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ABSTRACT

SHANSHAN WANG. Dimension Reduction of Conditional Quantiles for Functional
Data with Its Extension. (Under the direction of DR. ELIANA CHRISTOU)

Functional data analysis (FDA) has become increasingly important in modern ap-
plications where observations are recorded as functions over a continuum, such as
neuroimaging signals, electrocardiograms, and other biomedical measurements. While
most existing FDA methodologies focus on modeling the conditional mean, relatively
little attention has been given to modeling conditional quantiles. Moreover, the
infinite-dimensional nature of functional predictors necessitates effective dimension
reduction techniques. This dissertation develops a unified framework for dimension
reduction in the conditional quantile analysis of functional data.

First, we propose a dimension reduction methodology for the conditional quantiles
of functional data with functional predictors. The proposed approach replaces the
infinite-dimensional functional predictors with a small number of sufficient predictors
while preserving the information relevant to the conditional quantiles. We establish
the convergence rates of the proposed estimators and evaluate their finite-sample
performance through simulation studies and an application to a functional magnetic
resonance imaging (fMRI) dataset.

Second, we extend this framework to accommodate both functional and categori-
cal predictors. Existing approaches for quantile-based dimension reduction primarily
focus on quantitative predictors. To address this limitation, we introduce a partial
dimension reduction method that incorporates categorical variables together with
functional predictors. We present an efficient estimation algorithm, derive the con-
vergence rates of the estimators, and demonstrate the performance of the proposed
method through simulations and an application to fMRI data.

Third, we further generalize the proposed framework to nonlinear dimension reduc-
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tion for conditional quantiles of functional data. While the previous approaches rely
on linear dimension reduction structures, the proposed nonlinear framework captures
more complex relationships between the response and functional predictors. The
method constructs two nested functional spaces: a Hilbert space representing the
functional predictors and a reproducing kernel Hilbert space that captures nonlinear
structure. Based on this framework, we propose a new estimator, called the 7th func-
tional generalized central quantile subspace (T-fGCQS), and establish its convergence
rate. The performance of the method is illustrated through simulations and applica-
tions to health-related datasets, including studies of ADHD, Parkinson’s disease, and
body mass index (BMI).

Overall, this dissertation advances the methodology of functional data analysis by
developing a series of dimension reduction techniques for conditional quantiles, pro-
gressively extending from linear models with functional predictors to mixed predictors

and nonlinear structures.
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CHAPTER 1: INTRODUCTION

1.1  Functional Data Analysis (FDA)

Functional Data Analysis (FDA) has received increasing attention in recent years
and affects various fields such as finance [I], natural language processing (NLP) [2],
electric grid stabilization [3, 4], and notably the medical field [5], 6]. For example,
neuroimaging studies on disorders such as attention deficit hyperactivity disorder
(ADHD) or Alzheimer’s disease aim to understand neural development in neuropsy-
chiatric and neurodegenerative conditions, substance use, and brain structure and
function. These studies often collect functional data such as functional magnetic res-
onance imaging (fMRI) and electroencephalogram (EEG) signals. While such data
have traditionally been analyzed using conventional methods, FDA offers a more
precise representation over a continuum.

FDA was first introduced by Ramsay [7] and further developed by Ramsay and
Dalzell [§]. Tts growing popularity is reflected in the adaptation of numerous classical
statistical methods to the functional data setting. For example, functional linear
mean regression has been extensively investigated in the works of [9 [10) 11 12} [13]
14l [15], 16], [17], among others. In addition, nonparametric models for functional data
have been applied in a variety of fields, including chemometrics, meteorology, speech
recognition, and medicine; see [18, 19, 20, 21, 22]. Other extensions include models
with multiple functional predictors [23] 24], as well as generalized linear models with
functional predictors [25] 26], 27, 28§].

However, one of the main challenges in FDA arises from the fact that functional
data live in infinite-dimensional spaces, which necessitates the use of dimension re-

duction techniques. Traditional approaches developed for finite-dimensional settings
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must therefore be adapted to accommodate the complexities of functional predictors.
Several methods have been proposed to extend classical sufficient dimension reduc-
tion techniques to the functional setting. For instance, Ferré and Yao [29] extended
sliced inverse regression (SIR) [30] to functional sliced inverse regression (FSIR), and
later introduced functional inverse regression (FIR) using kernel smoothing [31]. Sim-
ilarly, Lian and Li [32] extended sliced average variance estimation (SAVE; [33]) to
functional data, while Wang, Lin and Zhang [34] extended contour regression [35] to
functional contour regression (FCR). More recently, Li and Song [36] proposed func-
tional dimension reduction techniques for situations where both the response and
predictors are random functions, and Solea et al. [37] introduced a robust version
of FSIR for multivariate elliptical functional data. A brief overview of dimension
reduction techniques is provided in Section [I.3]

While mean regression is widely used in FDA, it provides only a limited view of
the data distribution and may fail to capture variability across different quantiles. In
contrast, quantile regression (QR) offers a more comprehensive perspective by mod-
eling different parts of the conditional distribution, which is particularly useful when
focusing on tails, rare events, or heteroscedastic models. However, QR for functional
data remains relatively underexplored. For functional linear QR, Cardot et al. [3§]
used smoothing splines, while Kato [39] applied functional principal component anal-
ysis (FPCA). Nonparametric approaches via inversion of the conditional distribution
were considered by [40] and [41]. Other related works include functional partially
linear QR [42], [43], 144], functional quadratic QR [45], functional linear semiparametric
models [46], and generalized regression quantiles [47]. A brief overview of quantile

regression is provided in Section [I.4]
1.2 Basics on Hilbert Spaces

In this section, we briefly review the Hilbert space concepts and notation that will

be used throughout the dissertation. Let (€2, F, P) be a probability space, and H a



separable Hilbert space with inner product (-, )3 and induced norm ||-||,,.

Single functional predictor. If U : 2 — H is a measurable function with respect
to the Borel o-field B, then U is called a random element in H. In this dissertation,
‘H will typically be a Hilbert space of functions of time, and U is viewed as a random
function. If E||UJ|,, < oo, the linear functional H — R, f — E(f,U)y is bounded.
By Riesz’s representation theorem, there exists a unique mean element py = E(U) €

‘H, such that

<:uU7 f>7'l = E<f7 U>H7 for all f €EH. (11)

If E||U|3, < oo, the covariance operator of U is defined by
Yov = E{U = E(U)} @ {U = E(U)}] = E(U @ U) ={E(U)} @ {E(U)}

where ® denotes the tensor product on ‘H. For f, g € H, the tensor operator associates
to any h € H the element (f®g)(h) = f(g, h)3. Under the assumption F ||U||i < 00,
Yy is a trace-class operator that satisfies the spectral decomposition >~ 6,0, ® ¢y,
where {4, },>1 are the eigenvalues satisfying §; > do > --- > 0, and {¢,},>1 are
the eigenfunctions forming an orthonormal basis in H. Then, the Karhunen-Loéve

expansion of U — uy is
U—po =3 6", (1.2)
r=1

where &, = 57«_1/2<U — pu, Oryy, T =1,2,... are zero mean, unit variance, and uncor-
related random variables, called the scores [48].
A special case of a Hilbert space is Lo(T), the space of square integrable real func-

tions which comprises of a collection of Lebesgue measurable real-valued functions
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f such that [ f?(t)dt < oo, where T is a bounded closed interval in R. The inner
product is then defined by (f,g)» = [, f(t)g(t)dt with a norm | fl|,, = VI =
{ [, F2(t)dt}'/?. Moreover, for a random element U € Ly(T), the mean value is

E(U)(t) = E{U(t)} and the covariance operator is an integral operator with kernel
kuu(s,t) = Cov{U(s),U(t)} = E{U(s) — EU(s) {U(t) — EU(1)}].

Multivariate functional predictors. For multivariate functional predictors, we
extend the above formulation to the case of vector-valued random functions. Let ¢ =

P, M; be the direct sum of Hy, ..., H,, Le., the Cartesian product Hy X -« X H,,.
A member f € @Y Hiis f = (f1,..., fp), where f; € H;. Then, for f,g € @"_, H,,
the inner product is (f, g)pwn = D ey (fis 9i)n,-

Let U = (U',...,UP) be a random element in @?_ H,, where U’, i = 1,...,p,
is the ith component of U. The mean of U is uy = (uyr,. .., uyr), where ugi is
the mean of U?, as defined in . Moreover, for 7,7 = 1,...,p, the covariance
operator between U’ and U7 is Yy = E{(U* — puy:) @ (U7 — pys)}. Note that,
Yupivi € B(H;, H;), where B(H;, H;) denotes the set of all bounded operators from
H; to H;. Then, Xyy is defined as the p x p matrix whose (¢, j)th entry is Xy
and is linear, self-adjoint, positive semi-definite and compact. Its decomposition is
Suu = Yooy Ver @, where {7, },>1 are the eigenvalues satisfying 4 > o > -+ > 0,
and {9, },>1 are the eigenfunctions forming an orthonormal basis in @7_, H;. The

Karhunen-Loéve expansion of U — uy is

U - Hu = Z”Yi/zpﬂﬂr, (13)
r=1
where p, = 7771/2@[} — s Yr)@wu, T = 1,2,..., are zero mean, unit variance, and

uncorrelated random variables [24].
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We conclude this section with several additional notations and terminologies that
will be used throughout the dissertation. For two Hilbert spaces H and I, denote
by #B(H, K) the set of all bounded operators from H to K; if H = K, we abbreviate
PB(H,H) by B(H). Then, for a linear operator A € HB(H,K), define A* to be
the adjoint operator of A, ker(A) = {h € H : A(h) = 0} to be the kernel of A,
ran(A) = {A(h) : h € H} to be the range of A, and tan(A) to be the closure of
ran(A). Moreover, for a self-adjoint operator A € ZB(H), let Alxer(a)e : ker(A)t — H
be the restriction of A to ker(A)*. Then, the operator AT : ran(A) — ker(A)* that
maps each g € ran(A) to the unique element f € ker(A)‘ such that Af = g is
called the Moore-Penrose inverse of A (see [49, Definition 3.5.7]). If, in addition, A

is positive semi-definite, then, for any « > 0, we define AT = (A®)T.
1.3 Sufficient Dimension Reduction (SDR)

This section provides a brief overview of sufficient dimension reduction (SDR) in both
linear and nonlinear settings. SDR is a regression-based approach for reducing the
dimension of the predictor space without losing information about the relationship
between the response and the predictors. In each case, we consider both scalar-on-

scalar and scalar-on-function problems.
1.3.1  Linear Sufficient Dimension Reduction

We begin with the linear SDR framework in the classical scalar-on-scalar setting and

then extend the discussion to the scalar-on-function case.

Scalar-on-Scalar. Let the response variable Y : 2 — R and the p x 1 predictor
vector X : €2 — RP are scalar-valued. Assume that there exists a p x d matrix A,

with d < p, such that

Y LX|ATX. (1.4)
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That is, Y and X are independent given A"X. This implies that the original predic-
tor X can be replaced by the reduced d x 1 vector ATX without loss of information
about the regression of Y on X. The space spanned by A is called the dimension
reduction subspace for the regression of Y on X, and the greatest dimension reduc-
tion is achieved using the smallest dimension reduction subspace, called the central
subspace, which is denoted by Syx. Classical methods for estimating the central
subspace including sliced inverse regression (SIR, [30]), sliced average variance esti-

mation (SAVE; [33]), coutour regression (|35]), among others.

Scalar-on-Function. The concept of linear SDR was extended to the functional
setting by Li and Song [306]. Specifically, for ¢ = 1,...,p, let H; be a separable
Hilbert space of real-valued functions on T', where T is a bounded closed interval in
R. Let Y : 2 — R be a univariate response and X = (X',..., X?): Q — @}_, H; be
a random element. Assume a finite rank linear operator L € ZB(@!_, H;,R?), d € N,

such that
Y 1L X|L(X). (1.5)

Then, tan(L*) is called the functional dimension reduction subspace. 1i and Song [36]
noted that (|1.5)) is consistent with the formulation of Ferré and Yao [29]. By Riesz’s

representation theorem, there exists fi,..., fs € @_, H; such that

LX) = (Li(X), ..., La(X)) = ({f1, XD, - -+, (fa: X))

Hence, for any v € R4, vTL(X) = Z;l:l vi(f;, X)gn = <Z?:1 v fi, X)@n. Then,
L*(v) = 327, v;f; and Tan(L*) = span(fi,. .., fa).
Define N{ran(L*) : L satisfies (1.5)}, which we assume also satisfies (1.5). The

assumption that this intersection is a functional dimension reduction subspace can
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be proved similarly to Proposition 6.4 of [50] for the classical setting and [51] for the
functional data setting. The condition is mild and taken for granted without further
development. We call this intersection the functional central subspace (FCS), denoted
by %p(. We assume %p( exists and satisfies , and that L € A( le ’HZ»,Rd)
denotes an operator such that (%p( = Tan(L").

Ferré and Yao [29] proposed FSIR and proved that, under model and As-
sumption given below, F(X|Y) — E(X) belongs to ¥ xx %p(, where Y x x is the

covariance operator of X.

Assumption 1.1. There is a bounded linear operator A : ran(L) — €B”_, H; such
that F{X|L(X)} = AL(X).

1.3.2  Nonlinear Sufficient Dimension Reduction

More recently, sufficient dimension reduction has been generalized to nonlinear set-
tings. In contrast to linear SDR, which seeks low-dimensional linear combinations of
the predictors, nonlinear SDR relaxes the linearity assumption and aims to recover
more general predictive structures. This broader framework is better suited for cap-
turing complex relationships between the response and the predictors. We briefly
review the nonlinear formulation in both scalar-on-scalar and scalar-on-function set-
tings.

Scalar-on-Scalar. A general theory for nonlinear sufficient dimension reduction was
developed by Li et al. [52] and Lee et al. [53]. Specifically, let Y € R and X € R?.
Let Fx be the Borel o-field generated by open sets in R?, and let o(X) represent the
sub o-field in F generated by X, that is o(X) = X 1(Fx).

A sub o-field G C ¢(X) is called an SDR o-field for Y versus X if and only if

Y 1L X|g

Among all such sub o-fields, the intersection is called the central o-field. This general-
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izes the notion of the central subspace from linear SDR and provides the foundation for
nonlinear dimension reduction. Based on this formulation, Lee, Li, and Chiaromonte
[53] further introduced the corresponding central class, which serves as the nonlinear
analogue of the central subspace.

Scalar-on-function. Li and Song [54] extended the nonlinear SDR framework of
Lee et al. [53] to the functional setting. Specifically, let Y € R be a scalar response,
and let X = (X', ..., X?): Q — @!_| H; is a random element, where each H; is a
Hilbert space of real-valued functions defined on an interval 7" C R. The goal is to

identify a set of nonlinear functions fi, ..., f; of X such that

Y L X|A(X), ..., fa(X)

To accommodate this framework, they considered two nested functional spaces. First,
the predictor X takes values in a Hilbert space of functions defined on 7. Second,
the nonlinear sufficient predictors fi,..., f; belong to another functional space whose
domain is the first predictor space. In this sense, the nonlinear reduction is defined not
directly on the original time domain, but through functions acting on the functional
predictor itself.

To formalize this idea, Li and Song [54] introduced a reproducing kernel Hilbert
space associated with the predictor space and used it to characterize the nonlinear
reduction structure. This framework provides a natural extension of nonlinear SDR
from multivariate predictors to functional data and leads to a functional analogue of

the central class.
1.4 Quantile Regression (QR)

Quantile Regression (QR) was first introduced by Koenker and Bassett [55] and has
since received a lot of attention. For a univariate response Y and a p x 1 predictor

vector X, and for 7 € (0,1), let Q. (Y |x) = inf{y : P(Y < y|X =x) > 7} denote the



7th conditional quantile of ¥ given X = x, which satisfies
Qr(Y) = argmin B{p, (Y — )X = x}

where p,(u) = {7 —I(u < 0)}u is the loss function, commonly referred to as the check
function.

For heteroscedastic data, interest often lies in modeling different parts of the condi-
tional distribution rather than only the conditional mean. In such cases, conditional
quantile regression provides a useful alternative. In analogy with classical sufficient

dimension reduction, we seek a p x d, matrix B, with d, < p, such that
Y L Q(Y[X)|B]X (1.6)

The space spanned by B is called the 7th quantile dimension reduction subspace for
the regression of Y on X, and the smallest such space is called the 7th central quantile
subspace (T-CQS), which is obtained by taking the intersection of all the 7-CQS get
above. Methods for estimating the 7-CQS include [56], [57], [58], [59].

The setting above is referred to as linear quantile dimension reduction because
the reduced predictor is represented through the linear combination B! X. However,
nonlinear dimension reduction has the potential to capture more general predictive
structures and may further reduce dimensionality. To this end, Christou et al. [60]

extended the above framework to nonlinear functions in a Hilbert space M, such that

Y 1 QT(Y|X)|fT,1(X)7 R fT,JT(X)'

This formulation generalizes the linear quantile dimension reduction framework
and provides a more flexible approach for modeling complex relationships between

the response and the predictors.
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1.5  Overview of the Chapter

The discussion above highlights two main challenges and gaps in dimension reduc-
tion techniques for functional data. Most existing methods focus primarily on mean
regression and therefore provide only a limited view of the conditional distribution.
In addition, relatively little attention has been given to quantile-based dimension
reduction methods for functional data, especially in more complex settings involv-
ing mixed-type predictors or nonlinear dependence structures. Motivated by these
gaps, this dissertation studies dimension reduction for the conditional quantiles of
functional data and its extension, beginning with the linear setting for functional
predictors, then moving to settings involving both functional and categorical predic-
tors, and finally considering a nonlinear dimension reduction framework for functional
data.

Chapter [2] develops a dimension reduction methodology for the conditional quan-
tiles of functional data and introduces the 7th functional central quantile subspace
(1-FCQS). The chapter studies the estimation of the 7-FCQS, establishes the con-
vergence rates of the proposed estimators, and investigates their finite-sample per-
formance through simulation studies and an application to a functional magnetic
resonance imaging (fMRI) dataset.

Chapter [3] extends the framework of Chapter[2]to the setting where both functional
and categorical predictors are present and introduces the 7th functional central partial
quantile subspace (T-FCPQS). The resulting methodology provides a partial dimen-
sion reduction approach for conditional quantiles with mixed-type predictors. The
chapter presents an estimation algorithm, derives the convergence rates of the result-
ing estimators, and demonstrates the performance of the proposed method through
simulation studies and a real-data application.

