to relativised pressure
function at ¢. In the following we will give the definition of tangent functional and

generalize these results.

Definition 5.1 (Tangent functional). Let T : X — X be a continuous map of a
compact metrizable space with hyop(T) < 0o and let f € C(X). Given Z C C(X) a
closed subset. A tangent functional to restricted pressure function Pz(T,-) at f is a

finite signed measure p: B(X) = R s.t. P;(T, f+9)—Pz(T, f) > [ gdp,Vg € C(X).

Let W, denote the collection of all tangent functionals to Pz (7, -) at ¢. The Hahn-

Banach theorem implies that Wy is nonempty.
Theorem 5.2. Let Z C C(X) and ¢ € C(X).

(i) All tangent functionals to Py at ¢ are in Mz(X,T).

(i) If po € Mz(X,T) and [ ¢duo + h(po) = Pz (¢, T), then po is a tangent func-

tional to Py at ¢.

(111) Suppose the entropy map p+— h(p) restricted to Mz (X, T), is upper-semicontinuous
at all tangent functionals to Py at ¢. If v is a signed measure on X, the i is a

tangent functional to Py at ¢ iff p € Mz(X,T) and [ ¢dp+ h(p) = Pz (¢, T).
Proof.

(i) Let € W, first we show that p takes only nonnegative values. Let g € C(X)

be a nonnegative function, we have

/gdu =— /(—g)du > Py(¢) — Pz(¢ — g)

> Py(¢) — [Pz(¢) —infg] = 0
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so [ gdp >0 for g > 0. We have u(X) = 1, because if n € Z then

[ ndu < Pato +0.1) = Po(é) =n

ifn>1 w(X)<1lifn< -1, u(X)>1,s0 u(X) = 1. Finally we need to show
poT ' =p. IfneZandgelC(X):

n/<goT—g>dusPz<¢+n<goT—g>7T>—PZ<¢,T> ~0

Therefore [ goTdu = [ gdu, that is po T = p.

(ii) For any ¢ € C(X):

Peot 0.1 = P07V = s feosordutnin) = ( [ odua+ )

neEMz(X,T)

> ([t vt b)) = ( [ oo+ 1))
> /1/1dﬂo

therefore 1o € W.

(iii) It remains to show that if u € Mz(X,T) N Wy then Pz(¢,T) = [ ¢du + h(p).
As for any g € C(X):

Pz(¢+9,T) — Pz(¢) > /gdu

SO

Pylé+ 9. T) - / (64 g)d > Ps(9) — / ody

so by the duality result in Theorem 4.1

hu) > Pr(6) — / bdu
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then we have Pz(¢,T) = [ ¢dp + h(p).

5.2 Lagrangian approach

The Lagrangian approach to optimal plan relies on the following special cases of

Isreal’s Theorem:

Lemma 5.3 (Isreal[50]). Let X be a compact metric space, and let W : C(X) — R
be convexr and continuous. Suppose N is a closed convex cone in C(X) with apex 0.
Let fo € C(X) and let po € M(X) be W-bounded (i.e., Ic € R such that [ gduy <
c+Wi(g), Vg € C(X)). For each € > 0 there exists f € C(X) and p € C(X)* such

that
(i) f€fo+N,
(i1) w is a tangent functional to W at f,
(i) [ hdp> [ hdpy — el|lh]], Vh € N.
By Isreal|1], if A/ is a closed linear subspace of C(X), then for h € N, (=h) € N

and we obtain

<celhll = [l = po)lnll <€

‘/hdu—/hduo

The following result is the main theorem of this chapter:

Theorem 5.4 (Lagrangian approach to optimization). Suppose that the settings
are as section 1.2.1. Let ¢ € C(X). If Z C C(X) is a closed linear subspace
s.t. Mgz(X,T) is nonempty and satisfies property (E). Then there exists a mea-
sure i € M(X,T) and x € Z such that p is an equilibrium state of ¢ + x and
| [ hdu| < e||h]|| for all h € Z.
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Proof. Since Mz(X,T) is nonempty so let py be any element of Myz(X,T). The

function W : C(X) — R is given by

W(p= s [ i i

PEM(X,T

which is the pressure function so it is convex and continuous. Then g is W-bounded

because dc = 0 s.t.

/gd,uo <c+W(g) Vg € C(X)

Let N = Z, fo = ¢, by Isreal’s theorem, there exists an element y € Z and there is
w € M(X,T) that is a tangent functional to W defined above at ¢ + x. By Theorem

5.2(iii) p is an equilibrium state of ¢ + x for some y € Z and for any € > 0,

’/hdu—/hduo

since h € Z and pig € Mz(X,T) so po(h) = [ hdug = 0, we get

<cllhll, VheZ

‘/hmﬂsdmw Vh e Z

]

Now we consider a special case: if (X,T) and (Y,S) are topological dynamical
systems (X,Y are compact metrizable spaces, T': X — X and S : Y — Y are
continuous transformations), we can construct a product dynamical system (X X
Y, T x S), where T x S: X xY — X xY is given by (T x S)(x,y) = (T(x),S(y))
for (z,y) € X x Y.

Theorem 5.5. If (X x Y, T x S) is a product dynamical system as above, ¢ € C(X X
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Y). Given p € M¢(X,T),v e MY, S) and let

Z:{gpowx—/xgod,u—ktbowy—/yzpdy:thEC(X),@&EC(Y)}

Then My(X x Y, T x S) = J(u,v), and there exists (p,1) € C(X) x C(Y) and
Ae J(u,v) s.t.

~

A€ argmax /((b + pomx +1omy)dA+ h(N)
AEM(X XY, TXS)

— A€ argmax/gzﬁd)\—kh

AeJ(p,v)

Before we apply Lagrangian approach (Theorem 5.4) to prove Theorem 5.5, we
have to verify that Z = {@onx + 1 omy : Yo € C(X),v € C(Y)} is a closed linear
subspace in C(X X Y), where 7x : X XY — X and 7y : X X Y — Y are projection
mappings. It is obvious that Z C C(X x Y) is a linear subspace, now we will show

that Z is closed. A useful lemma is as follows:

Lemma 5.6 (Kober). Let X be a Banach space, M, N be two closed subspaces of X
and M NN ={0}. Then M + N is closed in X if and only if there ezists a constant

A >0 such that for allx € M and y € N we have ||z|| < A- |z +y]|.
Proposition 5.7. Z = {ponx +vYomy : p € C(X) and ¢ € C(Y)} is closed.

Proof. Firstly, define

Lx ={ponmx:peC(X)}, Lx={vomy:¥pelC(Y)}

then N = Lx + Ly and Lx N Ly = {c¢: ¢ € R}, so Lemma 4.20 cannot be applied
directly.

Now we first consider the subspace: let Z = {pomx +1pomy : ¢ € C(X) and ¢ €
C(Y)} is a subspace of C(X xY), Lx = {pony : ¢ € C(X)}, Dy = {¢pomy :
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e C(Y)} and R = {c: ¢ € R} the set of all constant functions, which is closed in
C(X xY).
Then we prove the closedness of Ly: assume that hy is a limit point of Ly, then
there exists a sequence of functions {(h,)x} € Lx s.t. (h,)x = ¢, o Tx and

lim (h,)x = lim ¢, omx = (hm g0n> omx = hy
n—00 n— o0 n—0o0

we just need to show ¢ := lim, ¢, is continuous: for any ¢ > 0, 3N, when n > N

we have

len — enll <e/3

and for continuous function gy, z € X, 3 s.t. 9 € Ns(x) = |on(x) —on(z0)| < /3

Now

lon(x) — wn(zo)| = lwn(z) — @n(T) + on(T) — PN (T0) + PN (T0) — PrlT0)]

<lpn(r) — on(2)| + [pn(z) — on(T0)| + lon(T0) — @n(T0)| < €

so ¢, = lim, ¢, € C(X), and hx = (lim, ¢,) o Tx € Lx, which means Lx is closed,
similarly, Ly is closed.

To apply Lemma 5.6 we consider quotient space Ly /R and Ly /R, we have Lx /RN
Ly/R=[0] and Z/R = Lx/R + Ly/R. Now we claim that if Z/R closed in C(X x
Y)/R then Z is closed in C(X x Y):

Claim 5.1. If Z/R closed in C(X x Y)/R then Z is closed in C(X x Y)

Proof of Claim 5.2: Define the quotient map ¢ : C(X xY) — C(X xY)/R, just need
to show that ¢ is continuous: for any € > 0, if h, A’ € C(X xY) and [|[h —I||c(xxy) <
0=c¢e,

la(h) = q(W)lexxv)/r = inf [|h — W A4 cllecxxyy < 1h = llecxxy) < e
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So now we just need to show that Z/R is closed in C(X x Y))/R, by lemma 5.6, we

need to find A > 0 s.t. for any ¢ € C(X) and ¢ € C(Y),

Il omx]llexxyyr < A-|llponx +vomy]llexxy)yr

and

Il o mx]llecxxyy/r = ;QIE o o mx + cllexxv)

=inf sup |powx(x,y)+ |
CER(a:y)eXxY

= inf sup |p(x) + |
cER pecx

we claim that inf sup |f(z) 4 ¢| = 1 (max ¢ — min ).
ceR zex

Claim 5.2. inf sup |¢(z) + ¢| = 3(max ¢ — min )
CER X

Proof of Claim 5.3. When ¢ is unbounded, i.e. minp = —oco or maxp = oo, it is
obvious that

1
1nfsup|f o(x) + ¢| = 0o = =(max ¢ — min )
c€R zex 2

so we just need to consider the boundedness case: note that

Inf sup lo(x) + ¢ = inf sup [p(x) — (—c)|
Ryex CER pcX

e When —c¢ < min ¢, select p(z) = max ¢ and —c¢ = min ¢ to obtain the inf sup:

inf sup |p(x) — (—c)| = maxp — ming



47
e When —c¢ > max ¢, select f(x) = min f and —c = max ¢ to obtain the inf sup:

inf sup |p(x) — (—¢)| = maxp — min ¢

c€R zex

5(max + ming), select p(r) = maxy and —c =

e When ming < —c < 1

3(max ¢ + min ¢) to obtain the inf sup:

ceER rxeX

1
inf sup |p(x) — (—c)| = §(maX(p — min )

e When 3(max¢p + ming) < —c¢ < maxgp, select ¢(z) =

= miny and —c

%(max ¢ + min ) to obtain the inf sup:

1
Cigg:g? () = (=¢)| = 5 (max ¢ — min )

Therefore we proved the claim.

[
For any ¢ € C(X)and v € C(Y), let F(z,y) = ¢(x)+1(y), then min yexxy F(z,y) =

mingex ¢(2)+mingey ¥ (y) = min ¢ +min ¢, similarly, max F'(z,y) = max ¢+max1),
therefore

|lpomx +vomylllexxyyr = igjf%

sup p(z) +¢(y) + ¢

(z,y)eX XY

= §(maxF—minF) > —(max ¢ — min @)

N | —

Thus we can find A =1 s.t. for any ¢ € C(X) and ¢ € C(Y), ponx € Lx/R and
pormx +omy € C/R, we have

Il o mxlllecxxyym < A-[llp o mx + ¢ o mylllecxxy)/n

then by lemma 5.6, we proved that Z/R is closed in C(X x Y))/R, therefore by the
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claim 5.2, Z is closed in C(X x Y). O
We have proved the closedness of Z, now we want to show that Z is also closed:

Proposition 5.8. The subspace of C(X xY)

Z:{cpowx—/xgodu—l—womf—/ywduzQDEC(X),@/)GC(Y)}

15 closed.

Proof. We just need to show that the set

sz{soowX—/deumpEC(X)}

is closed. We claim that Zx = Zx 1= {@omx : ¢ € Cu(X)}, where

eux)={recen: [ ran=o}

Since for any F € Zx, there exists ¢ € C(X) s.t. F = (p — [@dp) o wx. Let
5:=¢— [pdu € Cu(X), we have F = gomy € Zx.

In another direction, for G € Zy, there exists 1 € Cu(X) st. G =1 omx. Then
G=— [ddu)oryx € Zx.

Now that Zx = Zy, similar to the proof of closedness of Ly = {pomx : p € C(X)},
we can show that Zx is closed. In the following steps we can define Zy accordingly
and prove the closedness of Zy. Then follow the steps of Proposition 5.7’s proof to

get the desired result. O

Now we are ready to prove Theorem 5.5 by applying the Lagrangian approach
(Theorem 5.4):

Proof of Theorem 5.5. In Theorem 5.4, let the topological dynamical system be (X x
Y, T xS), ¢ € C(X xY), function W be the pressure function P(7 x S,-) that is
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convex and continuous on C(X x Y'), and the closed linear subspace N' = Z, where

Z:{cpowx—/xgod;z—l—d}omf—/ywdy:gDEC(X),@/}EC(Y)}

then by Theorem 5.4, there exists g&,@@ and \* € M(X xY,T x S) s.t.

A* € argmax / <¢+¢o7rx—/ @du—l—g@omf—/@ﬁdu) dX + h(X)
AEM(X xY,TxS) J X%y X Y
(5.1)
and for any € > 0

<cel|lh|,Vh e Z (5.2)

‘ / hd\*

In the follwing we will prove that there exists a A such that A € Mz (X xY,T x S) =

J(p,v):

Let \* = fME(XXyTXs) pd7(p) be the ergodic decomposition of A*. Then

)\* o ﬂ_)_(l = prMﬁ(X,T) pd(T © ﬁ;(l)(p)

Ao W;l = fque(y’s) qd(T o ﬁ;1>(Q)

1 1

are the ergodic decomposition of \* o my" and A\* o my," respectively, where 7x :
MX XY, TxS)—=> M(X,T) and 7y : M(X xY,T x §) - M(Y,S) are the map
induced by mx and my.

By (5.2), when h = g omx — [, @dp (let 1) = 0) for any ¢ € C(X), we have

nypOWXdA*—/)(wdu': /XgodA*ow;é—/Xsodu‘
— /)((gp—/)((pd,u)d)\*Oﬂ'Xl—/X(QO—/XSDd,u)dN’
(= o)

<e
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Since C(X) = {p — [ ¢du : ¢ € C(X)}, from the above inequality we have:
X ory! —ul =lrory —dull <e

Similarly,
X oyt =l = ro iyt =6, < ¢

Since the set of equilibrium states of (ng +@onx — [y pdu+ Yomy — Iy @Z?du) is a
face of M(X x Y, T x S), the set

{)\ omy' : A is an equilibrium state of ((;5 +Qomy — / odu + 1& oy — / @du)}
D' Y

and

{)\ omy! A is an equilibrium state of (gb +Qomy — / odp + 1& oy — / zﬂdu)}
X %

are faces of M(X,T) and M(Y,S) respectively.
Let

EX:{)\ﬁ'X)\:,u} Ey:{)\Zﬁ'y/\:V}

and £ = {\ : \is an equilibrium state of (¢ +@omx — [y pdu+ Yomy — Iy &du)}‘
FE is a face of M(X x Y, T x S), so 7(E) = 1 as A* is an equilibrium state of
<¢ +pomx — [ pdu+ Yomy — Iy zﬂdu). Meanwhile, by the fact that |7 o 73! —

0] < e, since [T 0 7?;{1 —6,] : M(X,T) = R, we have

Iroms ~ 6= _sup |ros(m)~8,(m)| <<

That is, the supremum is taken over all measure m € M(X,T). with its norm
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|m|| <1, the norm of m is the same of norm on C(X)*:

fro

|m|[ = sup |[m(f)] = sup
fec(x) fec(x)
IIFI<1 IIFI<1

if we set m = pu, then
IT(Ax'n) =1 < [[rody! =6, <e = T(Fy'n) =7(Ex)>1—¢
Similarly, 7(Ey) > 1 — e. Therefore
T(ENExNEy)=1—7(E°UES{UEY) >1— (1(E°)+7(E%) + T7(EYy)) >1—2¢

As € can be any value, we can pick ¢ = 1/3, then 7(ENExNEy) > 1/3 > 0, so some
equilibrium state of <gb +pomy — fX pdu + 1[} oy — fY @@du), say )\, is an element
of J(p,v).

Finally we will prove the ‘if and only if” part: for some AeJ (,v),

A€ argmax /(qﬁ—i—gpowx—/gpdu+¢o7ry—/1pdu>d)\+h()\)

AEM(X XY, TxS)

= /\Eargmax/qbd)\+h

AeJ (V)
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o (= ): For A e J(u,v),

>

€  argmax /(qzﬂ—gbowx—/@du—l—z@omf—/zﬁdV)d)\—i—h()\)
) X Y

AEM(X XY, TxS

I

€  argmax /(qﬁ—i— ¢omx + 1 omy)dA+ h(\)
AEM(X XY, TXS)

= 5\Eargmax/(¢+gb07rx+1ﬂ07ry)d)\+h()\)

AeJ(p,v)

== ;\Eargmax/gbd)\+h /@du—i—/zﬂdu
%

AeJ(p,v)

- )\Eargmax/qﬁd)\—i—h

AEJ (V)

e (<= ): This is directly from the fact that X is an equilibrium state of (¢ + @ o

Wx—fxgbd,u—i—’lj)oﬂ'y—fyﬂ;dl/).

Remark 5.3.

(i) When Z = {ponx — [, edv : ¢ € C(Y)}, the relativized version of the La-

grangian approach has been proved by Walters[15].

(ii) In Theorem 5.5 if the given ¢ € C(X X Y) and $,v are Hélder functions or

satisfy strong reqularity conditions, then there exists an unique optimal plan.
(11i) There is another way to prove Theorem 5.5 by applying Theorem 5.4: Let Zx =

{oomx — [y pdu: o€ C(X)} and Zy = {pony — [, mdv : ) € C(Y)}, and

W(f)= Pz, (T xS, f)= sup /fd)\ + h(A

XeMz, (XXY,TxS)

by Lemma 5.1, W is convex and continuous. Now, let N' = Zy, since Zy is a

closed subspace, we can apply Theorem 5.4 and Walters’ relativized version[13],
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there exist some \* € J(u,v) satisfies \* oyt = v and * € C(Y) s.t.