Chapter 4] further generalizes the previous developments to a nonlinear setting un-

der a single-index model, thereby relaxing the linear assumption used in Chapters
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and [3] The proposed methodology is formulated through a Hilbert space together
with a reproducing kernel Hilbert space, allowing more complex relationships between
the response and the functional predictors to be captured. The chapter introduces
a new estimator, called the 7th functional generalized central quantile subspace (T-
fGCQS), establishes its convergence rate, and investigates its performance through
simulation studies and real-data applications involving several health indicators, in-

cluding ADHD, Parkinson’s disease, and body mass index (BMI).



CHAPTER 2: The 7th FUNCTIONAL CENTRAL QUANTILE SUBSPACE
(r-FCQS)

2.1  The Methodology of 7-FCQS

For each i = 1,...,p, H; is a separable Hilbert space of real-valued functions on 7',
which is a bounded closed interval in R. Let Y :  — R be a univariate response and

X =(XY...,XP): Q— @, H; be a random element, such that
Assumption 2.1. F || X%, < o,
where, from now on, .7 denotes @}_, H;, i.e., & = DL H;.

Definition 2.1. For a finite rank linear operator L, € #(,R%"), d. € N, such that
Y L Q(Y]X)|L,(X), 2.1)

ran(L¥) is called the Tth functional quantile dimension reduction subspace.

This formulation is equivalent to assuming that there exist functional parameters

Briys--osBra, € H,such that Y L Q (Y |X)|(Br1, X)ors -, (Bra., X) s

Definition 2.2. Under the assumption that N{Tan(L*) : L, satisfies (2.1))} satisfies
(2.1]), we call it the Tth functional central quantile subspace (T-FCQS) and denote it

by -5, (vx)-

T

Remark 2.1. The assumption that the intersection of all 7th functional quantile
dimension reduction subspaces is itself a functional quantile dimension reduction
subspace is mild and can be proven similarly to the functional dimension reduction
subspace case. Henceforth, we assume that %T(Yl x) exists, satisfies , and that

L, € B(#,R%) is an operator such that %me) =rtan(L}).



13
Remark 2.2. It is evident that %T(YLX) C L%p(, for any 7. Thus, the 7-FCQS can
offer additional dimension reduction when these subspaces differ. For example, Model
I from Sectionis a case where %T(Yp() = %p( = span{f }, for all 7. However,
in Model IV, yT(y‘X) = span{f; + Q. (g)52} for any 7, while %p( = span{f1, 52 };
see Section 2.5.1] for details.

Assumption [1.1] is necessary for the FCS. However, when focusing on a specific
conditional quantile, the assumption must hold for each quantile level 7 under con-

sideration. This leads to the following modification.

Assumption 2.2. For a given 7, there is a bounded linear operator A, : ran(L,) —
€ such that E{X|L.(X)} = A;L.(X). That is, for any function b, € J# there

exists constants c.g, c1,. .., Cr4., such that

E(<bT’X>%|</B’T17X>%7“‘7</8’7'd77X>jf) - CTO+C’TI</B’T17X>%+ +CTdT<BTdTaX><%”'

The following theorem is analogous to a known result in the classical setting (see,
e.g. [50], page 57) and is necessary to ensure that the functional parameters derived
in Theorems and belong to .74, (v|x). Essentially, Theorem states that

E{X|L,(X)} is equal to the projection of X onto the subspace spanned by L, (X).

Theorem 2.1. Under Assumptions[2.1] and E(X) =0, we have E{X|L.(X)} =
Sxex L (L Sxx L) Lo (X).

Proof. See Appendix O

We now focus on retrieving 3,1, ..., fr.q,, such that S (v|x) = span{f-1, ..., Braq, }-
Our methodology relies on two main theorems. Theorem shows that given one
functional parameter b, in .75 _(y|x), we can construct another one using E((b;, X) »X).
Since the 7-FCQS is spanned by d, functional parameters, we can use Theorem to

construct as many as needed. However, Theorem requires an initial b, to start the
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iterative process. Theorem provides a starting point by showing that one func-
tional parameter can be extracted through minimizing argming,, ;) E{Q,(Y|X) —
a; — (b, X) »}?, for a, € R and b, € . Note that, in practice, this minimiza-
tion problem requires estimating @, (Y |X), which is challenging due to the infinite-
dimensional nature of X. Therefore, since Y 1 X|L(X), we perform an initial

dimension reduction by replacing X with L(X).

Theorem 2.2. For a given 7 € (0,1), assume that Y L Q.(Y|X)|L.(X), where
L, € B(,R¥) is such that %T(yp() =Ttan(L:). Under Assumptions cmd
and if

T

(ar,Br) = arg min) E[QAY|L(X)} — a, — {b;, X) )7, (2.2)

ar,0r

where L € B(H,R?) is such that %p( =rtan(L*), then B € % (Y|X)-

T

Proof. See Appendix [A.4.2] O

Theorem [2.2] retrieves one functional parameter such that Y L Q. (Y| X)[(8%, X) .
If a single-index functional QR model is assumed (d, = 1), then 8 = (.1, and the
process ends. However, if d, > 1, Theorem [2.2] is insufficient, and more functional
parameters are required, provided by the next theorem. We note that the idea for

constructing these additional parameters originates from [61]; see their Theorem 3.

Theorem 2.3. For a given 7 € (0,1), assume that Y L Q.(Y|X)|L:(X), where
L, € B(H# ,R¥) is such that %T(yp() =rtan(Lr). Under Assumptions and

the assumption that b, € %me), then
E((bT,X>ny) € Yxx %T(YIX)'

Proof. See Appendix [A.4.3] O
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2.2 Estimation of 7-FCQS
2.2.1  Population Level

Theorem suggests a method for constructing the 7-FCQS. Specifically, if b, €
%T(y‘ x), then, for j =1,..., we can construct additional functional parameters in

%T(Y\X) using
E({bry1, X)) X). (2.3)

Therefore, it is enough to find an initial b,¢. For that, we can use b,y = %. Then,

the procedure will be as follows:

1. Set b,o = B, where 37 is given in (12.2)).

2. Choose an integer m and, for j = 1,..., m, sequentially form b,; = E({b;j_1, X) »X).

3. Let BT = Z;nzo ij X ij.

4. Let v;q,...,v:4. be the set of solutions to the generalized eigenvalue problem
Bvy; = AXXxxvr, 7 = 1,...,d,, then v;; € %T(yp(). This is because, for

J=1...,d:, v = )\_IEE(XBT’UTJ‘ € E}Xspan{bﬂ), ooy bom} C %me).

Note that, an eigenvector v of a generalized eigenvalue problem Av = ABv implies
that v = B~Y2u, where u is an eigenvector of B~/2AB~/2. Thus, the eigenvectors

v-j, j=1,...,d;, of Step 4 that satisfy

argmax  (v,, Brv,)

subject to v, € 2, <UT,EXXvT>3;{J =1, <UT,EX)(U7—J‘>% =0,7=1,...,d, —1,
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can be expressed as v, ; = EQQ 1., leading to the following problem

argmax <7777 Z;QBTEEQUT>%

(2.4)
subject to 0, € I, (M) =1, (e j)or = 0,5 =1,...,d; — 1.

Remark 2.3. Step 2 of the above algorithm requires to choose an integer m. We
tried different values during the simulation studies and concluded that the algorithm
is not sensitive to the choice of m. For this work, we decided to use m = pg — 1,
where p is the number of predictor variables and ¢ is the number of basis functions

used to approximate the functional predictors.

Remark 2.4. In this part, we assume the structural dimension d, is known. How-
ever, in practice, it is unknown and must be estimated. One approach is the cross-
validation Bayesian information criterion (CVBIC) from [54]; details and simulations

are provided in Supplementary of [62].

2.2.2  Sample Level

We now derive the sample estimates of the expressions and when the
functions are fully observed. Specifically, for u = 1,...,n, let Y, be an independent
and identically distributed (iid) sample from Y, and X3, ..., X, be an independent
sample from the random element X = (X!,..., X?), with X, = (X} ..., X?)".

To achieve (4.5)), we , we need to use a standard dimension reduction technique to
replace X with L(X). For that, we apply the FSIR method from [29] and replace X
with the new d-dimensional predictor vector L(X); see [29] for details. Then, we use

the data {Y,, X,,}"_; to to estimate (* using

~

(@, Br) = arg min 3 [QAYIL(Xa)} = ar = (br, X, (2.5)

ar,br

where Q. {Y|L(X,)} is a nonparametric estimate of Q,{Y|L(X,)}. For that we use
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the local linear conditional quantile estimation method of [63], where Q,{Y|L(X,)} =

G-{L(X,)} and

(G{L(X)}, 5 {L(X.)}) =

arg min ZPT [Yk —dqr — SI{E(Xk> - E(Xu>}i|K { h

Note that K(-) is a d-dimensional kernel function, and A > 0 is the bandwidth. We
use a Gaussian kernel and choose the bandwidth A according to the rule-of-thumb
in [64]. Specifically, h = h,,[7(1 — 7)/[¢{® 1 (7)}]?]'/°, where ¢(-) and ®(-) denote
the probability density and cumulative distribution functions of the standard normal

distribution, respectively, and h,, is the optimal bandwidth for local mean regression.

Next, to achieve ([2.3)), we set Br,o = BT, and, for j =1,...,m, we form
ﬁ’ﬂj - n_l Z<6T,j—17 Xu>iju (27)
u=1

After obtaining Bﬂo, 37,1, e ,BT,m, set ET = Z;‘n:() 37’]- ® Em- and focus on the eigen-

value problem (2.4]), which implies solving
1/2 1/2 1/2
SUEZB. S0, = an,, v, = S0,

At the sample level, we estimate ¥ xx using the p X p matrix f)XX, where in'X]' =
E,{X'— E,(X)}®{X - E,(X))}],i,7=1,...,p, and EEQ using the regularized

inverse (iXX + €n1,) 712

, where {€,},>1 is a sequence of positive numbers such that
€, — 0 as n — oo, and I, is the p X p identity matrix. Therefore, we want to compute

the first d, eigenfunctions 7,1, ..., 7,4, of

o~

M, = (Sxx + &) 2B (Sxx + e,]) 2 (2.8)
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and transform back to the eigenfunctions v, ; = (f] xx+e )Y *1).; and the sufficient

predictors (U, ;, X)w, j=1,...,d;.
2.3 Asymptotic Theory

We will start by deriving the consistency and convergence rate of ]\/4\7, where the

population counterparts M, and 7,1, ...,7n.q. are defined as M, = EEQBTEEQ and
Nrt, - -+, Mra, as the first d, eigenvectors of M,.. Before proceeding with the main

results, we need to make one more assumption, commonly used in the literature; see,

for example, Assumption 7 of [36].
Assumption 2.3. %me) Cran(Xxx)-

This assumption is not restrictive and suggests that the 7-FCQS is identifiable up
to the range of ¥ xx. This is because if 5, L tan(Xxx), then Var({8;, X)») = 0,

implying /3, is orthogonal to the support of X — E(X).

Theorem 2.4. Let Assumptions and S1-S6 from the Appendiz
hold. Then, if E(X) = 0, E(X) is consistent of the directions of the FCS, and

n~ Yt < e, <1, for a given T € (0,1), ]\//TT, given in , is a consistent estimate of

M., and
|57, - .| = 0,0 26%) + 0L/,
where M, = EEQBTZEQ, and ||-]| is the operator norm.
Proof. See Appendix O

Next, the first d, eigenvalues and eigenfunctions of ]\//TT converge to those of M, at

the same rate, as in Corollary 2 of [30].

Corollary 2.1. Under the assumptions of Theorem and for a given T € (0,1)
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and 3 =1,....,d,,

N — A = 0,(n"V26,2) + O(e/?),

s = sl = Op(n™2e,%) + O(&/?),

where /):j and 7). ; are the eigenvalues and eigenfunctions of M\T, respectively, and A,

and n,; are the eigenvalues and eigenfunctions of M, respectively.

Proof. The proof uses similar steps as those of Corollary 2 of [36] and thus, it is

omitted. O

/22

The eigenfunctions of interest are v, ; = (i\] xx +€,1)7"/*n; ;, and the next theorem

gives the convergence rates of v, ; and of the predictors (v, ;, X).», j =1,...,d;.

Theorem 2.5. Let Assumptions and S1-S6 from the Appendiz
hold. Then, if E(X) = 0, E(X) is consistent of the directions of the FCS, and

n~Y5 <€, <1, for a given 7 € (0,1) and for j =1,...,d,,

[0 — vrjll = Op(n””@f’/?) +0(e,/?),

(Urjs X) e = (vry X)ow = Op(n™26.52) + O(e/?),

where U, ; = (Zxx—l—e 1720 and v.; _EEQ Mrj-

2.4 Implementation

In practice, the functions X,(¢), v = 1,...,n, are observed at a finite set of points,
tut,---,tun,, and need to be estimated using the observed data {(t, X,(t)) : t =
tuty .-, tun, ). Commonly used methods for estimating X, (¢) are based on the co-
ordinate representation with a finite number of basis functions, such as B-splines.
This will convert a function to a vector representation, a linear operator to a matrix

representation, and an eigenfuction problem to an eigenvector problem. Preliminaries
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on coordinate representation are provided in Section . We omit indices like ¢,[-]g,
and [-|g,, as the bases for the coordinates can be identified by the operators’ domain
and range. In this section, square brackets are reserved for coordinates.

For i =1,...,p, assume that H; is spanned by a finite set of basis functions G; =
{gi,..., g} }, such that each X!, u = 1,...,n, can be approximated by [X!] gl .
Although )A(; could be used for clarity, we omit this distinction for simplicity. Let
Q, = I,—n~11,1] be the projection onto the orthogonal complement of the subspace
spanned by 1,,, where I, is the n xn identity matrix and 1,, is the n-dimensional vector

of ones, and let G = diag(G; :i = 1,...,p) € RPk=XPrn where G; is the Gram matrix

of #;. Then, [X,] = ([X}]",...,[X?]")T € RP* is the coordinate representation of
X, u=1,...,n,ie., the ith block is the coordinate representation of X’. Therefore,
the matrix [X;.,] is the pk, x n matrix ([X3],...,[X,]).

The coordinate representations of problems (2.5) and (2.7)) with respect to G =

@57:1 G, are given by

~ ~

(@r. B)] = (@, [B7]) = arg min, STQAYILXD)} — ar — b TGP, (2.9)

a‘nbr

where Q-{Y|L(X,)} = G-{L(X,)} and

(@AL(X.)} 8 {L(X)})
L(Xy) — L(X,)

= arg min 3 p- Vi = g = sT{L(X0) - E(Xu)}}K{ - } (2.10)

(gr,sr

and, for j =1,...,m,

Bril =07 [Bryoa] TGIX[X, (2.11)
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where 3770 = BT from ‘) Then, for ET = Z;‘n:o B\W- ® B\m‘; we have
[BT] = Z[ﬁ’rj ® /BTj] = Z[/BTj][BTj]TG = [67’01771] [ﬁTO:m]TG
j=0 Jj=0
and the eigenvalue problem ([2.4]) becomes
argmax  [n,]" GISY][Brom] [Brom] T GIELK 7]

subject to  [1n,] G[n.] = 1,[n:] Gyl = 0,5 =1,...,d, 1.
Let w, = G'/2[n,], then we get the eigenvector problem

argmax  w] G2 (S Broum] [Brom]  GIELLIGT 2w,

subject to w:wT = 1,w:ww- =0,7=1,...,d,_1.

Using [ﬁ;léf] = G2 GV ([ X 1) Q[ X 1) T)GY2}Y2G2 ) proven in Appendix
A.4.6, and setting A = {n " 'GY?([X1.1]Qn[X 1] ) G212 we get

argmax ijGl/z[B\T,O:m] [B\T,O:m]TGl/QAWT (2 12)

subject to ijT = 1,ij7,j =0,7=1,...,d,_1.

Then, [0,] = [E]G 2w, = GV2Aw, and (X, T,) » = [X.)TG[D,] = [X.| G2 Aw,,

u=1,...,n, and the algorithm can be summarized as follows:

Algorithm. Let {Y,, (t, X,(t)) : t = tu1, ..., tun, }7_, iid sample.

(i) For each u = 1,...,n, obtain the coordinates of X, relative to the basis G =

le G; of 7 and derive the gram matrix G.
(ii) Use FSIR of [29] to compute the d-dimensional predictors Z(Xu), u=1,...,n.

(iii) For each u = 1,...,n, estimate Q,{Y|L(X,)} using the local linear condi-



22
tional quantile estimation method of [63]. Specifically, take Q. {Y|L(X,)} =
G{L(X,)}, where G-{L(X,)} is obtained by (2.10).

(iv) Compute [BT] according to and set [370] = [BT]
(v) For j =1,...,m, compute [BTj] according to ([2.11)).
(vi) Compute the matrix A = {n " GY2([X1.,]Qn[X 1] T )GY2}11/2.
(vii) Solve the eigenvalue problem and obtain the d, solutions w.;, j = 1,...,d;.

(viii) Obtain [0,;] = G2 Aw,; and the sufficient predictors (X, 0,;) » = [X,] G2 Aw,;,

7=1...,d;y,u=1,...,n.
2.5  Simulation Studies

2.5.1  Computational Remarks

Algorithm and parameters. Step 1 of the algorithm requires to obtain the coordi-
nates of X,,, u=1,...,n. For that, we use a B-spline basis with ¢ = 4 bases. Step 2
of the algorithm uses the FSIR method of [29] for a preliminary dimension reduction.
For that, we use H = 10 number of slices. Step 3 of the algorithm performs a local
linear conditional quantile estimation, where the kernel and bandwidth are chosen as
described in Section [2.2.2] Finally, Step 5 of the algorithm uses m to create additional
directions, which was discussed in Remark and is chosen as pq — 1.

Simulation Setting. The simulation setting is an extension of [65] to multivariate
data. First, consider the time interval [0, 1] and create a grid of points by 0.01, re-
sulting in 101 equally spaced time points. Then, forv=1,...,pandu=1,...,n, we
generate X' (t) according to the univariate Karhunen-Loéve expansion (1.2). Specif-
ically, we assume gy = 0 and use X/ (t) = S°+_ € ¢i(t), t € [0,1], where &} (t) =
V2sin(2nt), ¢h(t) = 2cos(2nt), ¢i(t) = /2sin(4nt), and ¢i(t) = +/2cos(4nt),
and & are mutually independent random variables with zero mean and variance

var(&,) =X, r=1,...,4, with \; =2 Xy =1, A3 =1/2, )\, = 1/4.
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To extend the simulation process to the multivariate functional data X, (t) =
(XL(t),...,XE(t)) using the Karhunen-Loéve expansion ([1.3)), we follow Proposition
5 of [24] and use the multivariate FPCA eigenfunctions through an orthogonalization
of the univariate eigenfunctions. Specifically, for i = 1,...,p and v = 1,...,n, let

g =(&,,...,&,)" and &, = ((&1)7,...,(€2)T)T. Moreover, define Z € R*** to be

u

the covariance matrix of the univariate FPCA scores &, with (7, j')th entry the matrix
797" = cov(&l,€]) € R¥4. Then, the kth eigenfunction 1 (t) = (Wi(t),...,¥E ()" of
Yxx is defined by ¢ (t) = ¢'(t) 2k, k = 1,...,4p, where ¢'(t) = (¢i(t),..., ¢ ()"
and zi = (2%,,...,21,)" denotes the ith block of the eigenvector z; of Z. Finally,
the scores are pyp = S0 St zi &k =1,....4p and u = 1,...,n, where the
coordinate-wise scores £’ are standard normal random variables.