S argmax /(gb + Y oy )d\+h()\) <= A\ € argmax/gbd/\ +h(A)
AEM 7 (X XY,T'XS) xed(p,v)
We can generalize Theorem 5.5 if there are n different dynamical systems (X;, T;)

fori=1,2,--- ,n:

Corollary 5.9. Suppose that there are n dynamical systems {(X;, T;)},, where each
X; and T; : X; — X, satisfy our basic settings in section 1.2.1. Let ¢ € C(] [}, X&)
and ; : szl X — X; be the projection map onto the ith space. Given u; €

ME(X,, T;) and let

7 = {Z (fiom—/)(ifidui> cfieC(Xy),i=1,--- ,n}

i=1

there exists (f1,--- , fn) € C(X1) X --- x C(X,,) s.t.

A + h()\)

5\ S argmax /
)‘GM(HZ:1 Xk’H;gl:l Tk)

d)"'—iZl(fioﬂ—i_/Xifid,ui)

— ¢ argmax /de)\ + h(A)
)\GMZ(HE:I kaHZ:l Tk)

Note that
MZ(HXk,HTk) ={pe M(HXk,HTk) cpomt=p; fori=1,---,n}
k=1 k=1 k=1 k=1
Proof. Let

7 = {Zfiom:fiEC(Xi),izl,--- ,n}
i=1

by Proposition 5.7, Z defined above is closed, and by Proposition 5.8, such Z defined

in Corollary 5.9 is closed. Then by the Lagrangian approach (Theorem 5.4), there



o4
exists (f1, -, fu) € C(X1) X --- x C(X,) and \* € M([Ti_, Xk, [Tr—, Te) s-t.

A e argmax /
M(HZ:l Xk?HZ:l Tk)

X+ h()\)

¢+ Z (fz O — / fidUi>
i=1 Xi
and for any £ > 0 we have

<ellhll, Vh € Z

’ / hd\*

For f; € C(X;), let h = f;om — [, fidu;, then by the proof of Theorem 5.5,

‘ / hd\*

<ellhll, Vh€ Z = ||Nom ' — il <e

Let

A" = / pdr(p)
ME(szl Xk:HZ:1 Tk)

be the ergodic decomposition of A*; then we have (by the proof of Theorem 5.5):

<e€

1N om ™ — pill = |70t =4,

where the map 7; : M(J[;_, X&, [[1—; Tk) — M(X;,T;) induced by m; and is given
by
7:(:1(/\) =)o 7T~_1

(2

Now we define

b, = {)\ om; ': \is an equilibrium state of ¢ -+ Z fz o Wi}
i=1
then 7(E;) > 1 —¢,and if e < 1/n

=1
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Since the set

E= {)\ € M(H X5, HTk) : A is an equilibrium state of ¢ + Zﬁ owi}

k=1 k=1 i=1
is a face of M([}_, Xk, [Ti—_; Ti), therefore there is a A € EN (N, Ey). O

5.3  Result in uniqueness of relative equilibrium states

Throughout this section we consider the Gibbs measures defined on Shift of Finite
Types (SFTs) with Holder continuous potential functions: Given two finite sets (al-
phabets) H4 and Hy. Assume that there is a one-block factor map 7 : Ha — Hy
between two subshifts (X4, 0) and (Y, oy ). Here (X4, 0) be a topological mixing SFT
and (Y,0y) be another subshift, where X4 C H} and Y C H}. Let the potential

function ¢ : ¥ 4 — R be an member of F,, where
Fa={pe€C(Xa):var,p < fa™,8>0,a€ (0,1)}

and

var,¢ = sup{|¢(z) — o(y)| - 25 = yo '}
0:%4— Y and oy : Y — Y are left-shift maps.

Definition 5.2 (Fiber-wise mixing factor map). A one-block factor map 7 is called
fiber-wise mizing if there exists N such that for any y¥ admissible in' Y and xq, zy €

N

Ha s.t. m(z0) = yo and w(xn) = yn, then there exists xoxy ‘zn € L4 with w(z))

Yo'
We have the following meaningful uniqueness results in relative equilibrium states

problem (by specifying Z in the framework of problem (II)):

Theorem 5.10. Suppose that ¢ € Fa and ¢ € C(Y') is Hélder. Let v € M(Y,0y)

be the unique equilibrium state for b and @ : X4 — Y be a one-block fiber-wise
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mixing factor map from (Xa,0) onto (Y,oy). If Z = {gow — [gdv:ge C(Y)},
then we can choose a Hélder function g = ¢ — Pot(ug o ') € C(Y) such that
x =gom— [ gdv satisfies Lagrangian approach (where Pot(-) means the potential of
certain Gibbs measure). As g is Holder and x is also Hélder, the relative equilibrium

state 1s unique.

Note that the theorem above gives an result for uniqueness relative equilibrium

states, it is an weak version of Yoo[49:

Theorem 5.11 (Yoo[49|). Let m : ¥4 — Y be a factor map from an irreducible
SET onto a sofic shift. Let ¢, be Holder continuous functions defined on ¥4 and
Y respectively. Let v be the unique equilibrium state for 1. Then there is a unique

relative equilibrium state p of ¢ over v.

Before we prove Theorem 5.10, some necessary results are given as below. The first

definition gives a candidate for potential functions of projection of Gibbs measures:

Definition 5.3 (g-function). If u, is the Gibbs measure with potential ¢ € C(34).

Denote g, (z) by
_ Tghs[To - - T
ratioler

9n (2) :

1

where mypy = ppom . The g-function for mupu, is defined as g(x) = lim g,(x) and
n—oo

log g is a candidate for potential functions of myie.

The next result given by Piraino[51] shows that projection of a Gibbs measure with

Holder potential is also Gibbsian and its potential is also Holder:

Proposition 5.12 (Piraino[51]). Suppose that ¢ : ¥4 — R is continuous, i, the
Gibbs state for ¢, and m : X4 — Y a fiber-wise mizing 1-block factor map. Then

Tyl 15 also a Gibbs measure with Hélder continuous potential log g.

In the following we give another form of potentials candidate for my s when py is

a Gibbs measure with a regular potential ¢:
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Proposition 5.13 (Kempton|52|). Suppose that (X4,04) is a topological mizing SFT
and 7w : X4 — Y is a fiber-wise mixing factor map and satisfies that there exists an
integer N s.t. for any n € N, the possible values of x, in the set of sequences
{z € ¥yg : m(xp_N " TusN) = Zn_N - Znan} equals the possible values of x, in
{z € ¥4 :m(x) =z} (the nth position of x is locally determined). Then for j € Ha,

n € N and w € ¥4 such that jw is admissible, the potential for wypys is given by

> eman—1; €XP(Sni10(zw))

= lim lo e
w(g) n—00 & lezz?*lj exp(anb(ﬁlg))

w(z")=y]

fory €Y, where ot =202, and S,¢(x) = Z;‘:ol (o).

For completeness we give a brief proof below, for detailed proof please refer to

Kempton[52].
Lemma 5.14. The term

Sty exp(Si1(2w))

. m(z)=yl
lim 0
=00 Zg’:z’filj eXp(San(glg))
w(z )=y}

15 well defined and independent of j,w.

Lemma 5.15. There is a constant C' depending only on ¢ such that

_1 Zgzw'g eXp<Sn+1 (ﬁ(.’ﬁ_(.d)) Zf:zs eXp(szngb(fg))
< i

= 5 55 10(2e) =¢

Then the sketch proof of Proposition 5.13 is given below:
Proof of Proposition 5.13. Note that by the Gibbsian property of 1, we have (for any

z € [z5] and y € [yg] s.t. 7([z5]) = [yo])

glzo -
S o Ermole) —(n+ DP@) =
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and
e /
C! < <C
'~ exp(S,¢(oz) —nP(¢)) — *
as
zhern—1(yg)
SO

Cre™ PN exp(Su16(2) < Tphglzo - wa] < Coem TIPS exp(S,416(x))

zper—(yl) zper—(yp)
Crle™™ Y exp(Sud(ox)) < myppplrr -] < Che™™ Y exp(Spo(ox))
zPer—1(yl) zrer—(yl)

since z € [zj], oz € [z7}], and we have

Cl . Z:pgeﬂ’—l(yg) eXp(Sn+1¢(£))
Céep Zx?Eﬂ’_l(y?) eXp(Sngb(O'g))

ner—1(yny €X Sn T
S gn(&) S ?213 . Z%e“ (yg) p( +1¢( ))

and the potential satisfies

¢1 + lim log
n—oo

<3 + lim log
n—00 Zx’fEﬂ'_l(y’f) exp(anb(Ug))

¢ =lo Gy ¢é = 1o Cs
1 = 108 CleP 2 = 108 CleP

We can choose a proper coboundary g o 0 — g + ¢ where ¢ is in the same space as ¢

where

and c is a constant, s.t. P(¢p+goo—g+c) =0, and we denote ¢ := p+goo—g+ec.

x:xm_lj eXp Sm ¢ TW
Then we let ¢,,(y) = lo Zwanefl(y(r’n) P (Smi19(2)) =1lo Zﬂ(w)o_%n renote)
e & Zm{”ewfl(y?) eXp(Sm(Z)(Jg)) & Zﬁ’:m{n_lj eXp<Sm¢(£/g>>

I—opm
m(z")=y7
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(here w C ¥4 and jw admissable) and ¢ = lim,,, ,+, ¥, we have the following results:

Sn+11/}<g) = mh_rgo wm(g> + nlbl_rgo ¢m—1(0£) +oot n}l_{%o ¢m—n(0"g)
Zgzzglflj exp(Smi1-if(0'zw))

. m(z)=yf
= lim log .
m—00 ZZ:; Zy:zglilj eXp(Sm_lgb(o-z/g))

m(z") =yl
Zgzzgﬁlj exp(Sm+10(2w))
= lim log r@=vg
m=r00 Zg’:zﬁ’lj eXp(Sm—ngb(O-@/('_d))
m(z" )=y

that is because

2 amar1; EXP(Sm—ir19(zw))
Ymi(0'y) = log =2
- Z j exp(Sm—i(b(glg))

m(z')=y]

/_.m—1
L=Ti

By Lemma 5.15, we have (when s = m):

> =g €XP(Smi10(2w))

exp(Sunt(y) = 5 o SO Y exp(Shndlaw)

@)=y ¢ ﬁgizg
> (£=)w6"m exp(Sim+19(2w))
exp(Sn1¥(y) = =—— ——>C! exp(Snr16(zw
( + (_)) Z i eXp(Smanﬁ(l'g)) g;;n ( +1 ( ))
@)=yl r(@)=y
by the Gibbsian property of ji4:
)\[IO...xn] <

S (B aw)

summing over all x = [zg - - - z,] s.t. 7(z) = [y§]:

Cy Z exp(Sp1¢(aw)) < mpAlrg - z,] < Co Z exp(Sh+19(zw))

7(z)=y§ m(z)=yg



we have

Ci _ mppglzo - -~ x4
— < < Cy,C
C = exp(Spnt(y) =

Therefore, together with Lemma 5.13, we can pick the potential of w4, as

Zgzzgflj exp(Sp+10(2w))

. m(z)=yl

lim lo 0

nhoo 0N e, exp(Su0(z'w)
m(z) =y}

To prove Theorem 5.10 we still need the following result:

Proposition 5.16. If for ¢ € C(X4) and g € C(Y), then
Pot(jiggor 0 71) = g + Pot (1 0 )

Proof. By the result above, we have

S, exp(Spa(aw))

Pot 1 — ; ] m(z)=y{
oMl o) = o )

m(z)=y]

so if the potential is ¢ + g o 7:

Pot (kg gor 0T ) (y)
Y ean1; €XP(Spp1(d+ gom)(zw))

0
m(z)=y

= lim log
n—oo 7 3 n1; exp(Si(¢ + g o m)(z'w))

m(z/ )=y}
exXp(Sn119(Y)) D amap—1,; eXP(Sni10(2w))

= lim lo =g
e 08 exp(5,9(0y)) D -1, exp(Spo(2'w))

m(z)=y]

= lim [Sn119(y) — Sng(oy)] + Pot(pg o 7)(y)

n

=g(y) + Pot(pg o7 ")(y)
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Now we are ready to prove Theorem 5.10:

Proof of Theorem 5.10. By the Lagrangian approach Theorem 5.4 and 5.5, there ex-
ists g € C(Y) s.t. [ty = Métgor, the equilibrium state of ¢ + g o7, is a member of
Mz(24,0). We claim that g = 1) — Pot(ugs o m!) satisfies the Lagrangian approach.

g is a Holder function by Proposition 5.10. We just need to show

Hp+gor © =y
which is equivalent to
Pot (juggen 07 1) = ¥

As g is Holder, we know that fi44g0r is a Gibbs measure, and then by Proposition
5.15

Pot(ftg+gor © 7r’1) = g+ Pot(pg 0 7r’1) = [¢p — Pot(py 0 ﬂfl)] + Pot(pug o W’l) =

Thus we can pick x = gom — [ gdv € Z as the Lagrange multiplier of this relativised

problem. Since

" € argmax /(¢+X)du+ h(p) < p* € argmax /¢du+ h(p
HEM(X,T) HEMZ(X,T)

LHS problem has unique solution, so does the RHS. O

Remark 5.4. Suppose that there is a factor map m: X4 — Y, (X4, 0) is a topological
mizing SET and ¢ € C(X4). For any Z C C(X4), if problem (II)

sup / odp+ h(p

HEM 7z (3 4,0)
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has unique optimal plan, then for Lagrangian multiplier x, pe+y 15 a Gibbs measure.



CHAPTER 6: OPTIMIZATION AS ZERO TEMPERATURE

Suppose that settings are as Section 2.1, recall that the pressure function P(T, f)

is defined as

Py = s [oduni)

pEM(X,T)
If ¢ is replaced by t¢ for t € R, then the entropy term loses relative importance
as t — oo (the thermodynamic interpretation of the parameter t is as an inverse
temperature, so that letting ¢ — oo is referred to as a zero temperature limit). The

following result is generalized from|[22]:

Theorem 6.1 (Optimization as zero temperature). If X compact metrizable, T :
X — X continuous, ¢ € C(X), hiop(T) < 00 and the entropy map p — h(p) is u.s.c.
Fort € R, if uy is an equilibrium state for té in problem (II), then (u;) has at least

one accumulation point * € Mz(X,T) ast — oo, and:

(i) p* € argmax [ ¢dp,
peEMz(X,T)

(i1) h(p*) = max{h(m): m e M(X,T;9))},
(i) im h(p) = h(p).
Proof. The existence of p, for every t is established by Theorem 3.6(ii). By the com-

pactness of Mz (X, T), for each sequence (1) C Mz(X,T) there exists a convergence

subsequence (p, ) — p* € Mz (X, T).

(i) As for each ty, p, maximizes [ trpdu + h(p) =ty [ ddu + ih(,u), when £ is

large enough, ih(,u) < € (as hiop(T) < 00), and we denote fiymay as the optimizer



(i)

(iii)
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of problem (I). Then

1 1
/deﬂtk < /Qﬁd,umax < /¢dﬂmax+gh(ﬂtk) < /de:utk_’—ﬁh(utk) < /¢dutk+€

with £ — oo, ¢ = 0, and we have

[ o = [ o

As for any ¢ € C(X) and t € R, there exists an optimizer p; for [ todu + h(p).
So for different ¢t we get a sequence of optimizer (), and for each k and any

optimal plan fiy.x for problem (II), i.e. for any pim.x € M(X,T;¢):

/t¢dﬂmax + h(;“max) S /tgbdut + h(ﬂt)

fimax maximizes [ ¢du over Mz (X, T) so [ tddpmax > [ todus, and we can get

the desired result since the entropy map is upper semi-continuous:

h(p) < h(pe) = h(p) < limsup h(p) < h(p®)

t—o00

We just need to show h(p*) < liminf, o h(p): Since p; maximizes [ topdu +
h(p) for € Mz(X,T), then

/ topdp” + hp") < / todue + h(p)
from (7) we know p* maximizes [ ¢dp, then [todu* > [ topduy, so

h(p) < h(p) = h(p") < liminf h(p)

t—o00
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Therefore, for any sequence of optimizers (u;) w.r.t different values t:

limsup A(u:) < h(p*) < li{n inf h(p) = tlim h(pe) = h(p™)
—00 —00

t—o00

6.1  An application: optimal Markov joining may not be Markovian

Markov measure is an important collection of measures defined on shift spaces.

Here its definition is provided below:

Definition 6.1 (Markov Measure). Let H = {0,1,--- ,k — 1} (k > 2 is an fived
integer) be an alphabet and (3, 0) be a shift space where ¥ = HY and the shift trans-
formation o : ¥ — X is given by o(x); = x;41 for any sequence x = {x;}5°, € 3. Let
B(X) be the o-algebra generated by the semi-algebra of cylinder sets (i.e., [af '] :=
{zeX:z;=a; for 0 <i<n-—1}). Given a probability vector p := (po,- - ,Pk—1)

with non-zero entries (p; > 0 for each i and Z;:ol pi = 1) and a k X k stochastic

matriz (also named ‘transition matriz’) P = (pij)ijen (pij > 0, Zf:ol pij = 1) such
that pP = p. A probability measure p defined on (X,B(X)) is called (p, P) Markov

measure if

(i) (i) = ps for 0<i <k—1.

(i1) For any cylinder set [ag] € B(X),
1([ag]) = PagPaoarParas ** * Pan-1an

By Walters|5|, every Markov measure is ergodic and stationary. In the following
we will consider Markov joinings. Given two Markov measures i and v, where p is

(p, P) Markov measure, defined on the full-2 shift space ({A, B}, o) and v is (q, Q)
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Markov measure, defined on the full-2 shift space ({C, D}, o). And

l—« o Q l—«
P = ,Q = , P=q=['/2,1/
o 11—« 11—« Qo

for 0 < o < 1. Ellis|[53] proved that the d-metric between two Markov processes may
not be attained by a Markov joining. d-metric, or d-distance, is a metric between two

discrete time processes with finite or countable states, measures how different the two

processes are. When p and v are stationary, we have the following useful result.

Proposition 6.2. If u and v are stationary, then

d(p,v) = inf )/cd)\

AEJ (v

]-7 Zf Zo 7é Yo
where c(x,y) = 1(xo # yo) =

0, if z0=1yo
Please refer to Shields|54] for detailed proof. Let MJ (u,v) be the set of Markov

joinings of © and v, next result is proved by Ellis[53].

Proposition 6.3. Suppose that p and v are Markov measures as given above, for

0<a<1/2

- 1 1 -2«
d(p,v) = =(1—2a), M(p,v)= inf X\ =
(/"LJ l/) 2( O{), (MJ V) )\E.A/ll%(,u,l/)/c 2 _ 20[

where M (pu,v) is called ‘Markov distance’ of p and v.

The next theorem shows that in our framework of problem (II), if the linear opti-
mization problem is over joinings of ergodic Markov measures, the optimal plan may

not be Markovian.
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Theorem 6.4. Let p and v be Markov measures as given above. For ¢ = —c, if € is

fized and small enough, then

sup )/(bd)\ +eh(A) > sup /gbd/\ +eh(A)

AT (p,v AEMT (p,v)
To prove Theorem 6.4 we need the following properties of M7 (i, v):

Lemma 6.5. For Markov measures j1 and v defined on (£,,0) and (¥,,0), respec-

tively, MJ (1, v) is a non-empty and compact subset in M(X, x X,).

Proof. 1t is obvious that MJ (u, V) is non-empty because p ® v is a Markov joining
of 4 and v. Now we talk about the compactness, we just need to show that for a
sequence of Markov joinings {\,}, € MJ (u,v) and A\, — A, we have A\ € MJ (p, v).
Firstly, A is a joining of pu and v by Theorem 3.2(i), so we just need to show that
A satisfies Markov property. Assume that A, = {ag,a1, - ,ak-1}, ¥, = Ai\f and
A, = {bo,b1,-- b1}, B, = A, Denote by T = o x o, X is a Markov measure
on product space (X, x X,,0 x o) if and only if for every integer m > 0 and for
every sequence Ey,- -, E,, where F; € A, x A,, if  =TE,NT*EyN---NT™E,,

c,de X, xX,, FF=1Nc
MTINd|I)=XTcnd|c)

Since each A\, satisfies the Markov property above and A, — A, so A is a Markov
measure. Thus we proved the closedness and compactness of M7 (u, V). O

Now we are ready to prove Theorem 6.4:

Proof of Theorem 6.4. Assume that for each fixed ¢, the optimizer of

sup /gbd)\ +eh())

AET ()
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is denoted as A/, correspondingly, the optimizer of

sup / PdA + eh(N)

XeMT (p,v)

is denoted as AM7. Since an upper semi continuous real-valued function of a compact
space attains its supremum, for each &, optimizers A7 and AM7 always exist.

We pick a sequence of numbers {¢,}, with ¢, — 0. For each n and thus ¢,
there exist A/ and A7, In the following, using A7 and A}’ to denote A7 and A’/
respectively. By compactness, in sequence {)\/}, there exists a subsequence {ny}
s.t AJ — A/, and in subsequence {\)/7}, there exists a subsubsequence {ny,}; s.t

{AMIY — AMJNote that {)\gkl}l — A’ as well. By Theorem 6.1(i),

ki

M\ € argmax / pd), M7 ¢ argmax / )
AT (p,v) AEMT (p,v)

By convergence result above, for any § < ﬁ, there exists [s s.t when [ >[5, we

‘ / gbd)\e‘]nkl - / N

In addition, as the topological entropy hip(o % ) is bounded, there exists {, > 0

have

<

<6 and ‘/qsdAgf;’ —/QsdAMJ

s.t. when [ > [, we have

Frag < 4(1 — a)hiop(o X 0)
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Now let 1, = max{ls,{}, then for [ > [,,:

6+ e b0, )| = | [0 e ns)

> {/ dd\ — (5—|—gnklh()\5‘]nk )} - {/ ddNMT + 5 +€nklh()\;]nk )}
1

B 1 -2« J M
S 5(1 —2a) — (—2 — 2a> — 20 + Eny, [h()\gnkl) — hO‘Enkl )]
a
o0 20 — Eng, hiop(o X 0)
a a a

"% i—a) A(l-a) "

Therefore, if we select [* > [,,, defined above, the problem sup [ ¢d\+ Eny. h(\)
AeJ(p,v)

achieves greater maximal value than the problem  sup [ ¢d\ + Eng,, N(A). So if
AEMT (u,v)

¢ = —¢/en,,. , the optimal plan of problem (II) is not Markovian. ]



CHAPTER 7: REALIZATION PROBLEM

Let Mz(X,T) denote the set of T-invariant Borel probability measures on a com-
pact metrizable space X and [ hdp = 0Vh € Z for any u € Mz(X,T). The following
realization result, generalizes Jenkinson|22], shows that if £ is a non-empty collection
of ergodic measures which is weak* closed as a subset of Mz(X,T), then there is a
continuous function ¢ such that set of optimal plans in problem (I) is the closed con-
vex hull of £. That is, if @6(€) denotes the closed convex hull of £, then 3¢ € C(X) s.t.
M(X,T;¢) =co6(E). Such realization result is also established when applied to prob-
lem (II): let € be a weak™ closed set of ergodic measures in Mz (X, T), if the entropy

map 4 — h(p) is continuous on ©o(&), there exists ¢ € C(X) s.t. R(X,T;¢) = co(E).
7.1  Settings

As the basic settings in section 1.2.1, C(X) is the space of continuous real-valued
functions on X (where (X, T)) is a compact, metrizable dynamical system). By Royden
and Fitzpatrick|55], C(X) is a real Banach space when equipped with the supremum
norm || « ||max- Consider the topological dual of C(X), denoted by C(X)*, which
is the vector space of continuous linear functionals on C(X). The famous Riesz
representation theorem (see Walters[5] Thm. 6.3) tells us that for each element of

J € C(X)*, there is a signed Borel measures o on X s.t.

J(6) = (6.1 = / by (7.1)

Furthermore, if J is a normalized positive operator (i.e., if ¢ > 0 then J(¢) > 0 and
J(1) =1). Then there is a Borel probability measure p on X with (7.1) satisfied.

Let (C(X)*,w*) denote the dual space C(X)* equipped with the weak™ topology.
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By definition (see Royden and Fitzpatrick|55]), this is the weakest topology s.t. for

every ¢ € C(X), the linear functional J on C(X)* given by pu — (¢, u) = [ ¢du is

continuous. By Schaefer|56], weak™ topology is locally convex, being generated by the

family of semi-norms {p, : ¢ € C(X)}, where ps(A) = [(¢, A)|. Since X is compact

and metrizable, C'(X) is separable[55]. Therefore, from [57] Thm. 10.7 the closed

unit ball B = {J € C(X)*: ||J|| < 1} in the dual space is metrizable w.r.t the weak*
topology.

By the related results from [57]| and [58], the dual space C(X)* is also a Riesz space:

it is an ordered vector space w.r.t the (convex pointed) cone C' of all positive Borel

measures on X, and it is a lattice with the operations V and A given by

(Vv v)(C) = DGA%%pDCc{M(D) +v(C\D)} (7.2)
(wAv)(©) = nf  {u(D)+v(C\D)} (7.3)

Let Er z denote the set of Z-restricted signed T-invariant measures. That is,

pw€Ery; < poT'=pand u(h)=0Vhe Z

It is obvious that Er z is a vector space. Let Brpz(X) denote the closure in C(X)
of the vector subspace generated by the set {f — foT +h : f € C(X),h € Z}.
It is easily shown that a measure u € E is a member of Erz iff [ gdu = 0 for all

g € Brz(X). Since E is the topological dual of C'(X), we deduce that

Erz = (C(X)/Brz(X))"

that is, Er z is the topological dual of the quotient Banach space C(X)/Brz(X).
[Obviously, Erz C (C(X)/Brz(X))*. Since pp € (C(X)/Brz(X))* implies that
Vg = f — f ol + h € BT72(X), fgd,u = O, SO (C(X)/Bﬂz(X))* Q ET,Z~]



72
7.2 Necessary lemmas

To prove the realization result, in this section we will introduce four necessary

lemmas and their proofs:

Lemma 7.1.

Brz(X)={he C(X): (h,u) =0 for all p € Erz}

Proof. Since E7 7 is the topological dual of C'(X)/Br z(X), it follows that the topo-
logical dual of (Erz,w*) = ((C(X)/Brz(X))*,w*) is precisely C(X)/Brz(X) (by
57| Thm. 3.16).

But there is another expression for the topological dual of (E7 7, w*), namely

(ET7Z, w*)* = C(X)/AHI](Eﬂz) (74)

where Ann(Er ) = {h € C(X) : (h,p) =0 for all u € E7 z} denotes the annihilator
of Erz. To verify equation (7.4), first note that by Hahn-Banach, any continuous
linear functional on (Er z,w*) is the restriction of a continuous linear functional
on (C(X)*,w*). Such a functional can therefore be identified with an element of
C(X), which is a topological dual of (C(X)*,w*) by [57] Thm. 3.16 and the Riesz
representation theorem. But two elements of C'(X) yield the same functional on
Er 7 iff their difference lies in Ann(Er z), so (7.4) follows. Comparison of the two

expressions for (Er z, w*)* yields the result. ]

The duality of the pair (C(X)/Br z(X), Er,z) will be denoted by

(0, ) — (0, )

which is consistent with the duality of (C'(X), E) in the sense that (¢, u) = (6, u) for
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pebecC(X)/Brz(X)and A € Ep .
By our settings, M(X,T) is the set of T-invariant Borel probability measures.
Clearly M(X,T) is convex.