For the estimation accuracy, we use the multiple correlation between the true and
estimated predictors; see [36]. Specifically, for U and V random vectors of the same
dimension d, define Cyy, Cyyv, and Cyy the sample covariance matrices. Then, the

multiple correlation between U and V' is defined by
meorr(U, V) = tr(Cyt/*CouCirt Cov Ciil?),

and it results in a number between 0 and d. A number closer to d indicates better
performance.

All simulation results are based on N = 100 iterations. Unless otherwise stated,
the sample size is chosen to be n = 400, the number of functional predictors is chosen
to be p = 5, the quantiles under consideration are 7 = 0.1, 0.25,0.5,0.75,0.9, and the
dimension d, is assumed to be known.

Models under consideration. For the simulation studies we consider the following
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single- and multi-index models.

1
Y T (B X 1 1)

M-II: Y = arctan(7 (S, X).»/2) + &, where %T(Y‘X) = span{[; }

5 +0.2¢, where %T(yp{) = span{f }

M-III: Y = exp((f1, X)»)e, where L(/T(yp() = span{f; }
M-IV: Y = (81, X) ¢ + (B2, X) e, where %me) = span{f; + Q- (¢)52}

M-V: Y = arctan(m (51, X)) + 0.5sin(w (52, X)»/6) + 0.1e, where %T(yp() = span{f, B2}

MVE Y = (81, X)or + (B X) e+ /0.5 + (81, X)2% + (B2, X)pe,
where %T(y\x) = span{f, 2}
M-VIE Y = (81, X)% + exp((B2, X)or) + (B3, X)ve, where S5, vix) = span{By, 5z, s}

M-VIIL: Y = (81, X)% + (B2, X) r + (B3, X) e, where %T(Y|X) = span{ S, B2 + Q-()Bs},

where 51(t) = 11 (t), Po(t) = ¥o(t), and B3(t) = 13(t) are the first three eigenfunctions
of X xx, X is simulated as described above, and the error ¢ is generated according to
(1) standard normal (N), (2) chi-square with three degrees of freedom (X}), and (3)
exponential with rate of 0.5 (Exp(0.5)) distribution. We note that, all examples were
considered during the simulation runs and the results are available. However, to save
space, and since all models exhibit similar patterns, we only report selective ones in

the next subsection.
2.5.2  Results

Example 1 - Effect of n and p. We begin by considering the performance of
the algorithm for different choices of n and p. The data are generated according to
Models I-VIII; however, we report the results for Model I. The sample size is given
by n = 200,400 or 1000, and the number of predictors is p = 5,10, 20, or 40. Tables
- report the observed, over the 100 simulation runs, means and standard

deviations (in parenthesis) of the multiple correlation for various 7 and the different
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error distributions. As expected, the efficiency of the proposed methodology increases
with n and decreases with p. Moreover, observe that the performance is robust to
the quantile level and the error distribution.

Table 2.1: Mean (and standard deviation) of multiple correlation for Model I, when
7=0.1,0.25,0.5,0.75,0.9 and the error follows a standard normal distribution.

n_ p 0.1 0.25 05 0.75 0.9

200 5 | 0.9957 (0.0039) 0.9956 (0.0042) 0.9957 (0.0040) 0.9957 (0.0039) 0.9957 (0.0038)
10 | 0.9912 (0.0105) 0.9911 (0.0108) 0.9913 (0.0106) 0.9913 (0.0105) 0.9910 (0.0105)
20 | 0.9848 (0.0542) 0.9849 (0.0565) 0.9911 (0.0146) 0.9907 (0.0173) 0.9908 (0.0155)
40 | 0.9692 (0.0827) 0.9680 (0.0825) 0.9722 (0.0657) 0.9726 (0.0698) 0.9538 (0.1210)

400 5 | 0.9964 (0.0045) 0.9965 (0.0039) 0.9965 (0.0035) 0.9966 (0.0034) 0.9966 (0.0032)
10 | 0.9948 (0.0048) 0.9948 (0.0047) 0.9949 (0.0047) 0.9949 (0.0046) 0.9949 (0.0047)
20 | 0.9926 (0.0055) 0.9927 (0.0053) 0.9926 (0.0054) 0.9926 (0.0054) 0.9927 (0.0054)
40 | 0.9898 (0.0092) 0.9897 (0.0095) 0.9892 (0.0137) 0.9898 (0.0092) 0.9897 (0.0097)

1000 5 | 0.9974 (0.0018) 0.9974 (0.0017) 0.9974 (0.0017) 0.9974 (0.0017) 0.9974 (0.0016)
10 | 0.9966 (0.0027) 0.9966 (0.0027) 0.9966 (0.0026) 0.9966 (0.0026) 0.9966 (0.0026)
20 | 0.9952 (0.0035) 0.9950 (0.0035) 0.9951 (0.0035) 0.9950 (0.0034) 0.9950 (0.0034)
40 | 0.9935 (0.0045) 0.9936 (0.0044) 0.9935 (0.0044) 0.9935 (0.0045) 0.9934 (0.0046)

Table 2.2: Mean (and standard deviation) of multiple correlation for Model I, when
7=10.1,0.25,0.5,0.75,0.9 and the error follows a chi-square distribution.

n_ p 0.1 0.25 0.5 0.75 0.9
200 5 | 0.9945 (0.0061) 0.9944 (0.0064) 0.9945 (0.0061) 0.9945 (0.0061) 0.9944 (0.0062)
10 | 0.9932 (0.0136) 0.9916 (0.0215) 0.9909 (0.0274)  0.9910 (0.0266) 0.9905 (0.0309)
20 | 0.9732 (0.0804) 0.9805 (0.0386) 0.9837 (0.0233)  0.9801 (0.0590)  0.9782 (0.0705)
40 | 0.9185 (0.2049) 0.9373 (0.1546) 0.9249 (0.1824)  0.9124 (0.2315)  0.9180 (0.1956)
400 5 | 0.9965 (0.0045) 0.9965 (0.0050) 0.9965 (0.0047) 0.9966 (0.0044)  0.9966 (0.0043)
10 | 0.9950 (0.0060) 0.9950 (0.0061) 0.9950 (0.0059) 0.9951 (0.0056) 0.9949 (0.0060)
20 | 0.9924 (0.0075) 0.9924 (0.0074) 0.9833 (0.0923)  0.9927 (0.0068)  0.9926 (0.0070)
40 | 0.9867 (0.0169) 0.9847 (0.0246) 0.9855 (0.0270)  0.9849 (0.0318)  0.9844 (0.0366)
1000 5 | 0.9973 (0.0018) 0.9973 (0.0019) 0.9973 (0.0018) 0.9973 (0.0018) 0.9974 (0.0017)
10 | 0.9959 (0.0032) 0.9960 (0.0032) 0.9960 (0.0031) 0.9960 (0.00310) 0.9960 (0.0031)
20 | 0.9959 (0.0030) 0.9959 (0.0030) 0.9959 (0.0030)  0.9959 (0.0030)  0.9959 (0.0030)
40 | 0.9936 (0.0038) 0.9936 (0.0037) 0.9936 (0.0037) 0.9936 (0.0037)  0.9936 (0.0037)

Example 2 - Performance of the algorithm. We now demonstrate the perfor-
mance of the algorithm for all models under consideration. Table reports the
observed, over the 100 simulation runs, means and standard deviations (in parenthe-
sis) of the multiple correlation for various 7 and the different error distributions. We
can see that the mean multiple correlation is really close to d,, which is 1 for Models

I-1V, 2 for Models V, VI, and VIII, and 3 for Model VII.
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Table 2.3: Mean (and standard deviation) of multiple correlation for Model I, when
7=0.1,0.25,0.5,0.75,0.9 and the error follows an exponential distribution.

n_ p 0.1 0.25 0.5 0.75 0.9

200 5 | 0.9953 (0.0046) 0.9955 (0.0043) 0.9955 (0.0044) 0.9955 (0.0047) 0.9953 (0.0055)
10 | 0.9896 (0.0302) 0.9893 (0.0337) 0.9904 (0.0236) 0.9923 (0.0098) 0.9899 (0.0275)
20 | 0.9790 (0.0597) 0.9819 (0.0445) 0.9789 (0.0684) 0.9765 (0.0722) 0.9746 (0.0825)
40 | 0.9704 (0.0804) 0.9702 (0.0607) 0.9717 (0.0460) 0.9688 (0.0776) 0.9600 (0.1258)

400 5 | 0.9966 (0.0053) 0.9967 (0.0047) 0.9967 (0.0047) 0.9968 (0.0044) 0.9968 (0.0041)
10 | 0.9943 (0.0078) 0.9943 (0.0084) 0.9943 (0.0082) 0.9942 (0.0091) 0.9943 (0.0083)
20 | 0.9913 (0.0095) 0.9913 (0.0095) 0.9913 (0.0094) 0.9913 (0.0094) 0.9913 (0.0095)
40 | 0.9887 (0.0110) 0.9892 (0.0098) 0.9890 (0.0099) 0.9881 (0.0131) 0.9888 (0.0110)

1000 5 | 0.9970 (0.0020) 0.9970 (0.0021) 0.9970 (0.0022) 0.9970 (0.0021) 0.9970 (0.0023)
10 | 0.9961 (0.0034) 0.9961 (0.0034) 0.9961 (0.0032) 0.9961 (0.0032) 0.9962 (0.0032)
20 | 0.9952 (0.0037) 0.9952 (0.0036) 0.9952 (0.0036) 0.9952 (0.0036) 0.9952 (0.0036)
40 | 0.9931 (0.0043) 0.9931 (0.0044) 0.9931 (0.0044) 0.9931 (0.0044) 0.9931 (0.0045)

Table 2.4: Mean (and standard deviation) of multiple correlation for Models I-VIII,
when 7 =0.1,0.25,0.5,0.75,0.9.

M  error 0.1 0.25 0.5 0.75 0.9
I N 10.9967 (0.0033) 0.9967 (0.0035) 0.9967 (0.0035) 0.9967 (0.0035) 0.9968 (0.0031)
X3 1 0.9952 (0.0056 0.9953 (0.0054) 0.9952 (0.0053) 0.9953 (0.0053) 0.9954 (0.0052)
Exp | 0.9965 (0.0031) 0.9966 (0.0030) 0.9966 (0.0031) 0.9966 (0.0031) 0.9966 (0.0031)
II N1 0.9975 (0.0016) 0.9975 (0.0016) 0.9975 (0.0017) 0.9975 (0.0016) 0.9975 (0.0016)
X3 1 0.9961 (0.0048) 0.9961 (0.0047) 0.9961 (0.0045) 0.9961 (0.0046) 0.9961 (0.0043)
Ezxp | 0.9967 (0.0032) 0.9967 (0.0032) 0.9967 (0.0032) 0.9967 (0.0032) 0.9965 (0.0037)
111 N1 0.9975 (0.0020) 0.9973 (0.0031) 0.9955 (0.0082) 0.9971 (0.0038) 0.9975 (0.0018)
X3 109970 (0.0024) 0.9970 (0.0022) 0.9971 (0.0020) 0.9971 (0.0020) 0.9971 (0.0021)
Exzp | 0.9969 (0.0023) 0.9969 (0.0022) 0.9969 (0.0022) 0.9969 (0.0023) 0.9969 (0.0023)
v N ] 0.6305 (0.0393) 0.8380 (0.0270) 0.9969 (0.0035) 0.8373 (0.0292) 0.6297 (0.0413)
X3 1 0.9426 (0.0660) 0.9176 (0.0828) 0.7953 (0.1576) 0.7018 (0.1972) 0.6628 (0.2151)
Exp | 0.9340 (0.0991) 0.9604 (0.0346) 0.8205 (0.1053) 0.6547 (0.1619) 0.5882 (0.1979)
\% N 1.9692 (0.0852) 1.9591 (0.1186) 1.9538 (0.1353) 1.9637 (0.0971) 1.9690 (0.0881)
X3 1 1.9492 (0.1383) 1.9448 (0.1537) 1.9352 (0.1763) 1.9423 (0.1489) 1.9425 (0.1561)
Exp | 1.9679 (0.0869) 1.9629 (0.0967) 1.9625 (0.0829) 1.9619 (0.0931) 1.9688 (0.0813)
VI N | 1.9802 (0.0425) 1.9808 (0.0404) 1.9805 (0.0410) 1.9793 (0.0438) 1.9751 (0.0496)
X3 | 1.9549 (0.1063) 1.9569 (0.1006) 1.9549 (0.0884) 1.9269 (0.1210) 1.8588 (0.2145)
Ezxp | 1.9676 (0.1039) 1.9680 (0.1034) 1.9659 (0.1053) 1.9571 (0.1197) 1.9054 (0.1754)
VII N | 23663 (0.3282) 2.4085 (0.3093) 2.4119 (0.3117) 2.4280 (0.3098) 2.4434 (0.3042)
X3 | 2.8988 (0.1798) 2.9270 (0.1569) 2.9400 (0.1270) 2.9380 (0.1144) 2.9234 (0.1185)
Exp | 2.8644 (0.2028) 2.8925 (0.1689) 2.9173 (0.1231) 2.9084 (0.1369) 2.8836 (0.1693)
VIIT AN | 1.3976 (0.1730) 1.6780 (0.1561) 1.9568 (0.0816) 1.6614 (0.1481) 1.3793 (0.1805)
X3 1.604 (0.2456) 1.8709 (0.1626) 1.9040 (0.1342) 1.8619 (0.1563) 1.8475 (0.1684)
Exp | 1.4798 (0.2692) 1.7974 (0.1893) 1.9124 (0.1116) 1.8273 (0.1653) 1.7864 (0.2003)

Example 3 - Methods to compare. We now compare the performance of the
proposed methodology with that of FSIR [29] and robust functional sliced inverse
regression (R-FSIR) [37]. Since FSIR and R-FSIR focus on the functional central
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subspace, whereas our method targets the functional central quantile subspace, we
restrict our comparison to models for which the two subspaces coincide in order to
ensure meaningful comparisons.

In these situations, the choice of 7 is not critical. Although the simulations are
conducted for all values of 7, we report the results only for 7 = 0.5. The data are
generated according to Models I-IIT and V-VII.

Table reports the means and standard deviations (in parentheses) of the multiple
correlation, computed over 100 simulation runs, for the proposed method as well as
for FSIR and R-FSIR. We observe that the proposed method performs best across all
models and error distributions considered, except for Model III, where FSIR yields a
slightly larger average multiple correlation when the error distribution is normal.

Furthermore, the difference between the three methods is particularly pronounced
for multi-index models, where the proposed method outperforms the competing ap-

proaches by a substantial margin.
2.6  Application

In this section, we apply the proposed methodology to the ADHD-200 fMRI data
containing resting-state fMRI (rs-fMRI) signals obtained from the New York Uni-
versity Child Study Center from 116 patients with ADHD defined as predominantly
hyperactivity /impulsive (n = 2), predominantly inattentive (n = 44) and combined
(ADHD-C; n = 77), and 99 controls. The data are publicly available from the
ADHD-200 Consortium (http://fcon_1000.projects.nitrc.org/indi/adhd200/
index.html). For our analysis, we use the subjects in the ADHD-C group, after
removing five subjects due to significant amount of missing observations, resulting in
n = 72. Pre-processing of the fMRI data was done by the Neuro Bureau organization
using the Athena pipeline (http://www.theneurobureau.org/)). The 116 regions
of interest were constructed for the pre-processed rs-fMRI based on the automated

anatomical labeling atlas (AAL) developed by Craddock et al. (2012). Then, for each
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Table 2.5: Mean (and standard deviation) of multiple correlation for Models I-VII,
for FSIR, R-FSIR, and 0.5-FCQS and various error distributions.

M  error FSIR R-FSIR 0.5-FCQS
I N 0.9652 (0.0138)  0.9623 (0.0156) 0.9968 (0.0033)
X2 | 0.9414 (0.0263) 0.9151 (0.0458) 0.9964 (0.0027)
Exp | 0.9532 (0.0207) 0.9373 (0.0315) 0.9961 (0.0059)
IT N 0.9821 (0.0071)  0.9829 (0.0070) 0.9972 (0.0019)
X2 | 0.9519 (0.0207) 0.8963 (0.0803) 0.9967 (0.0030)
Exp | 0.9703 (0.0124) 0.9568 (0.0217) 0.9968 (0.0032)
I AN | 0.9900 (0.0039) 0.9898 (0.0036) 0.9872 (0.0555)
X2 | 0.9926 (0.0028) 0.9926 (0.0031) 0.9972 (0.0020)
Exp | 0.9887 (0.0046) 0.9874 (0.0057) 0.9969 (0.0032)
\Y N 1.9287 (0.0235)  1.9300 (0.0242) 1.9666 (0.0606)
X2 1.9009 (0.0414)  1.8945 (0.0428) 1.9476 (0.1281)
Exp | 1.9141 (0.0298) 1.9122 (0.0336) 1.9626 (0.0685)
VI N 1.0634 (0.1199) 1.0213 (0.0735) 1.9856 (0.0243)
X2 1.0116 (0.1265)  0.9403 (0.1256) 1.9563 (0.0778)
Exp | 1.0603 (0.1446) 1.0003 (0.0959) 1.9713 (0.0765)
VII. N 1.9413 (0.1792)  1.7187 (0.2106) 2.5043 (0.3515)
X2 | 2.1001 (0.2947)  1.7029 (0.2785) 2.9454 (0.0856)
Exp | 2.1188 (0.2686) 1.7358 (0.2709) 2.9289 (0.1420)

of the 116 regions, fMRI time series were extracted by averaging all voxels time series
within each region at each time point, resulting in 116 different regional fMRI time
series, observed at 172 time points. The AAL atlas and the regional fMRI time series
are publicly available at NITRC (www.nitrc.org).

The goal of this analysis is to apply the proposed methodology to explore whether
brain activity as measured by rs-fMRI can be associated with the ADHD index

for various quantile levels. Specifically, for each subject u = 1,...,

(X1(1), ...

72, X, (t) =
, X116(1)) represents the 116 regional rs-fMRI data, where Y, represents
the ADHD score that measures the severity of the disorder; the higher the number
of this measure, the more severe the ADHD disease. The histogram of the response
observations, Y,, in Figure suggests a right-skewed response distribution with
extreme values of ADHD score, justifying the use of QR and the application of our

method.
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Figure 2.1: Histogram of the response variables (ADHD scores).

We apply our method to derive the first d, sufficient predictors (U.1, X) .z, ..., (Ura,, X)
for 7 =0.1,0.25,0.5,0.75,0.9. For all 7, we choose d, = 5 and estimate the fMRI data
using 15 B-splines basis functions of order 4. Figure shows scatterplots of the first
two sufficient predictors by quantile, with different colors indicating different ADHD
scores. The distinct grouping of lighter and darker colors demonstrate a clear sepa-
ration of subject based on their ADHD scores. These groupings effectively highlight
the separation of subjects with low, moderate, and high severity ADHD scores.

To compare our method with FSIR, we split the data into training (80%) and test
(20%) sets and fit the local linear QR [63] for various quantiles (7 = 0.1,0.25,0.5,0.75,0.9).
We use the first five sufficient predictors from FSIR and 7-FCQS, aligning 7 with the
quantile of the local linear model. Table reports the average mean square error,

indicting that our methodology outperforms FSIR, except for 7 = 0.25.
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Figure 2.2: Scatterplots of the first two sufficient predictors for the fMRI data set
across quantile levels 7 = 0.1,0.25, 0.5, 0.75,0.9. Each point represents an observation,
with colors indicating ADHD scores. Lighter colors correspond to higher ADHD
scores. The axes represent the values of the first and second sufficient predictors.

Table 2.6: Awverage mean square error of local linear QR model using the first d,
sufficient predictors constructed by FSIR and 7-FCQS.

Method | 0.1 0.25 0.5 0.75 0.9
FSIR | 5.18 4.75 4.53 5.89 7.95
7-FCQS | 426 521 3.84 542 6.93




CHAPTER 3: 7th FUNCTIONAL CENTRAL PARTIAL QUANTILE SUBSPACE
(T-FCPQS)

3.1  The Methodology of T-FCPQS

Let Y : Q — R denote a univariate response, X = (X',...  X?) : Q — 5 denote a
random element, and W denote a categorical predictor or a combination of categorical

predictors that partition the population into ¢ subpopulations.

Definition 3.1. If there is a finite rank linear operator M, € B(, Rd(fw)), d") e N,

such that
Y L Q. (Y|X, W)|(M (), W), (3.1)

then Tan(M}) is called the 7Tth functional partial quantile dimension reduction sub-

space.

An equivalent formulation of (3.1)) that will be used in the Appendix , is to assume
that there is a subspace S; such that Y 1L Q. (Y|X, W)|(Ps, X, W), where Ps_ is the

projection of X onto the space S..

Definition 3.2. Under the assumption that N{ran(M>*) : M. satisfies (3.1} satisfies
(3.1), we call it the 7th functional central partial quantile subspace (T-FCPQS) and

. w
denote it by %T((YfX).

Note that, using the equivalent formulation introduced above, %T(E/QX) is such

that ¥ L Q-(Y[X, W)| (P, any X, W),

Analogous to the ideas of [66] for the central subspace and [67] for the 7th cen-

tral quantile subspace, estimating the 7-FCPQS reduces to performing dimension
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reduction within each subpopulation defined by the categorical variable. Specifically,
let (Y,, X,) denote the observations corresponding to a specific category w, that is,
(Y, X) | (W =w). Let y 0, (Yu|X,) denote the 7-FCQS obtained from (Y,,, X,,) within

each subpopulation. Then, y(g//p() =@, _, 7 (Yu|X.)- Formally,

Proposition 3.1. Let %T(pr(w) denote the T-FCQS for the regression of YW = w
to X|W = w. Then,

where @ represents the direct sum between the subspaces.

Proof. See Appendix [B.1] O

The above implies that the 7-FCPQS can be determined by combining the 7-FCQS
within subpopulations. Note that, no dimension reduction is performed on W, rather
it is used to separate the data into subpopulations to which to perform dimension
reduction. Moreover, although the subspaces %T(yw‘ X,)s W =1,..., ¢ can overlap,
their direct sum coincide with y Vg‘ x)-

The following proposition, established by Cook and Dritchley [68], further explains
the relationship between %T(Yl x) and %T((QX) and suggests that the difference

between the two subspaces is due to the joining regression of W on X. Moreover, it

implies that if X I W, then .55 (y|x) C %T((VQX)

Proposition 3.2. Let %p( denote the FCS for the regression of W on X. Then,

Tovix) € \X@/(W

- Q- (Y|X)"

Proof. See Appendix [B.2] O

Finally, the next proposition explains the relationship between %T(Yl x) and %T(ZEV/)\ x)-
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The two subspaces might overlap and, depending on the situation, we can have

W) W)
%T(Y\X) c %T(YD() and/or %T(Y|X) c %T(YIX)-

Proposition 3.3. The following holds:

i) If W L Y|X and W L Q- (Y|X P(/(W) Xoriyf W L YIX and W 1L
/
YIX)
YIPo, an X, then TG vix) C 9%)(

QT(YlX)

) w
(i) [W LY|X and W LY[Poy X, then 55 V) € TG vix)
Proof. See Appendix [B.3] O

3.2  Estimation of 7-FCPQS
3.2.1  Population Level

Proposition suggests a straightforward approach for constructing the 7-FCPQS.

Specifically,

(i) Within each subpopulation w = 1,..., ¢, apply methodology of 7-FCQS, de-
scribed in Chapter , to obtain vg), e ,U:I;)(Tw), such that vg) € L(/T(ywp(w),

j=1,...,d" where d™ denotes the dimension of each T (V| Xu):

(w)
(i) Let V") = >y Z?;l v%) ® v%). Then, for 77,,...,n_ w) being the set of

solutions to the generalized eigenvalue problem VT(W)nTJ = A1rj, we have that

W : W
my € LW =1 d.
The eigenvalue problem at the population level is described as follows

argmax <777, ‘/7—(W)777'>% (3 2)

subject to 0, € I, (Nr, ) =1, (e, 0rj) e =0,5 =1,... AW —1
Remark 3.1. The methodology of 7-FCQS relies on Assumption [2.2l However,
since we perform their method within each subpopulation w, we assume that the

assumption holds for each w =1,..., ¢, as follows.
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Assumption 3.1. For a given 7 and a given w, there is a bounded linear operator
AY ran(LM)) — 4 such that E{X,|L™ (X,)} = A™ LY (X,,), where L™ €
B, R and TG v, x.,) = Tan(L").

3.3  Implementation

In this section, we present the algorithm for the proposed methodology under the
common assumption that the functions X, (¢), u = 1,...,n, are not fully observed.
Instead, they are observed at a finite set of points ¢,1,...,t,n,. In such situations,
X, (t) needs to be estimated using the observed data {(¢, X,,(t)) : t = tu1,. .., tun, }-
A common approach is to express X, (t) through a coordinate representation using a

finite number of basis functions; see Section for details.
3.3.1  Algorithm for the T-FCPQS

For i =1,...,p, let H; spanned by a finite set of basis functions B; = {b{,--- b}, }.
Then, each X' u = 1,...,n, of the observed data {(t, X,,(t)) : t = tu1,...,tun,},

can be approximated by [X?!]T%, . Moreover, [X,] = ([X3]7,...,[XE]")T € RP»
is the coordinate representation of X, u = 1,...,n, and [Xy,,] is the pk, x n ma-
trix ([Xi],...,[Xn]). Note that, we omit indices such as [-]g,, as the bases for the

coordinates can be identified by the domain and range of the operators involved.
Let G = diag(G; : ¢« = 1,...,p), where each G; represents the Gram matrix

of H;. Then, the coordinate representation of the sample level version XA/T(W) =

(w) _
2 = 125 111” ®v( )IS given by

c d(w) c d(w)
7] = 3 o) - 3 S
w=1 j=1 w=1 j=1

~(1 ~(C ~(1 ~(C
= (['U;l):dg)]Ta cee ['Uii:d(;)]T)T([Uil):dg)]Ta S [U(,). ]T)g'
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The generalized eigenvalue problem (3.2)) can be expressed as

~(1) T
v
‘r,l:ds})]

L9 DT LT B TG

argmax  [n,]"G(] 1) 1l

PR

subject to  [1n,]"Gn] = 1,[n-] " Glney] = 0,5 =1,...,d") — 1.

Let w, = G/2[,] and solve

argmax wTTgﬂ/Qg([@\(l) N

T,l:dg-l) T T,l:d‘(,—C) T,l:d.(rl) r,l:d(f)
subject to w, w; = 1,w w,; =0,5=1,...,d") —1
(3.3)
That is, wr1,...,w_,w) are the eigenvectors of the matrix
1/204 (151 T ~(c) T\ 151 T ~(c) T 1/2
gT / g([vr,lzdg)] e [UT,l:d.(,-C)} ) <[UT,1:dgr1)] Ty [UT71:dS-C>] )ggT /
that correspond to the a") largest eigenvalues.
Algorithm. Let {Y,, (¢, X,(t)) : t = tu1, ..., tun, }"—; be an iid sample.
(i) For each u = 1,...,n, obtain the coordinates of X, relative to the basis B =

P B; of A and derive the Gram matrix G.

(ii) Within each subpopulation w = 1,...,¢, use Christou et al. (2025) to obtain

~(w ~(w ~(1 ~(1 ~(c ~(c
[1)571)], e [Ui,d)im] and form the vector ([viﬂ, . [v;;gl)], e [Ui{], e [UE,;(:)])'
This vector will be denoted by ([5:1):d9)]T, I Wg;dﬁdr)‘

SOV _ (1) ~©) (1)
(iii) Form [V77'] = ([UT,lzd(Tl)]T’ ey [UT,M(:)]T)T([UT,LdS) SRRy i

(iv) Solve the eigenvalue problem 1} and obtain the d" solutions Wrj, § =

1,... ,dSW), associated with the diW) largest eigenvalues.
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(v) Obtain [7,] = G/%w, ; and the sufficient predictors (X, ;) .~ = [Xu] "G 2w, ,

Remark 3.2. The dimension d"" of the 7-FCPQS, as well as the dimension d" of
the 7-FCQS % +(Yu|Xw), for w = 1,... ¢, are unknown in practice and need to be
estimated. For that, we can use the cross-validation Bayesian information criterion

(CVBIC) ([52]). However, for this Chapter, we assume that the dimensions are known.

3.4  Asymptotic Theory

~ (u )
We now present the consistency and convergence rate of VT(W) => Zd

?)\%), where vgj), 7 =1,... ,dsw), w = 1,...,c, are the estimated eigenfunctions

resulting from the algorithm of 7-FCQS. Before proceeding to the results, we need to

introduce some additional notation. Let n,, denote the sample size for each category

w, i.e., the number of observations within each subpopulation, n, denote the smallest

sample size, i.e., n, = min{n, : w = 1,... ¢}, and Egz"))( denote the covariance
operator of X|W = w, for w = 1,...,c. Also, for two positive sequences {a,} and

{b,}, we write a,, < b, if a,/b, — 0.

An additional assumption necessary for the theory is the following:

Assumption 3.2. For a given w, g (Yo Xo) © m(Egév))()

This assumption was used in [30] and it is less restrictive than assuming that the co-
variance operator of the predictors is the same across subpopulations, an assumption

used, for example, in [66] and [69].

Theorem 3.1. If assumptions E . . =0, L(X,) is consistent of the
directions of the FCS for all w = 1,...,¢c, and S1-S6 from Appendix hold, the
number of categories c is fixed, and n, 5 2 €n < 1, then, for a given T € (0, 1), /A%

s a consistent estimate of V., and

PO — V|| = 0,02 26,57%) + O(elf?),
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where || - || denotes the operator norm.

Proof. See Appendix [B.4] O

Corollary 3.1. Under the assumptions of Theorem and for a given T € (0,1)

cmdjzl,...,dgw)

)

= 0,(n;%e,%?) + O(e)/?),

Hﬁﬂj — Ny ‘

<7/7\T,j7 X>9f - <77T,j7 X)fi” = Op<n*_l/26;5/2) + O(ﬁi/Q)

Proof. The proof follows the same approach as Corollary 2 in [36] and it is omitted.
O

Theorem assumes that the number of categories c is fixed. However, there are
situations where ¢ can increase with the sample size n, i.e., ¢, — 00 as n — o0o. The
following corollary shows how the convergence rate will be affected and it can be used

to provide an optimal number c,.

Corollary 3.2. If assumptions E(X,) =0, L(X,) is consistent of the
directions of the FCS for all w = 1,...,¢, and S1-S6 from Appendiz hold, the

1/

number of categories ¢, is such that n, P Zen < c.2 <1, then, for a given T € (0,1),

~

VT(W) is a consistent estimate of V., and

where n, = min{n,, :w=1,...,¢,}.

T VI = 0,0 26,7) + Ofeaelf?),

Proof. The proof follows from Theorem 3.1 and thus it is omitted. O

3.5  Simulation Studies

Simulation Setting. The simulation setting is the same as that used for the 7-

FCQS method in Section The categorical predictor W is generated from a
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Binomial(1,0.5) distribution. Over the time interval [0,1], we create 101 equally
spaced time points with a step size of 0.01. All simulation results are based on
N = 100 Monte Carlo replications. Unless otherwise stated, the sample size is set to
n = 400, the number of functional predictors is p = 5, the quantile levels considered

are 7 = 0.1,0.25,0.5,0.75,0.9, and the dimension dSW) is assumed to be known.

Algorithm and related parameters. Step 1 of the algorithm applies the 7-FCQS
method within each subpopulation W. The parameters are chosen as described in
Section Moreover, to obtain the coordinate representation of X,,u =1,...,n,

we approximate the functional predictors using B-splines with four basis functions.

Models under consideration. The models that we consider throughout the simu-

lation studies are:

M-I: Y =sin(n(f1, X)»/4) + W + 0.5¢, where %T(EQX) = span{f }
1
T 05+ (B, X) e+ 1)2
exp({B1, X).»)
1+ exp((fr, X))

M-II: Y + W +0.2¢, where %T(ZQX) = span{f; }

ML Y = (14 W) +2W +0.1¢, where .7 ({1, = span{f; }

M-1V: Y = (81, X) ¢ + (B2, X) pe + W, where %T(mX) = span{f; + Q,(¢)fa}
M-V: Y = (1+W){B1, X) + (Ba, X)r + 2W + £, where %T(g//)'x) = span{ Sy, B2}
MV Y = (81, X) o + (B X) o+ W+ (/0.5 + (B, X)% + (B2, X)%e, where
%T(m)() = span{f, B2}
M-VIL Y = (61, X)% + exp({Ba, X)) + (B3, X).ee + W, where

%T((V;//?X) = span{ 1, B2, B3} when Q,(¢) # 0 and span{/, 52} when Q.(¢) =0

M-VIIL Y = W (B, X) o + (1+ W)(By, X) o + &, where .5 U1y, = span{:, B},

and B1(t) = U1(t), Ba(t) = 1o(t), and Ps(t) = 13(t) are the first, second, and third
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eigenfunctions of ¥ x x, respectively, X is simulated as described above, and the error €
is generated according to (1) standard normal (N), (2) chi-square with three degrees
of freedom (X7), and (3) exponential with rate 0.5 (Exp(0.5)). All models were
considered during the simulation runs but, due to space constraints, we only report
selective ones.
Example 1 - Effect of n, p, and error distribution. This example demonstrates
the performance of the proposed algorithm for different choices of n, p, and error
distribution. We consider different sample sizes n = {200,400, 1000}, number of
predictors p = {5,10,20}, and error distributions as described above. Tables
present the means and standard deviations of the multiple correlations for Model I
for various values of 7. The proposed methodology shows an expected increase in
efficiency with larger sample sizes n, and a decrease with an increasing number of
predictors p. Additionally, its performance remains robust across various quantile
levels and error distributions.

Table 3.1: Mean (and standard deviation) of multiple correlation for Model I, when
7=0.1,0.25,0.5,0.75,0.9 and the error follows a standard normal distribution.