Definition 7.1 (Extreme points). Suppose that K is a convex subset of a vector space
V', a point © € K 1is called an extreme point of K if whenever x = ax; + (1 — a)zy

for some x1,x5 € K and 0 < o < 1, then x = x1 = x5.

If K is contained in a hyperplane that does not contain the origin, it is called a
simplex if the cone P = {ck : ¢ > 0,k € K} defines a lattice ordering on P — P C V.
Recall that Mz (X,T) C M(X,T) is the set of invariant Borel probability measures
that is equal to 0 on Z.

The following lemma details some classical facts about Mz (X, T).
Lemma 7.2. If Myz(X,T) is nonempty and satisfies property (E):
(1) (Mz(X,T),w*) is compact and metrizable.
(1)) Mz(X,T) is a simplex.

(i1i) The set of extreme points of Mz(X,T) is precisely M%(X,T), i.e., set of ergodic

Z-restricted T-invariant Borel probability measures.
Proof.
(i) This fact is by [7].

(ii) Since Mz(X,T) lies in a hyperplane in F which does not contain the origin, it
suffices to show that Er z = Cr 7 — Cr 7 is a sub-lattice of E. (In fact, E7 7 is a
Riesz space of E.) To verify that Er 7 is a lattice with respect to the operations
V and A defined by (7.2) and (7.3), it suffices to show that if y € E7 2, then
pt=uVvO0E€ Ery. Forany A € B, u(A) = u(T1A) = p™(T71A) — u= (T 1A).
By Rudin[59], p™(T7'A) > ut(A). But A° € B as well, so u™((T71A)°) =
pH(T71AC) > put(A€), therefore p™(T—1A) = AT(A).
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(iii) Obviously since Mz (X, T) satisfies property (E).

In the following we will introduce some geometry definitions of vector spaces:

Definition 7.2 (Convex hull). Suppose that G is a non-empty subset of a convex set
K, its conver hull co(G) is the smallest convex set containing G. Its closed convex

hull €6(G) is the smallest closed convex set containing G, and it equals the closure of

co(G).

Definition 7.3 (Face). A non-empty convex subset F' of K is called a face of K if

whenever axy + (1 — a)xg € F for some x1,x9 € K and o € (0,1), then x1,x9 € F.

Remark 7.1. In the following sections we will focus on closed faces. the simplest

closed faces are singletons {k}, where k € K is an extreme point.

The following lemma summarises certain classical properties of the closed faces of
Mz(X,T), which follow from the fact that it is a simplex and that M (X, T) is its

set of extreme points.

Lemma 7.3. If Mz(X,T) is nonempty and satisfies property (E):

(i) Every closed face F of Mz(X,T) is of the form co(E) for some non-empty
subset € of MS(X,T).

(i1) If € is a non-empty subset of M%(X,T) which is closed in Mz(X,T), then
co(€) is a face of Mz(X,T).

(111) If MG (X, T) is closed in Mz(X,T), and & is any non-empty subset of Mz (X, T),
then ©o(E) is a face of Mz (X, T).

Proof. (i) If F C Mz(X,T) is a closed face, then by Krein-Milman theorem, let £

be the set of extreme points of F, we have F = ¢o(£). By [60] Prop. 2: If F
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is a face of K, any point x extreme in F' is also extreme in K, any point in £
is also extreme in Mz(X,T). And then by property (E), the extreme point in
Mz (X, T) is also ergodic. Therefore £ must be a subset of M%(X,T).

(ii) By Effros[61] Thm 3.3 and Cor. 3.5 we can prove the desired result.

(iii) This result is by Alfsen|60] Prop. 4: Every closed face F' of K can be represented
in the form F' = ¢o(€) where £ is the subset of extreme points of K. If K is a
simplex and its set of extreme points is closed, then every set F' of the form is
a closed face.

]

Definition 7.4 (Affine functional). Suppose that K is a convex subset of a topological

vector space. A functional £ : K — R is affine if it satisfies the following

lax; 4+ (1 — @)zg) = al(zq) + (1 — a)l(xs)

for all x1,25 € K and o € [0, 1].

In the following we will introduce a property related to functions that are continuous

and affine.

Definition 7.5 (Exposed face|62]). Suppose that K is a convex subset of a topological
vector space. A face F of K is called exposed if there exists a continuous affine
functional £ : K — R such that {(x) =0 for all x € F and ¢(x) > 0 for all x € K\F.
In particular, if a point k € K satisfies {k} as an exposed face (which means that k

must be an extreme point), then k is an exposed point.

Remark 7.2. Note that the continuity of £ means that any exposed face is necessarily

closed.

A result which is necessary in proving the main theorems of this chapter is that if

K is a compact metrizable simplex, then all of its closed faces are exposed:
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Lemma 7.4. Let F be a closed face of Mz(X,T). There exists an affine function
0: Mz(X,T) = R, continuous in weak™ topology, such that £(pn) = 0 for all p € F,
and £(v) > 0 for allv € Mz(X,T)\F.

Such result was firstly proved by Davies[63], for a detailed proof please refer to
Alfsen|62].

7.3  Realization theorems and proofs

Define (- () == [ fdpu+7-h(p) and Lo (f) = sup,cp, x 1) brp(p) for 7 € {0,1},
Denote by M(X, T;¢) C Mz(X,T) and R(X,T; ¢) C Myz(X,T) the set of measures
maximize (,4(p) over Mz(X,T) for 7 = 0 and 7 = 1 respectively (that is, y/ €
M(X,T;0) = fog(i) = Lo(6) and i € R(X,T;0) = Lug(u) = L(9).

The following four theorems are main results of this chapter:
Theorem 7.5. Let pu be any ergodic measure on Mz(X,T).
(i) There exists a continuous function ¢ : X — R such that M(X,T;¢) = {u}.
(i1) There exists a continuous function ¥ : X — R such that R(X,T;¢) = {u}.

Theorem 7.6. Let £ be a non-empty subset of M%(X,T) which is weak™ closed in
Mz (X,T). Let co(E) denote its closed conver hull in Mz(X,T). There exists a
continuous function ¢ : X — R such that M(X,T;¢) = co(E). Furthermore, if
hlsse) is continuous, then there exists a continuous function v : X — R such that

R(X,T;1p) =co(€).

If M%(X,T) happens to be a weak™ closed subset of Mz(X,T) (which in general
it is not), then the conclusion of Theorem 7.6 applies if £ is any non-empty subset of

MS(X,T).

Theorem 7.7. Suppose that M%(X,T) is a weak™ closed subset of Mz(X,T). For

every non-empty subset E C MG (X, T), there exists a continuous function ¢ : X — R
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such that M(X,T; ¢) =co(E). Furthermore, if hlsse) is continuous, then there exists

a continuous function 1 : X — R such that R(X,T;v) =co(E).

We have the following characterization of those subsets of Mz (X, T) which are of
the form M(X,T;¢) and R(X,T; ¢) for some ¢ € C(X).

Theorem 7.8.
(1) The set {M(X,T;¢): ¢ € C(X)} is precisely the set of closed faces of Mz (X, T).

(1) The set {R(X,T;¢): ¢ € C(X)} is precisely the set of closed faces of Mz (X, T)

on which the entropy map p— h(p) is continuous.
The following proposition is important in proving theorems above:

Proposition 7.9. Suppose { : Mz(X,T) — R is weak™ continuous and affine. there
exists ¢ € C(X) such that

{n) = (6) = [ od for all j € Mz(X,T)

(Which means an element of C**(X) can be identified with an element of C'(X).)

Proof of Theorems. First, we prove Theorem 7.8. By lemma 7.4, a subset F of
Mz(X,T) is a closed face of Mz(X,T) if and only if there exists a weak® con-
tinuous affine functional ¢ : Mz(X,T) — R such that {(u) = 0 when p € F, and
((v) > 0 when v € Mz(X,T)\F. By proposition 7.9, we may write {(u) = [ ¢du
for some ¢ € C(X), so F is a closed face of Mz(X,T) if and only if there exists
a continuous function ¢ (= —¢) such that [¢du = 0 for all 4 € F and [¢dv < 0
for all v € Myz(X,T)\F. That is, F is a closed face of Myz(X,T) if and only if
F = M(X,T;) for some ¢ € C(X), so Theorem 7.8 is proved.

If £ is a non-empty subset of M (X, T), then ¢6(&) is a closed face of Mz(X,T)
provided either £ is closed in Mz(X,T) (by Lemma 7.3 (ii)) or M%(X,T) is closed in
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Mz (X,T) (by Lemma 7.3 (iii)). In either case, Theorem 7.8 implies the existence of
some ¢ € C(X) for which M(X,T;1) =co6(E), so Theorems 7.6 and 7.7 are proved.
Theorem 7.5 follows immediately from Theorem 7.6, since the singleton {u} (i is

ergodic) is a non-empty subset of M%(X,T') and is closed in Mz (X, T). O

It remains to prove Proposition 7.9. We can follow the proof of Proposition 1 in
Jenkinson|14| with some replacements to finish Proposition 7.9’s proof. For complete-

ness the sketch of the proof is shown as below.

Proof of Proposition 7.9.
By lemma 7.1, it suffices to find 6 = g + Brz(X) € C(X)/Brz(X) such that
() = (0, ) for all p € Mz(X,T).