10 | 0.8903
20 | 0.8696

0.1083
0.1132

0.8902
0.8696

0.1089
0.1118

0.8910
0.8703

0.1093
0.1095

0.8889
0.8685

0.1119
0.1096

0.8877
0.8633

0.1145
0.1226

n p 0.1 0.25 05 0.75 0.9
200 5 | 0.9311 (0.1121) 0.9333 (0.1066) 0.9363 (0.0945) 0.9398 (0.0760) 0.9343 (0.0791)
10 | 0.8569 (0.1285) 0.8565 (0.1279) 0.8575 (0.1262) 0.8605 (0.1246) 0.8601 (0.1263)
20 | 0.7842 (0.1945) 0.7775 (0.2023) 0.7725 (0.2128) 0.7678 (0.2168) 0.7562 (0.2270)
400 5 | 0.9633 (0.0458) 0.9637 (0.0452) 0.9627 (0.0473) 0.9615 (0.0489) 0.9596 (0.0531)
10 | 0.8679 (0.1393) 0.8686 (0.1382) 0.8663 (0.1491) 0.8635 (0.1567) 0.8635 (0.1495)
20 | 0.8376 (0.1431) 0.8421 (0.1282) 0.8492 (0.1161) 0.8470 (0.1274) 0.8447 (0.1381)
1000 5 | 0.9792 (0.0221) 0.9793 (0.0225) 0.9793 (0.0230) 0.9792 (0.0237) 0.9790 (0.0244)
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

Example 2 - Performance of the algorithm. This example demonstrates the
performance of the algorithm across all examined models. Table presents the
means and standard deviations of the multiple correlations for various 7 and error
distributions. The anticipated outcome is that the multiple correlation approximates

the true dimension d\" closely. Our observations confirm this expectation: the
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Table 3.2: Mean (and standard deviation) of multiple correlations for Model I, when
7=0.1,0.25,0.5,0.75,0.9 and the error follows a chi-square distribution.

n P 0.1 0.25 0.5 0.75 0.9

200 5 |0.9168 (0.1116) 0.9167 (0.0967) 0.9142 (0.0980) 0.8961 (0.1216) 0.8569 (0.2098)
10 | 0.8403 (0.1386) 0.8343 (0.1517) 0.8396 (0.1469) 0.8165 (0.1834) 0.8240 (0.1732)
20 | 0.7437 (0.2391) 0.7391 (0.2427) 0.7354 (0.2338) 0.7180 (0.2513) 0.7228 (0.2532

0.0719
0.1076

0.9049
0.8590

10 | 0.9152
20 | 0.8755

0.0699
0.0968

0.9147
0.8741

0.0711
0.0990

0.9143
0.8731

0.0725
0.1019

0.9121
0.8721

0.0924
0.1261

( ) ) ( ) )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
10 | 0.8817 (0.1035) 0.8814 (0.1054) 0.8805 (0.1094) 0.8725 (0.1343) 0.8607
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

400 5 | 0.9658 (0.0354) 0.9659 (0.0343) 0.9655 (0.0345) 0.9628 (0.0376) 0.9442 (0.1018)
(0.1425)

20 | 0.8228 (0.1541) 0.8188 (0.1525) 0.8036 (0.1756) 0.8016 (0.1763) 0.7853 (0.1967)
1000 5 | 0.9750 (0.0265) 0.9748 (0.0262) 0.9744 (0.0258) 0.9727 (0.0255) 0.9638 (0.0494)
( )

( )

Table 3.3: Mean (and standard deviation) of multiple correlations for Model I, when
7=0.1,0.25,0.5,0.75,0.9 and the error follows an exponential distribution.

n p 0.1 0.25 0.5 0.75 0.9

200 5 | 0.9395 (0.0700) 0.9400 (0.0690) 0.9382 (0.0704) 0.9345 (0.0792) 0.9088 (0.1365)
10 | 0.8018 (0.2220) 0.7937 (0.2261) 0.7833 (0.2367) 0.7864 (0.2220) 0.7829 (0.2247)
20 | 0.7377 (0.2319) 0.7323 (0.2463) 0.7326 (0.2266) 0.7297 (0.2187) 0.7225 (0.2200)

400 5 | 0.9563 (0.0409) 0.9566 (0.0403) 0.9569 (0.0397) 0.9555 (0.0403) 0.9495 (0.0512)
10 | 0.8922 (0.0928) 0.8943 (0.0872) 0.8956 (0.0862) 0.8880 (0.1141) 0.8794 (0.1246)
20 | 0.8149 (0.1565) 0.8140 (0.1591) 0.8142 (0.1606) 0.8112 (0.1614) 0.8055 (0.1635)

1000 5 | 0.9763 (0.0235) 0.9762 (0.0236) 0.9756 (0.0239) 0.9743 (0.0253) 0.9721 (0.0271)
10 | 0.9164 (0.0735) 0.9148 (0.0794) 0.9123 (0.0865) 0.9087 (0.0994) 0.9058 (0.1124)
20 | 0.8651 (0.1219) 0.8654 (0.1223) 0.8648 (0.1226) 0.8625 (0.1238) 0.8588 (0.1250)

multiple correlation is close to 1 for Models I-1V, to 2 for Models V, VI, and VIII,
and to 3 for Model VII, demonstrating the algorithm’s accuracy. Note that for Model
VII, where the error term ¢ ~ N(0, 1), the conditional median of € is 0. As a result,
the subspace %T(g/,)‘ x) has a dimension of 2. Therefore, the multiple correlation for
Model VII closely approximates 2 under standard normal error at 7 = 0.5, aligning
with the expected outcome.

Example 3 - Effect of categorical predictor W. This example evaluates the
performance of the proposed methodology under different scenarios of the categorical

predictor W. Specifically, W is generated according to three different scenarios:
e Scenario 1 (Unbalanced case) - W follows a Binomial(1, 0.1) distribution.

e Scenario 2 (Multiclass case) - W follows a multinomial distribution with three

classes, having probabilities of 0.2, 0.3, and 0.5, respectively.
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Table 3.4: Mean (and standard deviation) of multiple correlations for Models I-VIII,
when T =0.1,0.25,0.5,0.75,0.9.

M  error 0.1 0.25 0.5 0.75 0.9
I N 0.9681 (0.0331) 0.9679 (0.0324) 0.9682 (0.0315) 0.9677 (0.0321) 0.9669 (0.0329)
XZ | 0.9555 (0.0477) 0.9551 (0.0480) 0.9532 (0.0522) 0.9411 (0.0977) 0.9356 (0.0911)
Exp | 0.9579 (0.0454) 0.9575 (0.0466) 0.9569 (0.0481) 0.9553 (0.0516) 0.9295 (0.1274)
11 N 0.9498 (0.0822) 0.9474 (0.0934) 0.9573 (0.0516) 0.9610 (0.0419) 0.9612 (0.0427)
X2 | 0.9027 (0.1565) 0.9393 (0.0763) 0.9420 (0.0718) 0.9440 (0.0698) 0.9383 (0.0746)
Exp | 0.9351 (0.0751) 0.9418 (0.0782) 0.9467 (0.0664) 0.9511 (0.0497) 0.9476 (0.0537)
111 N 0.9622 (0.0421) 0.9610 (0.0443) 0.9602 (0.0459) 0.9586 (0.0503) 0.9574 (0.0542)
XZ | 0.9517 (0.0577) 0.9515 (0.0583) 0.9504 (0.0601) 0.9485 (0.0646) 0.9470 (0.0667)
Exp | 0.9525 (0.0558) 0.9523 (0.0558) 0.9517 (0.0572) 0.9495 (0.0616) 0.9463 (0.0690)
v N 0.7251 (0.0387) 0.7241 (0.0377) 0.7246 (0.0367) 0.7243 (0.0371) 0.7237 (0.0373)
X} | 0.6140 (0.2061) 0.6125 (0.2068) 0.6116 (0.2066) 0.6077 (0.2087) 0.6132 (0.2047)
Ezxp | 0.6104 (0.1739) 0.6034 (0.1792) 0.6014 (0.1778) 0.6188 (0.1634) 0.6141 (0.1716)
\% N | 1.6157 (0.3191) 1.6447 (0.3161) 1.6302 (0.3318) 1.6493 (0.3078) 1.6438 (0.3086)
X? | 1.6480 (0.2983) 1.6798 (0.2929) 1.6681 (0.3014) 1.6577 (0.3002) 1.6544 (0.2878)
Exp | 1.5788 (0.3278) 1.5714 (0.3504) 1.5613 (0.3372) 1.5777 (0.3320) 1.5886 (0.3220)
VI N | 1.7924 (0.2384) 1.8012 (0.2129) 1.8031 (0.2060) 1.7993 (0.2117) 1.7789 (0.2308)
XZ | 1.7541 (0.2358) 1.7289 (0.2636) 1.7015 (0.2760) 1.6585 (0.3001) 1.6307 (0.3046)
Exp | 1.7919 (0.2071) 1.7854 (0.2184) 1.7863 (0.2084) 1.7768 (0.2281) 1.6828 (0.2904)
VII N | 24373 (0.3176) 2.4460 (0.3301) 1.7081 (0.2788) 2.4974 (0.3318) 2.5162 (0.3268)
X7 | 2.6392 (0.2961) 2.6577 (0.3063) 2.6442 (0.3321) 2.6515 (0.3038) 2.6320 (0.3195)
Exp | 2.5359 (0.3413) 2.5377 (0.3375) 2.5636 (0.3204) 2.5432 (0.3251) 2.5244 (0.3414)
VIII N | 1.7157 (0.2836) 1.7213 (0.2767) 1.7255 (0.2684) 1.7155 (0.2733) 1.7234 (0.2673)
X} | 1.7060 (0.2769) 1.7096 (0.2820) 1.7188 (0.2756) 1.7406 (0.2370) 1.7286 (0.2437)
Exp | 1.7007 (0.2685) 1.7153 (0.2487) 1.7131 (0.2422) 1.6828 (0.2772) 1.7046 (0.2538)

e Scenario 3 (Dependent case) - W is generated based on the predictor X. Specif-

ically, W follows a Binomial(1, p), where

p= eXP(Wl;X)%’)
14 exp((B1, X)»)

Since the effect of the error distribution was examined in previous examples, we
present results only for the standard normal error distribution. Table presents
the means and standard deviations of the multiple correlations for Model III (single-
index model) and Model VI (multi-index model). Comparing these results with those
in Table [3.4] we observe that the estimation accuracy remains largely unchanged
for Scenarios 1 and 3. In the multiclass case (Scenario 2), the multiple correlations

are slightly lower, but the difference is marginal. Overall, the performance of the
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algorithm appears to be robust across different scenarios of W.

Table 3.5: Mean (and standard deviation) of multiple correlations for Models II1
and VI under three scenarios for W at T € {0.1,0.25,0.5,0.75,0.9}

M W 0.1 0.25 05 0.75 0.9

Il Scenario 1 | 0.9676 (0.0223) 0.9670 (0.0255) 0.9679 (0.0223) 0.9664 (0.0258) 0.9669 (0.0262)
Scenario 2 | 0.9151 (0.1407) 0.9146 (0.1430) 0.9131 (0.1441) 0.9093 (0.1501) 0.9003 (0.1650)
Scenario 3 | 0.9502 (0.0634) 0.9508 (0.0623) 0.9498 (0.0656) 0.9489 (0.0687) 0.9473 (0.0755)

VI Scenario 1 | 1.8355 (0.1824) 1.8283 (0.1975) 1.8355 (0.1887) 1.8363 (0.1693) 1.8352 (0.1740)
Scenario 2 | 1.6873 (0.3066) 1.7197 (0.2620) 1.7313 (0.2526) 1.7316 (0.2443) 1.7205 (0.2409)
Scenario 3 | 1.7734 (0.2566) 1.7810 (0.2413) 1.7893 (0.2349) 1.8084 (0.2059) 1.7990 (0.2218)

Example 4 - Comparisons. To the best of our knowledge, 7-FCQS is the first work
to consider dimension reduction techniques for the conditional quantiles of functional
data, and therefore, the proposed methodology is the first extension to categorical pre-
dictors. Since there are no quantile regression methods to compare with, we consider
existing dimension reduction techniques for functional data that focus on the entire
conditional distribution, such as FSIR of [29]. The extension of FSIR to categorical
predictors follows the same idea as in [66] and it was developed by [69]; we denote
this method with FPSIR. Note that our method focuses on FCPQS, while FPSIR
focuses on the entire conditional distribution. For meaningful comparisons, we only
consider models where the two subspaces coincide, i.e., homoscedastic models. For
these situations, the choice of 7 does not matter and, although we run the simulations
for all 7, we only report the results for 7 = 0.5. Table reports the mean values
and standard deviations of the multiple correlations for all models except Model IV
and Model VII. The results suggest that, generally, our method performs comparable
with FPSIR for the single-index Models I-III, while it outperforms FPSIR for the
multi-index Models V, VI and VIII.

3.6  Applications

In this section, we apply our methodology to the fMRI dataset from the ADHD-
200 Consortium, which is the same dataset analyzed in Chapter 2 and introduced in

Section 2.6 Here, we investigate whether the ADHD index can be better predicted
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Table 3.6: Mean (and standard deviation) of multiple correlations for Models I-111,
and V, VI, VIII, for FPSIR and the proposed methodology T-FCPQS for T = 0.5 and

various error distributions. The value closest to the true dimension is in bold.

Model error FPSIR 0.5-FCPQS
I N ] 0.9824 (0.0067) 0.9570 (0.0500)
X2 | 0.9522 (0.0240)  0.9416 (0.1156)
Exp | 0.9683(0.0152)  0.9648 (0.0915)
11 N ]10.9574 (0.0203) 0.9488 (0.0634)
X2 | 0.9099 (0.0831) 0.9428 (0.1056)
Exp | 0.9332 (0.0417) 0.9675 (0.0582)
I N ] 0.9960 (0.0012) 0.9561 (0.0501)
X2 | 0.9912 (0.0035) 0.9403 (0.1116)
Exp | 0.9938 (0.0020) 0.9660 (0.0705)
\Y% N ] 1.6863 (0.2380) 1.6029 (0.3162)
X2 | 1.3157 (0.3910) 1.6934 (0.2851)
Exp | 1.5209 (0.3213) 1.7219 (0.2820)
VI N | 0.6948 (0.3183) 1.7145 (0.2795)
X2 | 0.6825 (0.2591) 1.7339 (0.2627)
Exp | 0.6978 (0.2749) 1.7948 (0.2231)
VIII N | 0.5071 (0.2912) 1.7666 (0.2468)
X2 | 0.5338 (0.2928) 1.7454 (0.2658)
Exp | 0.5332 (0.3191) 1.7622 (0.2502)

by incorporating gender information in addition to rs-fMRI data. We also compare
the resulting findings with those obtained in Chapter 2.

For the analysis, we estimate the fMRI functional data using 15 B-splines basis
functions of order four and use the proposed methodology to extract the sufficient
predictors (71, X)or, -, (7, o, X ) for 7= 0.1,0.25,0.5,0.75,0.9 and di'"” = 2.
The left part of Figure presents scatterplots of the first two sufficient predictors,
where observations are color-coded to reflect various ADHD score levels. Addition-
ally, distinct shapes represent gender levels: circles for females and triangles for males.
We note a distinct separation between male and female subjects at all quantile lev-
els. Providing a focused enlargement on the male subjects for further analysis, we
observe a clear stratification of the subjects based on their ADHD scores within each

gender category. This separation is evident as subjects with low, moderate, and high

ADHD severity cluster distinctly, thus demonstrating the efficacy of the method in
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distinguishing severity levels among the ADHD-C subjects. For further comparison,
the right part of Figure presents the first two sufficient predictors resulting from
7-FCQS, i.e., without considering the categorical predictor ‘gender’. We observe that,
although there is a good separation of the subjects according to their ADHD score,
there is an obvious overlap between male and female subjects.

For further comparisons, we evaluate the performance of our proposed methodology
and that of FPSIR. For that, we use sufficient predictors resulting from each method
and fit a local linear conditional quantile model [63]. Table displays the root mean
squared error (RMSE) for each method across five distinct quantiles, demonstrating
that our method consistently surpasses FPSIR in terms of performance at quantiles
7 = 0.1,0.25,0.5, and 0.9. Additionally, at 7 = 0.75, our proposed method and

FPSIR exhibit comparable performance.

Table 3.7: RMSE of the local linear quantile regression model using the first two
sufficient predictors constructed by FPSIR and T-FCPQS.

Method 0.1 025 05 07 09
FPSIR 706 434 381 4.31 7.53
7-FCPQS | 5.62 3.73 3.19 435 5.53
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Figure 3.1: Left panel: Scatterplots of the first two sufficient predictors from the
7-FCPQS method (Chapter 3); Right panel: Scatterplots of the first two sufficient
predictors from the 7-FCQS method (Chapter 2).



CHAPTER 4: The 7th FUNCTIONAL GENERALIZED CENTRAL QUANTILE
SUBSPACE (r-fGCQS)

4.1  Functional Nonlinear Sufficient Dimension Reduction

Let (£, F, P) be a probability space and for i = 1,...,p, let H; be a separable
Hilbert space of real-valued functions on a bounded closed interval T', equipped with
an inner product (-,-)#, and an induced norm |||, . The space S = Pi_, H,
represents the direct sum of these Hilbert spaces, which is itself a Hilbert space, with
an inner product (¢, 1) » = (¢1, Y1)+ -+ (Pp, Yp)1,, for any ¢ = (¢1,...,¢,) € H
and ¢ = (¢1,...,v¢,) € S, and a corresponding norm ||-||,,. For Y : @ — R a
univariate response and X = (X! ..., X?) : Q — S a random element, let Fx be
the Borel o-field generated by open sets in 7, and Py be the distribution of X, i.e.,
the induced measure P o X! on (J#, Fx). Moreover, let o(X) represent the sub
o-field in F generated by X, that is o(X) = X }(Fx), and Py (v|x)y : Fx xR = R

be the conditional distribution of @, (Y |X) given Y.

Definition 4.1. A sub o-field G, of ¢(X) is a 7th quantile dimension reduction o-field

for Y versus Q,(Y|X) if and only if

Y L Q- (Y|X)|Gr. (4.1)

This definition is general and includes all the situations mentioned in Section ?7.
For example, if 77 = RP, i.e., X : 2 — RP, and Fx is the Borel o-field generated
by the open sets in RP, then by taking G, = (B X), (4.1) reduces to the classical
form (L.6). Similarly, when X : Q — 2, taking G to be the o-field generated

by (Br1. X)oe, .-y (Brges X) e, for Bra, ..., Brq € H, leads to the functional case
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. Thus, formulation provides a natural extension, allowing us to generalize
sufficient dimension reduction to the nonlinear case. It does so by considering an
arbitrary sub o-field G, which does not need to be generated by linear functionals,
enabling a more flexible approach to capturing complex, nonlinear relationships.
Obviously, there are many sub o-fields of o(X) that satisfy . For instance,
o(X) itself satisfies (£.1)), but this choice provides no dimension reduction. Thus, the
objective is to achieve the maximal dimension reduction by seeking the smallest 7th

quantile dimension reduction o-field, as introduced in the next definition.

Definition 4.2. The intersection of all 7th quantile dimension reduction o-fields is

called the 7th central quantile o-field and is denoted by Gg, (v|x)-

The 7th central quantile o-field Gg. (v|x), defined as an intersection, does not nec-
essarily satisfy . However, extending the argument in Theorem 1 of Lee et al.
(2013), we can show that, if {Pg (vix)v(-ly) : ¥ € R} is dominated by a o-finite
measure, then Gg (v|x) also satisfies . The following theorem guarantees the

existence and uniqueness of this minimal 7th quantile dimension reduction o-field.

Theorem 4.1. Suppose that the family of probability measures { Py, (vix)y(:|y) 1y €
R} is dominated by a o-finite measure. Then, the Tth central quantile o-field Gg._ (v x)

s such that

(1) Y L Q-(Y[X)|9q. v ix)

(i) if G- is a sub o-field of o(X) such that Y L Q,(Y|X)|G-, then Go. (v|x) C G-
Proof. See Appendix O

4.2  Nested Hilbert Space

The functional and nonlinear nature of the problem leads to the construction of two
nested functional spaces: one to represent the functional data and the other to capture

nonlinear functions whose domains lie in the first space. Accordingly, let 7 denote
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the Hilbert space defining the range of X. To establish the second-level space My,
we employ a kernel function mapping # x # to R. Li and Song [54] provide such

a kernel in their Definition 2. Specifically,

Definition 4.3 (Definition 2 in Li and Song [54]). We say that a positive definite
kernel # : A x A — R is induced by (-, ) » if there is a function p : R* — R* such

that, for any ¢,y € 2,

Examples of such kernels are the Gaussian radial basis function given by x(¢,¥) =
exp(— ||¢ — ¥||%,) and the polynomial kernel x(¢, 1) = (a + (¢, 1) »)*, where v > 0
is a tuning parameter, o € R, and k£ > 1 is an integer.

In this work, we refer to J# as the first-level Hilbert space and define the second-
level space My as the reproducing kernel Hilbert space (RKHS) generated by k,

ie.,

SUIX = Spm{’%(u(b) : ¢ S %}7 <5('7¢>7’€('7w>>fmx = ’%((ﬁvw)

Thus, determining 57 and My ultimately depends on the choice of 7 and p; see
Section 3 of [54] for specific examples. Throughout the rest of the paper, we use
symbols such as ¢ and 1 to denote functions in the first-level Hilbert space, and f
and g to represent functions in the second-level Hilbert space. Note that, while 77
is assumed to be any separable Hilbert space, MMy is specifically required to be an
RKHS.