Define Cr 7 the cone of Z-restricted positive invariant measures as

Crz ={cu:c>0,pe Mz(X,T)}

and then we can take the following steps to prove this proposition:

(i) Define ¢; : Crz — RT by setting ¢1(0) = 0 and ¢,(m) = cly(p). ¢; is additive

and weak™® continuous.

(ii) Extend ¢; to a functional ¢ : Er z — R defined by

C(p) = La(p™) = La(p)

{5 is well-defined, linear and weak™ continuous

(iii) Since the topological dual of (Er, z, w*) = ((C(X)/Brz(X))*,w*)*is C(X)/Brz(X).
Therefore there exists a unique 6 € C(X)/Brz(X) s.t. la(n) = (0, u) for all
p € Erz. Since (5 is an extension of ¢ : Mz(X,T) — R, so the proposition is

proved.
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The last necessary result is a special case of Isreal and Phelps|64| Proposition 3.9:

Proposition 7.10 ([64] Prop. 3.9). The basic settings are as section 1.2.1 and sup-
pose that Z C C(X) closed s.t. Mz(X,T) satisfies property (E). If F C Mz(X,T)
is a nonempty closed face of Mz(X,T) and entropy map p — h(u) is continuous on

F' then there exists weak™® continuous and affine functional { € Mz (X, T)* such that

W eF < y € argmax £(u)+ h(u)
pEM 7 (X,T)

Now we are ready to prove Theorem 7.5 - 7.8:

Proof of Theorem 7.5 - 7.8. Firstly we are going to prove Theorem 7.8: For state-
ment (i), for any closed face F of Mz(X,T), by Lemma 7.4, it is exposed so there
exists a affine and weak™® continuous functional ¢ s.t. ¢|r = 0 and £|y,x,r)\rF > 0.
Furthermore, from Proposition 7.9 we can find a ¢ € C(X) s.t. £(n) = [ ¢du. There-
fore, for —¢ € C(X), we have

/(—gb)du —0, VpeF and /(—¢)dﬂ <0, Vj € My (X, T)\F

Thus, F = M(X,T;—¢). As for each ¢ € C(X), M(X,T;¢) is a closed face
(nonempty, closed, and for any aju; + (1 — a)us € M(X,T;¢) (a € (0,1)), 1, p2 €
M(X,T;¢)). So we have proved (i). The proof of statement (ii) is directly followed
by the combination of Proposition 7.9 and Proposition 7.10.

In Theorem 7.6, £ C M%(X,T) and weak™® closed in M(X,T'), by Lemma 7.3(ii),
co(€) is a closed face of Mz(X,T). Similarly, in Theorem 7.7, £ C M%(X,T) and
MS(X,T) is weak™ closed in M(X,T), by Lemma 7.3(iii), co(€) is a closed face of
Mz (X, T). Therefore Theorem 7.6 and Theorem 7.7 are followed by Theorem 7.8.
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Theorem 7.5 is a special case for Theorem 7.6 (the singleton £ = {u} is a closed face),

so it is satisfied. ]



CHAPTER 8: DUALITY PROBLEMS

In this project, our problems (I) and (II) are linear optimization problems, so it is
very natural to explore their duality problems. This chapter consists of two sections;
in the first section we studied the duality of problem (I) - Kantorovich duality, its
name origins from the duality problem of optimal transport|16]; in the second section

we explored the duality of problem (II), which is called Fenchel duality.
8.1  For problem (I) - Kantorovich duality

Given a dynamical system (X,T") with X compact and metrizable and T': X — X
continuous. Let Z C C(X) be a linear subspace. v is a bounded linear functional

defined on Z, 1 € Z and v(1) = 1, and denote
M(X,T) ={pe MX,T): ulz =v}

If there is another system (Y,S). Consider the product dynamical system (X x
Y, T x 5), let Z C C(X xY) be a linear subspace, p is a fixed probability measure

defined on Z, denote
My(X XY, Tx8)={Ae MX XY, TxS5):\z=p}

The following result is the main theorem of this chapter:

Theorem 8.1. Let W = {goT —g:g € C(X)}, define

Ow(v) ={uePX): /wd,u:(),VwE W and u|lz = v}



82

we can prove that Iy (v) = M, (X, T), and the following restricted Kantorovich-form

duality:
inf /cdu: sup v(f)
pellw (v) f+w<e
weW
where f € Z.

To prove Theorem 8.1 we need the following Kantorovich duality:

Theorem 8.2. Let

H(v) = {n € P(X) : pilz = v}

then the following duality is satisfied

inf /cdu = sup v(f)

peIl(v) f<c
where f € Z.

Proof. As v € Z* is a bounded linear functional and it is positive and continuous

W.I.t || - |lmax DOrm. Let
Uh) = inf{v(f): f > h}

fez

be a functional from C(X) to R. It can be proved that U is subadditive: for h,g €
C(X),
Uth+g) = E () £ 2 (9+ 1)
<i f > i f =
< mf{v(f): f 2 g+ b {v(f): [ = h}

=Ulg) +U(h)
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U is positively homogeneous: for any o € R™

= inf f >
Ulah) = inf{v(f): f = ah}
— | f ! « If a > h
it {anlT)e)  3fo 2 B}
= aU(h)
Additionally, for any ¢t € R, U(th) > tU(h), we just need to show the inequality is
satisfied when ¢ = —1. Since inf £ = —sup(—F),

U(=h) = in {(f) : £ = =k} = int{u(f) : ~f < b}

fez

= inf{v(~f): f <h} = —sup{w(f): f < h}

fez fez

> = inf{v(f): f = h} = =U(h)

the last inequality is because of

sup{v(f) : < b} < in () f 2 0}

fez

which follows from the positivity of the functional v.

Thus,the functional U : C(X) — R is positively homogeneous and subadditive,
Z C C(X) a linear subspace, the linear functional v : Z — R is bounded by U on
Z. Then by Hahn-Banach theorem, v may be extended to a linear functional P on
C(X) for which P < U on C(X). P has the property of positivity:

Assume P is not positive, then there exists h € C'(X) s.t. h > 0 and P(h) < 0,
however, the fact

0< P(—h) < U(~h) = inf{v(f): f > ~h} <0

fez

is contradictory. So P is positive.

Let us define a new linear operator v, : {f +tc:t € R, f € Z} — R such that
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Velz = v and v.(—c) = U(—c). By linearity of v. and property of U we have
ve(te) = (—t)U(—c) < Ulte)

Thus v, is bounded by U on its domain, so by Hahn-Banach, we can extend v, to the

linear functional P, : C'(X) — R such that
Pc|{f+tc:t€]R,f€Z} = V¢, Pc|Z =V, Pc<_c> - U(—C), Pc S U
By the construction fo linear extensions we have

sup P(=c) < Ul=c) = nf{v(f) : [ = —c}

where supremum is taken over all possible linear extensions which extends v and

bounded by U, and

which implies

—sup P(—c) 2 — nf {v(f) : | = —c}

= inf Pc) > ilelg{V(f) 1 f S ch=PFo)

Since P, extends v and dominated by U, we have

inf P(c) = Pe(c) = sup{v(f) : f < ¢}

fez

As P a positive linear functional on C(X), by Riesz-Markov, there is a unique
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Radon measure i on B(X) s.t.
P(c) = / cdpy for all ¢ € C(X)
b's
for any f € Z, since P is an extension of v,

PUY =oth) = [ fdis = jlz=v
as 1 € Z, P(1) =v(1) =1, so j1 is a probability measure. Therefore,
P~ jell(v)
Thus P is a transport plan with marginal v. The desired duality problem is satisfied.

]

The next statement is a general version of minmax theorem, it is necessary to prove

Theorem 8.1 and its proof can be found in [65]:

Theorem 8.3 ([65]). Let K be a compact convex subset of a Hausdorff topological
vector space, Y be a convex subset of an arbitrary vector space, and h be a real-valued
function (< 4+00) on K XY, which is lower semi-continuous in x for each fized y,

conver on K, and concave on'Y. Then

min sup h(z,y) = sup min h(x,
R Sp e v) = Sp e y)

Now we are ready to prove Theorem 8.1:

Proof of Theorem 8.1. Firstly,

inf( )/cd,u > sup v(f)

HEIly fHw<e
weW,fez
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is proved below:

inf( )/cd,u > inf sup /(f+w)d,u

pelly pellw (V) f4w<e
= inf sup v(f)= sup v(f)

pelly (v) frw<c fHw<e

And then prove the opposite direction:

sup v(f)=sup sup v(f)= sup inf /(c—w)du
ftw<e weW f<c—w weW HEL(V)
weW,fez fez

the last equation is by Theorem 8.2. The next step is to apply Theorem 8.3. Let
K=I(v),Y =W and h(pu,w) = [(c—w)du be a real valued function on II(r) x W

satisfies:

e hisls.c. in p € II(v) for each fixed w € W: for {ux} a sequence of measures

in II(v) and py, converges to p in weak™* topology,

k—o0

lim Ay, w) = /(c — w)dpuy, = /(c —w)dp = h(p,w)
e h is convex on II(v): for uy, pe € I(v), apy + (1 — a)pg € II(v) and

g + (1= a)ps,w) = [ (e~ whd(am + (1 - )
:a/(c—w)dul—i—(l—cw)/(c—w)d/m

- Oéh(/vbhw) + (1 - O‘)h(:u% U))