To transition our focus to estimating functions, we reframe the problem of esti-
mating the 7th central quantile o-field, a rather abstract object to estimate, into
the task of estimating a subspace, specifically a subset of 9x. To achieve this, we

consider Lo(Py), the class of all square-integrable functions of X with respect to Py,
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i.e., Ef?(X) < oo under Pyx. Note that, since constants are irrelevant for dimension
reduction, we assume throughout that all functions in Ls(Pyx) have mean 0; see also

Section Now, suppose the following assumption holds:

Assumption 4.1. My is a dense subset of Ly(Px) modulo constants; that is, for

any f € Ly(Px), there is a sequence {f,} C My such that var{f,(X) — f(X)} — 0.

This assumption guarantees that the second-level space My, which is generated
by the kernel x, characterizes the 7th central quantile o-field. Note that the kernel
K is required to be a universal kernel with respect to the Ly(Px)-norm, which means
that My is rich enough to approximate any Lo(Px) function arbitrarily closely. For
example, this condition is satisfied by the Gaussian radial basis function kernel, but
not by the polynomial kernel. This assumption is standard and commonly used
in RKHS; see [54], [70], [7I]. In many practical settings, the assumption is mild.
For example, if Mx contains all continuous functions on a compact domain or all
functions in a universal RKHS, the density property holds automatically. We have

added a short illustrative example.

Example 4.1. Let ¢, 1 be random functions taking values in a compact subset X of
Ly, and let x(¢, 1) = exp(—7 [|¢ — 2/1”%2) be a Gaussian radial basis functional kernel
defined on X. On a compact metric space, the Gaussian kernel is universal, meaning
its RKHS is dense in C(X) under the sup norm, and therefore, dense in Lo(Px). It

follows that M is dense in Lo(Px) modulo constants, and Assumption holds.

Under Assumption 4.1} the 7th central quantile o-field is generated by a finite set of

functions f-1,..., frg in My, satisfying

YJLQT(Y|X)‘fT’1<X),...,f.,.’qir(X). (42>

That is, equation (4.2)) defines the 7th central quantile o-field as Gg., (v|x) = o[fr1(X), ...,

fr4 (X)]. This alternative representation gives the following definition.
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Definition 4.4. Under Assumption [£.1] the class of functions in My that are G-
measurable is called the 7th quantile dimension reduction class, and the class of
functions in My that are Gg, (v|x)-measurable is called the Tth central quantile class,

denoted by &, (v|x). That is,

B0, (v|x) = span{ fr € My : f; is measurable Gg_(v|x)}.

Our goal is to recover B¢ _(y|x) from a random sample of (X,Y). If a subspace &,
of Mx is contained in Bg_(v|x), then we say it is unbiased. If it is equal to &g (v|x),
then we say it is exhaustive.

Equation (4.2) implies that the conditional quantile Q,(Y|X) is a function of
fra(X), . oy frg (X)), Le, Q- (Y|X) = g-(fr1(X), ..., frz (X)) +e¢, for some function
g-. However, the nonlinear nature of the problem allows us to capture the information
in one function and express g-(fr1(X),..., frz (X)) as g5(f3(X)). Therefore, in this

work, we focus on the single-inder model

Y L Q. (YIX)|f2(X). (4.3)

Remark 4.1. The reproducing nature of the RKHS 9ty implies that equation (4.2)

can be stated as

Y I QT(Y|X)|<fT,1v K<.7X)>mX’ R <fTaaT7H("X)>mX7

which resembles the linear sufficient dimension reduction problem (|1.6]).
4.3  Functional generalized central quantile subspace and its population-level
properties

Consider two generic Hilbert spaces, H and K. Let B(H, K) represent the class of

bounded linear operators from H to K. In the special case where H = K, we use
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the shorthand notation B(#) instead of B(H,H). For any operator A € B(H, K), we
denote its adjoint operator by A*, its kernel by ker(A), its range by ran(A), and the
closure of its range by Tan(A). Importantly, if A is a self-adjoint operator A, then
tan(A) is the orthogonal complement of ker(A), i.e., ker(A)* = ran(A). Finally, if S
is a subset of dom(A), then we use A|S to denote the operator restricted on S, i.e.,
(A|S) : § — K. For a linear subspace S of H, the projection operator onto S will be

written as Ps.

Assumption 4.2. There is a constant C} > 0 such that, for any f € My, var{ f(X)} <

C1 || £l -

Define Lgc)(PX) = {f — Ef(X) : f € La(Px)} as the centered Lo(Px) space.
Assumption ensures that the mapping 5 — Léc)(PX), f — f is continuous
and guarantees that the bilinear form My x My — R, (f,g) = cov{f(X),g(X)} is
bounded. As a result, it induces an operator Xy x € B(Mx) such that (f,Xxxg)m, =
cov{f(X),g(X)}. By definition, X xy is a bounded, self-adjoint, and positive semi-
definite operator, known as the variance operator of X. Moreover, for any f € My,
we have (f,Xxxf)m, = cov{f(X), f(X)} = var{f(X)}.

Although Yy x is defined on My, its effective domain is the space Tan(Xxx ), since
members of ker(Xyx) are constants almost surely. Under Assumptions and ,

the covariance operator X xx : Tan(Xxy) — Tan(Xxx) is defined through the relation

<f7 EXXg>m(Zxx) = <.f’ g>L2(PX)7

for f,g € Léc) (Px). The subspace Tan(Xy x) has an explicit expression, as described
in Lemma 1 of [54]. Specifically, under Assumption , we have tTan(Xxx) = ML,

where

M = spanf{k(-,x) — ux : x € A} (4.4)
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and px is the linear functional f — E{f(X)} from My to R. It is important to
note that E{f(X)} is bounded since, under Assumption [4.2] there exists a constant
Cy > 0 such that E|f(X)] < Cy || fllgy, for any f € Mx.

Expression (4.4) gives a way to construct the second-level Hilbert space using the

kernel k. Specifically, we define

9ﬁX = Spﬁ{’%(a(b) : (b S %}7 </€(~,(]5),/€(-,17D)>gmx = K((ﬁ?w)?

and MY as defined in . Then, the pair (J7,9x) is a pair of nested Hilbert
spaces; see Definition 1 of [72].

Since any f € ran(Xxy) can be uniquely decomposed as Yxx(g1 + ¢2), where
g1 € ker(Zxx) and go € Tan(Zxx) = M%, the mapping f — ¢» from ran(Sxy)
to MY is well-defined. This mapping is referred to as the Moore-Penrose inverse of
Y xx, denoted by E}X. Therefore, ETXX is an operator from ran(Xxy) to Tan(Xxy)
such that, for any f € ran(Xxx), Z_TXXf is the unique member of Tan(X x x ) such that
Yxx(Zhf) = f. Note that, X%  is typically an unbounded operator and makes
its estimation difficult. However, ZE(X often appears in combination with another
operator, and the composite operator is typically bounded.

We now present the main results on how to estimate &¢_ (y|x) for the single-index

model (4.3]).

Theorem 4.2. Under Assumptz’ons and we have that ]?T € Gq, (v|x), where

(@, fr) = arg  min  BQAYIT(X)} = ar = (fr, k(- X))oy J?

(aT7fT)eR><mX

— arg min _ EQAY|T(0)} —a, — £(X) (45)

(aT7fT)€R><mX

and T is a set of functions in the central class By x; see [53] and [5]).

Proof. See Appendix [C.2]
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For what follows, we will call the proposed methodology the 7th functional generalized

central quantile subspace (T-fGCQS).
4.4 Implementation

We now present the implementation of the 7-fGCQS at the sample level, which
will be achieved by replacing characteristics of a distribution with those of the em-
pirical distribution and expressing relevant operators as matrices using a coordinate

representation system; see details in Appendix [A.5]
4.4.1  Construction of the Nested Hilbert Spaces

We now turn our attention to the construction of # and 9x using an independent
and identically distributed (iid) sample of (X,Y’). Note that, the functions X,(¢),
u = 1,...,n, are not fully observed; instead, they are observed on a finite set of
points 1, ..., tun,. Therefore, X,(t) need to be estimated using the observed data
{(t, Xy(t)) : t = ty1,- .., tun, }. For simplicity, assume that all subjects are observed
at the same time points, i.e., t = tq,...,ty. For the case where the sets of observed
time points can vary from subject to subject, the following development can be mod-

ified using similar arguments as [54].

First-level Hilbert space. We begin by constructing the first-level space 7. Since
X is p-dimensional, with p possibly greater than 1, we first construct H;, for i =
1,...,p. Let Ky be the N x N Gram matrix {kr(ty, %) : k,l : 1,..., N} and, using

the coordinate representation given in (A.13), we define the inner product in H; as

(i, i)u, = <Z([@DkHT('atk)»Z([wi])lﬁT("tl)>Hi = [¢]" Kr[v].

Then, for eachi = 1,. .., p, the function X can be expressed as X! = Zszl([X;])k/{T(-, tr),
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and its evaluation at time point ¢; as
N
Xi(t) = (X0, ke (s t))a, = (XD krr(t, te). (4.6)

Therefore, for T* = (t1,...,ty)" and X; = X (T*) = (Xi(t1), . .. ,Xqi(tN))T, we have
that X’ (T*) = Kr[X!] and the coordinate representation of X! is [X!] = K' X} (T*).
To avoid overfitting, we apply the Tychonoff regularization, which adds a multiple of

the identity matrix to the sample covariance matrix before inverting it, to get
[X2) = (Kr +erIy) ™ X (T),

where the regularization parameter e is discussed in Section [£.4.3] Therefore, we
define H; as the space spanned by {S°~ ([X:])ikr(-,t) : w = 1,...,n}, with the

inner product determined by (k7 (-, s), k7 (-, t))3, = kr(s,t). Thus,

(X0 Xodw, = (X)) Kr[X,]

= XIN(T")(Kr +erly) " Ko(Kr + erIy) ' X5 (TY).  (4.7)

Finally, we define 5 = @!_, H;, and the inner product between two functions

¢, € A is given by (¢, V) = >0 (¢i,0i)n;- Therefore, equation (4.7) leads
to relation (X, Xu)r = > 0 (XL, X,

(3

Second-level Hilbert Space. We now focus on the construction of the second-level

space Mx. First, note that, for u, v’ =1,...,n

/ﬁ:X(XuaXu’) = p((Xu - Xu’a Xu - Xu’>7i”)

= p((Xu, Xu>7f - 2<Xua Xu’)%" + <Xu’a Xu’)jf)a
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where (X, X,s) » is defined in (£.7) and p is introduced in Definition 4.3} Then, My
is the space spanned by {kx (-, X,) : u=1,...,n} and Ky is the n x n Gram matrix

{kx(Xu, Xw) :u,v’ =1,...,n}. For f, g € Mx, the inner product is given by

(f. 9y = [f]" Exlg]. (4.8)

4.4.2  Implementation of the 7-fGCQS

As mentioned earlier, the relevant subspace for dimension reduction is 9% because
functions in its orthogonal complement are constant almost surely Px. Let ux be
the Riesz representation of the linear functional f — E,f(X) for f € 4, and
let MY = span{rx(-, X,) — px : w = 1,...,n}, where ux can be expressed as
n 3" kx (-, X,); see Proposition 2 of [54].

The sample level version of (4.5)) is given by

n

-~
~ ~

@ f)=arg min Y [QAVITOX)) —a - (X)) (@09)

u=1

where T95(X) results from the generalized functional SIR of [54] and Q,{Y|T9%(X,)}
is a nonparametric estimate of Q,{Y|T¢5(X,)}. For that, we use the local linear

conditional quantile estimation method of [63]. Then, using the derivations of Section
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4.4.1] we have that the coordinate representation of (4.9) is

~ ~
~ T~ -~ ~

@7 = @7
= g min  SGYTX)) -0 ()]}

(ar,fr)ERXMx

u=
n

~ ~ 2
= g min S {QAYITXY — ar = [l Koo

(ar,fr)ERXMx

u=1
n

A e~ 2
= : - Y TCS Xu _ ;- - TK u}
s (ar,fTr?El]II{lximX ; Q { ‘ ( )} a [f ] xe

{
{
= g min S GYITOX)) 0 - ] Kxlix (X))
{
{

~ ~ 2
- i T Y TCS Xu - Wy T TK(u)}
arg - min > QAT (X))} —ar — [/ KV ¢,

u=1

where Kﬁg) denotes the u-th column of the Kx matrix, and e, is the u-th basis vector.
The fourth equality follows from the representation in (4.8)), while the fifth equality
uses the fact that the coordinate representation of kx (-, X,) corresponds to the u-th

basis vector.
4.4.3  Tuning parameters

This section focuses on the selection of tuning parameters, which are organized into
two levels. For the first-level Hilbert space 77, we need to select the Tychonoff reg-
ularization constant er, and, when using the Gauss radial basis (GRB) function, the
constant yp. For the second-level space My, we select the parameters yx and ex.
For the purpose of this section, we assume the use of GRB kernel, though the same

ideas can be applied to other kernels.

Tuning first-level functions. We begin with the first-level Hilbert space. Recall
that K7 is the N x N Gram matrix {kr(ty,,t) : k,l: 1,..., N}, where the GRB is

given by kr(ty, 1) = exp(—yr|ty —t?). In practice, K;' is replaced by its regularized
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inverse (K7 + erln)™! to avoid overfitting, so we focus on tuning the parameters
(vr,er). To emphasize the dependence of K on 7p, we use the notation Kr(yr)
throughout this section.

Following the recommendations of [54], we choose the initial values 79 = 1/(2p),
where p = (];,)—1 >opa(te — )%, and € = 0.05A; (K7), where A;(K7) is the largest
eigenvalue of Kr. These default choices are intuitive, v reflects the typical spacing
of the design points, and £} provides a small amount of regularization relative to the
scale of K.

One approach is to use the initial values as the tuning parameters. However, we will
instead use the generalized cross validation (GCV) criterion to tune the parameters
around the default values. The idea of GCV is to provide a way to select smoothing

parameters by balancing goodness of fit with model complexity. Specifically, let

2

Y

gev(yr,er) = - {]N - ;AIV(VT, €T>}2 g H{]N - ]/—-\I(VTNET)} X, (T%)

where H(yr,er) is the matrix Kr(vr) (Kr(vr) + erly) ™", a smoothed projector that
projects the random function X' onto the important eigenfunctions of the kernel K.

Then, we minimize gev(yr, er) over a two-dimensional grid of v in [y%/20, 2072
and a grid of er in [£9./50,50&%] using the Gauss-Seidel method. Each grid consists

of 20 points, equally spaced in log scale.

Tuning second-level functions. We now turn to the tuning parameters for second-
level functions. Recall that Kx is the n X n Gram matrix {kx(X,, Xyw) : u, v’ =
1,...,n}, where the GRB is given by rx (X, Xu) = exp(—vx || Xy — Xuw|?,), and
Ki' is replaced by its regularized inverse (Kx + exI,)™'. Therefore, we focus on
tuning the parameters (vx,ex).

Following the recommendations of [54], we choose the initial values 7% and €% the
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same as 7% and &%, but with K7 replaced by Ky, N replaced with n, and (t; — #;)?
replaced by || X, — X,/|°>. Then, we use the leave-one-out cross validation (LOOCYV)
criterion to tune the parameters around the default values. LOOCV evaluates pre-
dictive performance by repeatedly leaving out one subject and predicting its response

from the remaining sample. Specifically, let LOOCV defined by
Z{Yu - E(iu)<Yu,Xu)}27
u=1

where E(*“)(Y|X ) is some nonparametric estimate of the conditional expectation
E(Y]X) based on the sample with the uth subject removed. This criterion balances
fit with generalizability by penalizing parameter choices that overfit the training data
but perform poorly for new observations.

Then, we minimize loocv(vy, €x) over a two-dimensional grid of yx in [y% /20, 20~7%]
and a grid of ex in [¢%/50,50£%] using the Gauss-Seidel method. Each grid consists
of 20 points, equally spaced in log scale. This procedure ensures that the smoothing

and regularization levels are chosen adaptively according to the data.
4.5  Asymptotic Results

Theorem 4.3. If assumptions and S1-S6 from Appendiz[A] hold, then, for

a given T € (0,1),

/.]%7' - f:l' = Op(n71/2)7

Mx

where ﬁ is given in 1} and fT is given in (4.9)).

Proof. See Appendix [C.3|

This result establishes the consistency and convergence rate of the estimated functions

-~

fT. Specifically, under the stated assumptions, fT converges to fT at a rate of n=1/2
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as the sample size n increases.
4.6  Simulation Results
4.6.1  Computational Remarks

Algorithm and parameters. Equation 1) requires the estimation of TCS (Xu),
which is obtained using the £-GSIR of [54], and the estimation of Q. {Y|T5(X,)},
which is obtained using the local linear conditional quantile estimation method of
[63]. For that, we use a Gaussian kernel and a bandwidth based on the rule-of-thumb
in Yu and Jones [64].

Simulation Setup. The simulation setting is the same as that used for the 7-FCQS
method in Section 2.5.7]

Evaluation and simulation parameters. For the estimation accuracy, we will
use the Multiple Correlation of Multivariate Rank (MCMR), a multivariate gener-
alization of Spearman’s rank correlation introduced by [54]. This measure extends
the idea of [53], who employed Spearman’s correlation to quantify the dependence
between estimated and true predictors in scalar-on-scalar settings. Like Spearmanas
correlation, MCMR is computed on ranks and is therefore invariant under monotonic
transformations of each coordinate, making it well suited for performance assessment.
MCMR generalizes this idea to multivariate predictors, providing a robust and flex-
ible measure of dependence between the estimated and true subspaces. Specifically,
for two samples of random vectors Uy,...,U, € R" and Vi,...,V, € R* we define

their multivariate ranks U and V as
U=n"'> (U=U)/U=Uill, Vi=n"Y (Vi—=Vi)/IIVi-Vi.

=1 =1

Then, the MCMR between {Uy, ...,U,} and {Vi,...,V,} is the multiple correlation
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between the multivariate ranks of the two samples:

memr, (U, V) = tr[{varn(v)}_lpcovn(v, ﬁ){varn(ﬁ)}_lcm}n(f/, V){varn(v)}_lﬂ] 1/2.

MCMR ranges from 0 to d, the dimension of the vectors, with values near d indicating
better performance.

Unless otherwise stated, simulations are based on 100 iterations, n = 200, p = 10,
and 7 = 0.1,0.25,0.5,0.75,0.9.