87

e h is concave on W: for wy,wy € W, any § € (0,1)

B, Bun + (1 — B)ws) = / (e — (Bus + (1 — BYws))dp
:5/(C—w1)d,u+(1—6)/(c—wg)du

= Bh(p, wi) + (1 = B)h(p, ws)

Therefore, all assumptions in Theorem 8.3 are satisfied, we have

sup inf )/(c —w)dp = inf sup /(c —w)dpu

weW peI( REIL(V) weWw

If pu ¢ Hy (v), there exists w; € W s.t. [ widp < 0. We can choose w = aw;, when

o — 00, SUpP,ey (¢ — w)dp — oo, thus

inf sup /(c— w)dp = inf( )/cdu

pell(v) wew pelly
]

Example 8.1 (Relative equilibrium case). If 7 : X — Y is a factor map, we have

the following duality result:
inf /cdu = sup /fdl/
pellw (v) fortw<e
weWw
where
Hw(v) ={ueP(X): /wd,u:O Vwe W,pont =v}
This example is derived directly from Theorem 8.1 by setting the restriction set
Z=Afor:feCY)}, u(form)=urv(f). It is equivalent to say, u|z = v.
8.1.1  Geometry of Optimal Transport Plans

This subsection generalizes Zeav|66].
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Definition 8.1. For two measures pi1, o on X define the equivalence relation ~vyy:

o ~w B oaff
(1) mlz = p2lz.
(i) [wdp = [wdps Yw € W

We denote by [u]w the equivalence class of p w.r.t ~y . Let S, be a set of m points
in the space X, 8, be a measure with the support .S,,.

The following definitions and results of (¢, W)-monotonicity are from Zaev|[66]:

Definition 8.2 ((¢, W)-monotonicity|66]). For a Borel measurable cost function c :
X — R and a linear subspace W C C(X) a set I' C X is called (¢, W)-monotone

iff for any m € N, any S,, C T' any measure Bs, such that supp(fs) = Sp, and any

/ cdBs < / cda

Proposition 8.4 (|66]). If W = {0}, then the notion of (¢, W)-monotonicity is

measure o ~yy Ps:

equivalent to the notion of usual c-monotonicity.

Definition 8.3. A transport plan p € Iy (v) is called (¢, W)-monotone iff there is a

(¢, W)-monotone set I' of full pi-measure: u(I') = 1.

Now we are ready to state and prove the geometry properties of optimal plans in

problem (I):

Theorem 8.5. Let X be Polish spaces, p € P(X), ¢ € C(X) is a cost function,
W C C(X) is a vector subspace, Z C C(X) is restriction set, p, € Iy (v) is the

manimazer of the primal Kantorovich problem with additional linear constraints:

inf cd
pelly (v) /X H

then p is a (¢, W)-monotone transport plan.
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Proof. By Theorem 8.1
/ Cdlu’* = Sup V(f)
X

ftw<e
fEZweW

Let (fx,wy) be a maximizing sequence in the dual problem and let ¢, = ¢ — fr — w.

Since

/ crdp, = / cdps, —v(fx) =0
X X

and ¢ > 0 we can find a subsequence ¢, and a Borel set I" for which . (I') = 1, such

that ¢p;, = 0on I If S = {x;}]2, C T, ps is a measure with support S and v € [us]w

[etr= [y [win

since |z = ps|z, and [wdps = [ wdy, we have

etz [ i+ [win.= [te .

for any k. Letting k — oo the (¢, W)-monotonicity of I" follows. O

we get

However, if u is (¢, W)-monotone, we cannot have that u is an optimal transport

plan.
8.2  For problem (II) - Fenchel duality

Let (X,T) as above, Z C C(X) closed. ¢ € C(X). Mz(X,T) ={pn e M(X,T) :
[ hdp=0Vh € Z}. Define

PA6T)=  sup (/ ¢du+h(u))

pEMzZ(X.T)

and for any py € Mz(X,T), define

ho(uo) = inf (PZ<¢,T> -/ cbduo)

$eC(X)
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Theorem 8.6. Let T : X — X be a continuous map of a compact metrizable space
with the topological entropy hiop(T) < oo and Z C C(X) closed with Mz(X,T)
nonempty. Then for py € Mz (X, T), if the entropy map of T is upper semi-
continuous at o, we have

ha(uo) = int, (P01~ [ o) = i

#eC(X)

that is, hz (o) coincides with the measure-theoretic entropy h(p)-
We need the following fact the prove theorem 8.6:

Lemma 8.7 (|67]). If K, and K, are disjoint closed convex subsets of a locally convex
linear topological space V' and if K1 is compact there exists a continuous real-valued

linear functional F on V' such that
F(z) < F(y) Vre K,y € K,

Proof of Theorem 8.6. As the entropy map is upper-semi continuous, by the definition
of Pz(¢,T) we have

i) < Po(6,7) ~ [ oo, ¥6 € C(X)
— i) < inf. (PZ 6.T / cbduo)

oeC(

So we just need to show h(ug) > ¢€1é1(fX (PZ o, T fcﬁd,uo) Let b > h(uo) and
let C = {(p,t) € Mz(X,T) xR :0 <t < h(p)}. Cisa convex set because the
entropy map is affine. C' is a subset of C*(X) x R, where C*(X) is equipped with
weak* topology, then (u,b) ¢ C by the upper-semi continuity of the entropy map
at po. In lemma 8.7, let V = C*(X) x R, K; = C, Ky = (j9,b), then there is a
continuous linear functional F': C*(X) x R — R such that F(u,t) < F(uo,b) for all

(p,t) € C. Since we are using the weak* topology on C*(X) we know that F has the



form F(p,t) = [ @dp + at for some ¢ € C(X) and some « € R. Therefore

/godu+at</<pd,uo+a-bV(u,t)GU

= /wd/wr ah(p) < /wduo +a-bVue My(X,T)
If we set p = g, then ah(py) < - b, which implies a > 0. So
¥ ¥
h(p) + / adu < /Eduo +0b, Vpe Mz(X,T)

that is

Py(#)a,T) < / gduo+b
and which implies

b2 Pa(efe, )~ [ Lduo 2 eiél(fx){Pz(cbaT)— / ¢dﬂo}

As any b > h(puy) satisfies the above inequality, we have

o) = st {Poto.) = [ odua

T ogeC(X
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CHAPTER 9: DISCUSSION

Throughout this paper, we explored constrained linear optimization problems on
different topics. However, there are some unsolved problems during the research,
which will be listed below as open problems.

The first two problems are in the framework of problem (II):

Problem 9.1. Suppose that X and Y are irreducible shift of finite types with T :
X —=>Xand S:Y =Y define on them respectively. Let v, be Hélder continuous
functions on XY respectively. Let € M(X) be the unique equilibrium states for ¢

and v € M(Y') be the unique equilibrium states for ¢, and let

Z:{fowx—/fdu—i—gom/—/gdl/:fGC(X),gEC(Y)}

where 7x : X XY — X and ny : X XY — Y are projection maps and also factor

maps. For ¢ € C(X xY) Hélder continuous, does the optimization problem

sup /gbd)\ + h(\)

AEM (X XY,TXS)
has unique optimal plan?

The settings of Problem 8.1 are illuminated by Yoo[49], since under similar settings
with Z = {forx — [ fdu : f € C(X)}, problem (II) is a relative equilibrium state
problem and by Theorem 5.16 (cited from[49]) there is a unique relative equilibrium
state. So, it is natural to think about the uniqueness problem with two constraints

in the same framework.

Remark 9.1. In fact, even when X,Y are 2-full shift, u and v are 1-step Markov
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measure determined by 2 X 2 transition matrices (for example, the transition matriz

a l—-a« l-a «
for p and v are and respectively with o € (0,1))
l-a « o} l -«

and thus the potentials ¢ and v are locally constant, the uniqueness result is hard to

get.

Problem 9.2. If in the settings of Problem 9.1 there is more than one optimal plan,

can you giwe an example or disproof the uniqueness guess?

The next open problem is related to the ‘generic’ uniqueness property in the frame-
work of problem (I). By Contreras|68], if T : X — X is expanding, there is a residual
subset of the set of Lipschitz functions Lip(X) such that the maximizing measures
are unique and supported on a single periodic orbit. For difference choices of Z, there
may be no measure supported on a single periodic orbit in Mz(X,T). Our problem
is, is there a residual subset of Lip(X) such that the maximizing measure achieves the
minimum entropy, if the maximizing measure is not supported on a single periodic

orbit?

Problem 9.3. Define the set

u:{feLip<X>:M<X,T;f>:{u*} and hg') = inf h(u)}

MEMz(X,T)
Is U residual in Lip(X)?

Remark 9.2. A special case of Problem 9.3 is the relative case. Suppose (Y,S) is

another dynamical system, v € M(Y') is fized and 7w : X — Y is the factor map. Let

Zz{fowX—/fdu:fGC(X)}

by the property of relative entropy, for € Mz(X,T) = {u € M(X,T) : por=t = v},
h(p) > h(v). So Problem 9.3 reduces to the following problem:



Gliven the set

U = {f € Lip(X) : M(X, T; f) = {} and h(ss) = h(v)}

is U residual in Lip(X)?
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