Models under consideration. We consider the following models

1
Y= 0.5+ ((B1, X)) + 1)

M-IT: Y = 0.5+ ((B1, X)r + 1.5)* +¢,

M-I:

+ 0.2,

ML Y = sin(r(By, X) ¢ /4) + 0.5¢,
€<613X>W

MAV: Y =

+ 0.1,
M-V: Y = arctan(7 (S, X)) + 0.5sin(w(fs, X) »/6) + 0.1,

M-VI: Y = (81, X))o + (B2, X)p + €,

o (AL X)w
M-VIL Y = = o il
o (LX)
M-VIIE Y = == mxe (B3, X) . + €,

where 51(t) = 11 (t), Po(t) = ¥a(t), and F3(t) = 13(t) are the first three eigenfunctions
of ¥ xx, X is simulated as described above, and the error € is generated from standard
normal distribution. Results are available for all models, but we report only a selection

for brevity, as they exhibit similar patterns.
4.6.2  Results

Example 1 - Effect of choice of kernel. We examine how the choice of kernel

influences the algorithm’s performance, focusing on two options for computing Kr:
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the GRB kernel, defined as rr(tg, t;) = exp(—vr|ty — t;]*), and the Brownian kernel,
given by kr(ty, t;) = min(ty, t;). Table reports the means and standard deviations
of the MCMR across Models [-VIII for various 7 values. While the overall performance
is comparable between the two kernels, the GRB kernel generally shows a slight edge.
Notably, when the GRB kernel outperforms the Brownian kernel, the improvement is
more pronounced. Based on these results, we adopt the GRB kernel for subsequent

simulations.

Table 4.1: Mean (and standard deviation) of MCMR for Models I-VIII using different

kernels for computing Kr.

Model Kernel 0.1 0.25 0.5 0.75 0.9
I GRB 0.8472 (0.0613) 0.8480 (0.0610) 0.8523 (0.0616) 0.8544 (0.0620) 0.8551 (0.0617)
Brownian | 0.7385 (0.0726) 0.7403 (0.0701) 0.7399 (0.0708) 0.7402 (0.0703) 0.7404 (0.0703)
1I GRB 0.7665 (0.0807) 0.7666 (0.0808) 0.7666 (0.0808) 0.7666 (0.0808) 0.7666 (0.0808)
Brownian | 0.8146 (0.0868) 0.8147 (0.0868) 0.8146 (0.0868) 0.8146 (0.0868) 0.8146 (0.0868)
III GRB 0.9206 (0.0249) 0.9209 (0.0246) 0.9210 (0.0245) 0.9208 (0.0247) 0.9205 (0.0251)
Brownian | 0.8602 (0.0363) 0.8601 (0.0362) 0.8603 (0.0361) 0.8605 (0.0363) 0.8602 (0.0365)
I\Y GRB 0.9719 (0.0081) 0.9719 (0.0082) 0.9719 (0.0082) 0.9719 (0.0082) 0.9719 (0.0082)
Brownian | 0.9674 (0.0071) 0.9674 (0.0070) 0.9674 (0.0071) 0.9674 (0.0071) 0.9674 (0.0071)
\% GRB 0.8883 (0.0204) 0.8881 (0.0205) 0.8879 (0.0206) 0.8881 (0.0206) 0.8881 (0.0206)
Brownian | 0.8905 (0.0194) 0.8904 (0.0195) 0.8903 (0.0195) 0.8903 (0.0195) 0.8904 (0.0195)
VI GRB 0.9150 (0.0951) 0.9150 (0.0951) 0.9150 (0.0951) 0.9150 (0.0951) 0.9150 (0.0951)
Brownian | 0.9324 (0.0287) 0.9324 (0.0287) 0.9324 (0.0287) 0.9324 (0.0287) 0.9324 (0.0287)
VII GRB 0.8055 (0.0329) 0.8055 (0.0329) 0.8054 (0.0329) 0.8054 (0.0328) 0.8053 (0.0329)
Brownian | 0.7325 (0.0465) 0.7325 (0.0465) 0.7326 (0.0466) 0.7327 (0.0464) 0.7329 (0.0463)
VIII GRB 0.9036 (0.0233) 0.9036 (0.0233) 0.9036 (0.0233) 0.9036 (0.0233) 0.9036 (0.0233)
Brownian | 0.8934 (0.0225) 0.8934 (0.0225) 0.8934 (0.0225) 0.8935 (0.0225) 0.8934 (0.0225)

Example 2 - Effect of n and p. We evaluate the algorithm’s performance across
sample sizes n = 100,200 and varying number of predictors p = 5,10, 20,40. Table
[4.2 reports the means and standard deviations of the MCMR for Models IIT and VII
at different 7 values. The results indicate that the algorithm’s efficiency improves
with larger sample sizes (n) and declines as the number of predictors (p) increases.

Example 3 - Compare performance with other methods. To evaluate the
performance of the algorithm, we compare it with existing methods. However, to the
best of our knowledge, no other nonlinear dimension reduction technique specifically
targets conditional quantiles. For illustration purposes, we compare our approach

with the f-GSIR and f-GSAVE methods ([54]). Since our method focuses on condi-
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Table 4.2: Mean (and standard deviation) of MCMR for Model 111 and VII for various
n and p.

Model n p 0.1 0.25 05 0.75 0.9

III 100 5 | 0.9325 (0.0357) 0.9336 (0.0353) 0.9338 (0.0351) 0.9336 (0.0351) 0.9332 (0.0354)
10 | 0.9021 (0.0422) 0.9037 (0.0428) 0.9040 (0.0425) 0.9037 (0.0421) 0.9029 (0.0424)

20 | 0.8420 (0.0636) 0.8423 (0.0639) 0.8431 (0.0637) 0.8425 (0.0640) 0.8428 (0.0635)

40 | 0.6413 (0.1320) 0.6415 (0.1322) 0.6415 (0.1322) 0.6414 (0.1322) 0.6412 (0.1320)

200 5 | 0.9501 (0.0204) 0.9506 (0.0196) 0.9507 (0.0195) 0.9508 (0.0193) 0.9509 (0.0191)

10 | 0.9241 (0.0351) 0.9246 (0.0353) 0.9245 (0.0354) 0.9245 (0.0353) 0.9243 (0.0357)

20 | 0.8864 (0.0319) 0.8867 (0.0322) 0.8867 (0.0321) 0.8868 (0.0319) 0.8864 (0.0323)

40 | 0.8197 (0.0475) 0.8199 (0.0477) 0.8200 (0.0477) 0.8198 (0.0477) 0.8196 (0.0477)

VII 100 5 | 0.8114 (0.0530) 0.8117 (0.0528) 0.8114 (0.0529) 0.8112 (0.0530) 0.8115 (0.0527)
10 | 0.7898 (0.0414) 0.7897 (0.0411) 0.7901 (0.0413) 0.7898 (0.0413) 0.7901 (0.0409)

20 | 0.7774 (0.0420) 0.7782 (0.0417) 0.7782 (0.0417) 0.7782 (0.0419) 0.7781 (0.0417)

40 | 0.7543 (0.0536) 0.7544 (0.0537) 0.7544 (0.0537) 0.7544 (0.0537) 0.7544 (0.0537)

200 5 | 0.8168 (0.0352) 0.8167 (0.0353) 0.8167 (0.0352) 0.8166 (0.0351) 0.8167 (0.0352)

10 | 0.7994 (0.0322) 0.7993 (0.0324) 0.7994 (0.0323) 0.7995 (0.0322) 0.7993 (0.0321)

20 | 0.7907 (0.0345) 0.7908 (0.0344) 0.7908 (0.0345) 0.7907 (0.0344) 0.7907 (0.0344)

40 | 0.7660 (0.0352) 0.7662 (0.0353) 0.7663 (0.0352) 0.7662 (0.0352) 0.7662 (0.0353)

tional quantiles, we limit the comparison to homoscedastic models and report results
for 7 = 0.5.

Table reports the means and standard deviations of the MCMR. Overall, all
methods demonstrate competitive performance, with 7-fGCQS and f-GSIR yielding
similar results. There are situations where f-GSAVE outperforms the other methods,
and cases where 7-fGCQS and f-GSIR perform better. However, these differences
are generally small, except for Model VIII, where 7-fGCQS and {-GSIR significantly
outperform f~-GSAVE.

It is very important to note that, while this comparison provides useful insights,
the proposed methodology is explicitly designed for conditional quantiles, whereas
f-GSIR and f~-GSAVE are not.

Example 4 - Linear vs. Nonlinear dimension reduction. As highlighted in the
Introduction, linear dimension reduction techniques may be insufficient for capturing
complex nonlinear structures. Furthermore, these linear approaches often require
more directions to adequately represent the information on the conditional quantiles.

This example illustrates scenarios where the 7-FCQS method of Chapter [2] selects a
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Table 4.3: Mean (and standard deviation) of MCMR for T7-fGCQS, f-GSIR, and f-
GSAVE for Models I-VIII.

Model | 7fGCQS f-GSIR f-GSAVE

I | 0.8523 (0.0616) 0.8556 (0.0618) 0.8785 (0.1459)
II | 0.7666 (0.0808) 0.7666 (0.0808) 0.9676 (0.0112)
III | 0.9210 (0.0245) 0.9213 (0.0246) 0.8991 (0.1161)
IV | 0.9719 (0.0082) 0.9719 (0.0082) 0.9696 (0.0163)
V| 0.8879 (0.0206) 0.8888 (0.0205) 0.8566 (0.0327)
VI | 0.9150 (0.0951) 0.9150 (0.0951) 0.9652 (0.0276)
VII | 0.8054 (0.0329) 0.8056 (0.0330) 0.7711 (0.1130)
VIII | 0.9036 (0.0233) 0.9036 (0.0233) 0.6927 (0.2438)

structural dimension ¢, greater than one, whereas 7-fGCQS successfully captures all

relevant information within a single-index model.

Table reports the means and standard deviations of the MCMR for Models V,

VII, and VIII, comparing linear and nonlinear dimension reduction methods.

This

MCMR is intended to be close to the structural dimension of each method, and

therefore, it is not directly comparable across methods when the dimensions differ.

Notably, the structural dimension ¢, is 2 for Models V and VII, and 3 for Model

VIII. This highlights a key advantage of nonlinear dimension reduction methods: the

ability to capture all relevant information in fewer dimensions.

Table 4.4: Mean (and standard deviation) of MCMR for 7-fGCQS and T-fCQS for

Models V, VII, and VIII.

Model  Method 0.1 0.25 0.5 0.75 0.9
V. 7fGCQS | 0.8890 (0.0208) 0.8887 (0.0208) 0.8886 (0.0208) 0.8887 (0.0208) 0.8889 (0.0207)
7-fCQS | 1.9711 (0.0308) 1.9721 (0.0246) 1.9702 (0.0351) 1.9618 (0.0975) 1.9713 (0.0381)
VII  mfGCQS | 0.8103 (0.0301) 0.8101 (0.0392) 0.8102 (0.0391) 0.8104 (0.0388) 0.8102 (0.0381)
7fCQS | 1.8576 (0.2511) 1.8720 (0.2364) 1.8646 (0.2377) 1.8745 (0.2429) 1.8651 (0.2421)
VIII  7-fGCQS | 0.9037 (0.0275) 0.9037 (0.0274) 0.9037 (0.0275) 0.9037 (0.0275) 0.9037 (0.0275)
T-fCQS | 2.7145 (0.3987) 2.7187 (0.4047) 2.7381 (0.3893) 2.7101 (0.4095) 2.7206 (0.3978)
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4.7  Applications
471 Data Sets

We utilize several real-world datasets to apply our proposed methodology and com-
pare its performance with existing methods. These datasets focus on health studies,
examining various disorders such as ADHD and Parkinson’s disease, along with key
health metrics, such as BMI. Below is a brief description of each dataset considered.
ADHD-200 fMRI Data. We consider the same ADHD-200 resting-state fMRI (rs-
fMRI) dataset introduced in Section [2.6) and used in Chapters 2] and [3] In contrast
to the linear analyses in the earlier chapters, the present chapter revisits this dataset
under the nonlinear framework developed here. The skewed distribution of the ADHD
scores, with skewness equal to 0.3556, together with the presence of extreme obser-
vations, continues to support the use of quantile regression methods; see Figure [4.1]
For comparison, we also relate the resulting findings to those reported in the earlier
chapters.

Parkinson’s Disease Telemonitoring Data. The Parkinson’s Disease Telemon-
itoring Dataset, originally introduced by [73], consists of biomedical voice measure-
ments collected from 42 individuals with early-stage Parkinson’s disease who par-
ticipated in a six-month trial of a telemonitoring device for remote symptom pro-
gression tracking. The recordings were automatically captured in the participants’
homes and are publicly available at https://archive.ics.uci.edu/dataset/189/
parkinsons+telemonitoring.

The dataset contains 5,875 voice recordings, with each row representing an individ-
ual recording. It includes subject information such as subject number, age, gender,
and time interval from the baseline recruitment date, as well as motor and total
Unified Parkinson’s Disease Rating Scale (UPDRS) scores, which serve as key clin-
ical measures of Parkinson’s disease severity. Additionally, the dataset provides 16

biomedical voice features. The primary goal of the dataset is to predict motor and
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total UPDRS scores from these voice measurements.

To ensure a consistent number of time points per patient, we refined the dataset
by retaining only the first 100 voice recordings for each individual, resulting in a final
dataset of 4200 recordings (100 per patient).

In this study, we apply the proposed methodology to investigate the relationship

between voice measurements and motor UPDRS scores. When selecting the response
variable, we considered both motor UPDRS and total UPDRS. Since motor UPDRS
specifically measures motor symptoms of Parkinsonas disease, such as tremors, rigid-
ity, and bradykinesia, and given that the predictors are biomedical voice measure-
ments - primarily associated with motor dysfunction (e.g., dysphonia, voice tremors,
speech rate) - we chose motor UPDRS as the response variable. Consequently, we use
the average motor UPDRS score for each patient as the response and the 16 voice
features as the functional predictors.
NHANES 2011-2014 Accelerometry Data. The National Health and Nutri-
tion Examination Survey (NHANES) is a large, ongoing cross-sectional study con-
ducted by the Centers for Disease Control and Prevention (CDC), designed to assess
the health and nutritional status of the non-institutionalized U.S. population. The
study employs a multi-stage stratified sampling approach and collects extensive de-
mographic, socioeconomic, lifestyle, and medical data, with variations in collected
variables across different survey years.

A notable component of NHANES is the wrist-worn accelerometry data, collected
during the 2011-2012 and 2013-2014 waves and publicly released in December 2020.
Each participant recruited in these waves was asked to wear a wrist-worn physical
activity monitor (ActiGraph GT3X+) for seven consecutive days. The raw 80 Hz
tri-axial acceleration data were extracted from the device, processed, and released
on the NHANES website in different units for the 2011-2012 and 2013-2014 cohorts.

The accelerometry dataset is particularly valuable due to its linkage to the National
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Death Index (NDI), its use of an open-source algorithm to process movement data into
monitor-independent movement summary (MIMS) units, and its 24-hour continuous
wear protocol, which captures physical activity and sleep patterns over multiple days.

The dataset initially included 14,693 participants who consented to wear an ac-
celerometer. However, quality control measures led to the exclusion of 2,083 partic-
ipants who had fewer than three “good days" of data (defined as at least 95% valid
wear time). The final dataset comprises 12,610 participants, with an average age of
36.90 years, and a nearly equal gender distribution (51.23% female).

For this study, we utilize the single-level version of the NHANES accelerometry
dataset, which was processed and organized into an analyzable format following a
pipeline similar to that described in the rnhanesdata package. The data cleaning
steps were adapted for the NHANES 2011-2014 cohorts. The single-level dataset
compresses multiple days of minute-level accelerometry data by averaging the activity
intensity at each minute across available days, resulting in 1,440 observations per
participant. The data set is available at https://functionaldataanalysis.org/
associated with the book by [74].

Some preprocessing steps were applied to the data. First, participants with missing
BMI values were removed. Given the large sample size (12,610 participants), we
further restricted the dataset to individuals aged 25 to 60 years. Finally, we limited
the sample to participants who were followed for 72 months, resulting in a final dataset
of 1,544 observations. As shown in Figure , BMI is right-skewed (with a skewness
of 1.3746), highlighting the need for QR techniques.

This dataset enables the exploration of associations between physical activity pat-
terns and key health outcomes. Our analysis focuses on modeling the relationship
between the functional predictor MIMS and the response variable BMI.

This dataset enables the exploration of associations between physical activity pat-

terns and key health outcomes. Our analysis focuses on modeling the relationship
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between the functional predictor MIMS and the response variable BMI.

Histogram of ADHD score Histogram of Motor UPDRS Histogram of BMI
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Figure 4.1: Histogram of the response variables for each data set.

4.7.2  Results

We split the data into training (80%) and test (20%) sets and use the training set
to estimate the function ?T, given in (4.9)). To compare our method with f~-GSIR and
f-GSAVE of [54], we also extract the first nonlinear function using these two methods.
We then fit the local linear QR model ([63]) on the test set for various quantiles (7 =
0.1,0.25,0.5,0.75,0.9), using the extracted nonlinear functions as sufficient predictors
to obtain an estimate of the conditional quantile function QT{YG;(X )}. We then

compute the root mean squared error (RMSE) for each quantile level 7, defined as

Ntest

> (vee - @Tmﬁ(wsw})z

Niest u=1

RMSE(r) =

where Y!*! denotes the observed response in the test set, and @T{Y|}NT(XZ€“)} is the
estimated conditional quantile function from the local linear QR model. RMSE is
calculated separately for each quantile level to assess the estimation accuracy, with
smaller RMSE values indicating better performance.

In the ADHD dataset, Table[d.5|shows that our proposed method, 7-fGCQS, consis-
tently achieves the lowest or tied-for-lowest RMSE across all quantiles, outperform-

ing ~GSAVE and performing comparably with f-GSIR. These results demonstrate
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the effectiveness of 7-fGCQS in reducing prediction error for ADHD severity scores.
Notably, at higher quantiles of ADHD severity, the relationship between brain activ-
ity and ADHD scores becomes more complex and nonlinear. Individuals with more
severe symptoms may exhibit atypical or irregular neurobiological patterns that lin-
ear methods like f~-GSIR and f-GSAVE fail to capture effectively. This highlights
the importance of modeling both nonlinear and quantile-specific relationships in neu-
roimaging studies to reflect the heterogeneity present in clinical populations.

For the Parkinson’s disease dataset, 7-fGCQS achieves the lowest RMSE in four
out of five quantiles, with f-GSIR outperforming it only at 7 = 0.75. In contrast, f-
GSAVE consistently exhibits the highest RMSE across all quantiles, suggesting that
it is less effective for capturing the nonlinear structure relevant to quantile regres-
sion. Notably, the performance gain of 7-fGCQS is especially prominent at the lower
quantiles (7 = 0.1 and 0.25), indicating that the nonlinear relationship between voice
features and UPDRS scores is more detectable among patients with milder symp-
toms. Since vocal impairment develops gradually, flexible methods like 7-fGCQS
are particularly valuable in identifying subtle patterns in the early stages of disease
progression. These findings underscore the importance of modeling nonlinear and
quantile-dependent relationships to understand the spectrum of Parkinson’s disease
symptoms.

The NHANES 2011-2014 dataset presents a more competitive scenario, with 7-
fGCQS and f-GSIR producing comparable results across most quantiles. These results
suggest that the relationship between physical activity and BMI may be moderately
nonlinear, but not as strongly as in other datasets. Nonetheless, the ability of 7-
fGCQS to achieve the lowest RMSE at 7 = 0.1 and 7 = 0.25 indicates that it can
still capture subtle nonlinear deviations in the lower range of BMI. Its consistent per-
formance across all quantiles highlights the robustness and flexibility of the proposed

method, even when the underlying structure is not strongly nonlinear.



69

Table 4.5: Root mean square error (RMSE) of local linear QR model using the first
nonlinear sufficient predictor constructed by T-fGCQS, f-GSIR and f-GSAVE. For
each 7, the smallest value is bolded. In the case of ties, all relevant values are bolded.

Dataset Method 0.1 0.25 0.5 0.75 0.9
7-fGCQS | 8.3918 4.8254 4.9304 5.8281 6.5196
ADHD -GSIR 8.3918 4.9994 4.9304 5.8281 6.7374
f-GSAVE | 9.6670 6.2290 5.0439 6.0731 8.4063
7-fGCQS | 9.0026 7.0970 4.7880 7.9622 8.1822
Parkinson {-GSIR 19.1994 10.6580 6.9821 7.3021 11.2321
f-GSAVE | 16.5418 9.3717 7.6600 8.7057  12.9980
7-fGCQS | 11.1124 8.9584 7.3836 8.0711  12.1852
NHANES {GSIR 11.1366  8.9643 7.3831 8.0340 12.3182
-GSAVE | 11.2203 8.9843 7.4383 8.1417 12.0900




CHAPTER 5: CONCLUSIONS

This dissertation studies dimension reduction for the conditional quantiles of func-
tional data. The main goal is to move beyond traditional mean-based analysis and
develop methods that provide a more complete understanding of the conditional dis-
tribution in the presence of functional predictors. Across the dissertation, this goal is
pursued through a sequence of increasingly flexible frameworks, beginning with linear
dimension reduction for functional predictors, extending to settings with both func-
tional and categorical predictors, and culminating in a nonlinear dimension reduction
framework.

Taken together, the results of this dissertation show that conditional quantile di-
mension reduction can be successfully developed in functional settings and can be
adapted to increasingly complex data structures. The proposed methods provide new
tools for studying functional data when the primary interest lies not only in the con-
ditional mean, but also in other parts of the conditional distribution. In addition to
their methodological contributions, the proposed approaches are supported by theo-
retical results, including convergence rates of the estimators, and by empirical studies
demonstrating promising performance in simulations and real-data applications.

At the same time, several important directions remain for future research. First,
the nonlinear framework developed in this dissertation is restricted to a single-index
model. While this provides a useful starting point, such a structure may not be suf-
ficiently flexible to capture more complex relationships involving multiple functional
predictors or richer nonlinear dependence patterns. Extending the methodology to
more general multi-index or fully nonlinear models would therefore be of substantial

interest.
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Second, the proposed methods rely on several user-specified parameters, and their
practical performance may depend on these choices. This suggests the need for
more data-driven procedures for parameter selection, as well as alternative estima-
tion strategies that are less sensitive to tuning choices. Developing such methods
would improve both the robustness and the accessibility of the proposed framework
in practice.

Third, although the dissertation focuses on scalar responses and functional predic-
tors, many modern applications involve more complicated data structures, such as
multiple functional predictors observed on irregular grids, mixed responses, or other
structured covariates. Extending conditional quantile dimension reduction to these
settings would broaden the applicability of the methodology and raise new theoretical
and computational questions.

Overall, this dissertation contributes new methodology and theory for conditional
quantile analysis of functional data and highlights several promising avenues for fu-
ture work. It is hoped that these results will provide a useful foundation for continued
research on flexible and interpretable dimension reduction methods for complex func-

tional data.
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APPENDIX A: TECHNICAL DETAILS AND PROOFS FOR CHAPTER 2

The Appendix A includes the assumptions (Section |[A.1)), some preliminary results

and notation (Section |A.2)), useful lemmas needed for the proof of the main results

(Section [A.3)), the proofs of Theorems [2.1] 2.2 [4.3] and ?? (Section [A.4), and

additional simulation results (Section ?7).

S1

S52.

S3.

S4.

S5.

A.1  Assumptions

E[Q*{Y|L(X)}] < oo for a given 7 € (0,1), where L(-) is defined in (1.5)).

E|X|%, < .

The nonnegative kernel function K (-), used in (2.6)), is Lipschitz over R, has a
compact support, and satisfies [ K(z)dz = 1. For some K > 0, K(z) > KI(z €
5(0,1)), where (0, 1) is the closed unit ball. The associated bandwidth A is in

[h,,, hw] With 0 < h,, < h,, < 00, lim, sehy, = 0, and limnﬁoo(logn)/(nﬁi) = 0.

The distribution of L(X) has a probability density function f1(-) with respect to
the Lebesgue measure, which is strictly positive and continuously differentiable

over the compact support £(X) of L(X).

The cumulative distribution function Fi(+|-) of Y given L(X) has a continuous
probability density function f,{Y|L(X)} with respect to the Lebesgue measure,
which is strictly positive for Y in R and L(X) in £(X). The partial derivative
OF {Y|L(X)}/OL(X) is continuous over R x £(X). There is an Ny > 0 such

that
|fLAYIL(X)} = f{Y'|L'(X)}H < No [[(L(X),Y) — (L'(X), Y')]]

for all (L(X),Y), (L'(X),Y) of £(X) x R.
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S6. Assume that Q- {Y|L(X)} is in C(N*,s) for some [s] < 1, where [s| denotes the
lowest integer part of s. We say that Q. {Y|L(X)} is in C(N*,s), N*,s > 0, if

(a) for all 7 € [7,7], a subset of (0,1), Q- {Y|L(X)} is [s]th continuous differ-

entiable over the support £(X);

(b) there exists a constant N* > 0, such that for all u = (uy,...,us)" with
|u| = uy + - -+ +ug = [s], all 7 in the interval [z, 7] and all L(X), L'(X) in
L(X),

D"QAY|L(X)} = D"QAY|L'(X)}| < N* | L(X) — I'(X)|",

where D"Q.{Y|L(X)} denotes the partial derivative 9"Q,{Y|L(X)}/
OLY(X)...Ly*(X) and ||-|| denotes the Euclidean norm.

Assumption S2 is necessary for the y/n-consistency of Sxx. Assumptions S3-S6 come

from the work of [63] and are needed for the consistency of Q,{Y|L(X)}.
A2 Preliminaries

For a bounded linear operator A, let ||A|| denote its operator norm. For a Hilbert-
Schmidt operator A, let ||A]| ;¢ denote its Hilbert-Schmidt norm of A.

Let a, be a sequence of positive numbers that converges to 0. If A is a bounded
linear operator and ﬁn is a sequence of bounded linear random operators such that
szl\n - AH = Op(ay), then we write A, = A+0O,(ay,). Similarly, if f is a function in a
o], =

Hilbert space H and ﬁL is a sequence of random functions in H such that ‘
O,(ay), then we write fo=f+ O,(ay).

For two positive sequences {a,} and {b,}, we write a, < b, if a,/b, — 0. For
example, a, < 1 means a, — 0. We write a, > b, if a,/b, — oco. For example,
1/2

n~Y? < a, < 1 means a, goes to 0 at a slower rate than n~

Useful facts that will be used throughout the proofs are:
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e (|75], Lemma 6): Suppose A is a bounded and self-adjoint operator, A\n is a
sequence of bounded and self-adjoint random linear operators such that A\n =

O,(1), €, is a positive sequence that converges to 0, and a,b are positive con-

stants, then

H(A + En]>_bAaH _ O(G?in{o,a—b}) (Al)

| A+ ean) &3 = Oy egintoah,

e ([49], Theorem 8.1.2): If Assumption S2 holds, then ¥ xx is a Hilbert Schmidt

operator and

S ” — O, (n1?). A2
H xx — Bxx||, b(n™7) (A.2)

e (|76], Section 5.2): If A and B are self adjoint and invertible linear operators,

then

A-V2 _ g1z {A—1/2(B3/2 _ A3/2) +A— B}B_3/2, (A.3)

e (|76], Lemma 8): Suppose A and B are self-adjoint operators on a Hilbert space

such that 0 < A < ¢l and 0 < B < ¢l hold for a positive constant c¢. Then,

| A% — B¥?|| < 3¢/? |A - B]|. (A.4)
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A.3  Useful Lemmas

Lemma A.1. Under Assumptions S3-S6 and the assumption that E(X) is consistent
of the directions of the FCS then,

sup |Q{Y|L(2)} — Q{Y|L(z)}| = 0,(1),

rEH

where Q. {Y|L(2)} is as defined in .

Proof. Observe that

sup |Q-{Y|L(2)} — Q{Y|L(x)}| < sup |QAY|L(x)} — Q{Y|L(x)}|

zeH reH

+ sup ’@T{Y’L($)} - QT{YlL(ﬂf)H

zeH
= OP(1>7

where the first term follows from the Bahadur representation of @T{Y]E(x)}—@T{Y|L(x)}
(see [63]) and the consistency of E(:p), and the second term follows from Corollary 1

(ii) of [63)]. O

Lemma A.2. Under Assumptions and the assumption that E(X) =0,

we can prove that
(a) M, is bounded, and
1/2 «t1/2 1/2¢1/2
(b) B: = EX/XEE(é( BTEE(Q EX/Xf

where M, = ZEQBTZEQ and B, = Z;”ZO b, @b, j, forbg= B given in and
bij = E(<b77]'*17 X>%GX>7 forj - 1, Lo, .

Proof. To prove the two results, we will first derive an alternative expression for B;.
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By the definition of the tensor product,

brj = E((brj—1, X)srX) = E(X(brj—1, X)or) = E(X(X,br 1))

Using the above, we can express b.;, j =1,...,m, as
bﬂl - Exxb7—7(), b—r,g - Eg(XbT,Oa ey bT,m - E;?xbr,U (A5)

Moreover, since b, € % (vix) and, under Assumption %T(Yl x) C tan(Xxx),

T

then b, can be expressed as b,y = Xxxw,, for w, € 7. Using this representation

of b, we can rewrite b, ; in expression (A.5)) as
_y2 _v3 _ vyl
b7-71 —EXX{.UT, bT72—EXXwT,...’ bTvm_EXX (.UT.
Finally, B, can be expressed as

BT = Zb’r,j®b7,j
7=0
= EXXWT®EXXWT+Z§(XWT®E§(XWT+---+

Ytto, @ SRt w,. (A.6)
An alternative formulation is given by

B, = Yxx(w, Qw,)Xxx + Zg(X(wT ® wT)Z?XX 4t

S wr @ w) TR (AT
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This is easy to see because, in general, for every h € ¢,

(Bxxwr ® Vxxwr)h = Txxw (Exxwr, h)r = Exxw,(wr, Xxxh)w

= Yxx(wr @ w,)Xxxh.

We are now ready to prove parts (a) and (b) of the lemma. For part (a), we will
show that for every h € ¢, M h is bounded, where M, = EEQBTEEQ. Observe

that,

M = 2REBEEEh
= Zﬂ/z(Z ¥ 2 2 m+1 m+1 11/2
= Iy (Cxxwr ® Yxxwy + Xy xwr © Yy xwr + -+ + Y% wr @ EXx wr) Xk h
— S (Sxxw, @ Sxxw ) SCh + S (5% vw, @ S% gw ) S+ - +
ShY (XA w, @ S wn) Zhh
- EEQEXXWT<2XXMT7 22§h>9f + ZEQE?XXWT@?XX%, Z%?il)%’ 4+t
ZEQZE}%‘}T(Z??WT? E%fhw
= ZEQZXXWT<EE§(QZXXWT, h>j{’/‘ + ZEQEE(XWT<EE§?E§(XWM h)f 4.4

1/2 1/2
EE(é( Z?}IWT<ZE(§( Z?}lwﬂ h) e,

where the second equality follows from replacing B, with expression (A.6)).
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Then,

1/2

1/2
1M < ||SRES || lloor e (DR S xcwr, BY | +

1/2 1/2
R Thex|| loor e HERE S xor, Bl 4+ +

R | N e | ERE 2 o, B

IN

1/2 1/2
SRR Sacx | leor L || ZRE B | oo e 1l +

1/2
D o

1/2
Jeorll o |[SRE T3] | Nl Ml <+

1/2
R NeorlL

1/2
SR el IR

where the second inequality follows from the Cauchy—Schwarz inequality. It is easy

to see that all of the above terms are bounded and therefore, M, is bounded.
For part (b), we need to show that B;h = 2%;23&2372;%?2%)2(}1, for every h €

€. Observe that,

STk B IR b

= SAEEE Sxxwr ® Sxxwr + Sk xwr ® Sy ywr + - + Diilw, @ Sflw,) SREDYEA

= TSR (Exxwr ® Sxxw,) SRETY R + S ERE (Fhxwr @ T xwr) SRESYXh 4 +
SR (R wr @ TR ) SR SR

= DS E xxw, (Sxxwe, SRESYRR) o + YR SRS xwr (D% xwr, BRESY R+ +
S RS o (SR wr, SRS e

= USRS xw (SY R B S xxwr, by + SV B S, xwr (SY XSRS, xwr B + -+ +

1/2 «11/2@m 1/2 «11/2wm
ZX/széf 2X§1W7<2)(/X2Xé( EX;F(IWM h)
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S e Y e
e TS e e -+
SR e (AT TR e e
= ST (XS, B+ S S (S S e B+ 4
S e AR e
= Yxxw{Sxxwr, h) s + D% xwr S xwr, B + - + SR w (ST wr ) h)
= (Sxxwr® Lxxwr)h + (Zxxwr @ X% yw)h+ -+ (D8t w, @ 7w )k

= Brha

where the first equality follows from replacing B, with expression (A.6) and the
sixth equality follows from the fact that Eﬁ(/; Z}lé? Z;/)Q( = 2;/)2(; see Theorem 3.5.8 of

[49]. O

Lemma A.3. Under Assumptz’ons the assumption that E(X) = 0, the
assumption that Z(X) 1s consistent of the directions of the FCS, and assumptions

S1-56, we have for j =0,...,m that

where Br,o = B\T is given in (77), and, forj =1,...,m, Bm’ =n! ZZ:1<BTJ_1, X)X

~

Brj — brj ”

= Op<n71/2)7

Proof. The proof will be completed in two steps.
e Step 1: Prove that 3770 =bo+ Op(nfl/z), where b,y = (3 given in (4.5)).
e Step 2: Prove that Em = b,; + O,(n"Y?), for j = 1,...,m, where b,; =
E((brj-1, X)# X).

For Step 1: We know that 37,0 = B\T, where, according to (?7),

~

(@r,Br) = arg min, S (QAVIECN)} = ar = (br X

a‘l’7b7’
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Without loss of generality, we assume that @T{Y|Z(Xu)} and X, are centered. Then,

5, = argmyin ) Q- {VIEX) = (br. Xur T

Minimizing the above objective function with respect to b, is equivalent with mini-
mizing
n

Roh,) = £ SIOAVIEX)} — (b X = 5 SQAVIEK N

u=1 u=1

with respect to b,. Expanding the square, ﬁn(bT) can be expressed as

Ralh) = 5 IO = 3 QAYIEC)} 0 Yol

+—= Z bT,X w Z[QT{Y|L< )}]

- Z QY |L(X)Hbr, Xo)ow + % > (b, X%

u=1
n . - n n .
= =D Q{YIL(X)Hbr Xudor + 5 Y (e, Sxcxbr)or,
u=1 u=1

where the last equality follows from the fact that (b,, X,)%, = (br, Xu) - (br, Xu) o =
(bry Xu( X, br) ) e = (br, (Xy ® X0)br) e and >0 (br, X020 = >on_ (s, (X, ®
X)) = 1(by, Sxcxbe) e

Let v, = v/n(b, — ), which implies that b, can be written as b, = ~,/\/n + (.

Then, R, (b,) can be expressed as

Bulb)) = Rulys/va+6)
_ —%Z@Tmi( e X ZQT{Y\L DB X o

1 n
+% ;<’YT7XU> g 77'7 BTaX i~ Z /8’7'7X
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To prove that B\T is y/n-consistent estimate of 5}, we will prove that for any given

0; > 0, there exists a constant C). such that

1l 52 2Cr

P{ inf ﬁn(%/\/ﬁ+ﬁi)>ﬁn(ﬁi)}21—&,

which implies that with probability at least 1 — J, there exists a local minimum in

the ball {y,/v/n+ 8% : |||, < C;}. Since the objective function is strictly convex,

~

/BT - /Bi )
A
Enough to show that R, (v,/v/n + %) — R,(5%) > 0 with probability tending to

= Op(n*1/2).

the local minimum is a global minimum and ‘

one. Observe that

Ro(y-/v/n+ B) = RBu(B7)
_ _% S OAYIEXD) v Xabor — 3 QAYIE(X)HBE Xo)

1 1 1

u=1 u=1 u=1
LR ~ 1
+ 3 QY ILX)HBL Xa)or = 5 Y 487 Xu)y
u=1

u=1
n

_ 1y > L -
= g 20 Xl 5 D G X (87, X

1 A v
_%ZQT{YyL(XU)}m,Xu),%
u=1
= H1+H2+H3-

u=1

It is enough to show that R,(y,/v/7 + 87) — Ra(3?) is dominated by the first term

T

H,, which is positive, and that H, + H3 is bounded.
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For Hy,

n

1 1 =
Hl — % Z<777Xu>if = 5(777 ZXX7T>L%”7

u=1

which is positive and bounded.

For H2 + H37

Hy+ Hy = IZ%, u)oe (B2 Xu) e IZQT{HL W) Xo)

= —Z (B2, Xuow = QY |L(X) N (3, Xu) e

= % Z[w:, Xy — QAY|L(X)YX; (),

where X} : # — R is a linear operator such that X;(v;) = (v-, Xu)w. Since
E||X],, < oo, then E[X*|| < oo and X* = O,(1). Then, it is enough to show
that n=1/23°"_ [(B%, Xu)ow — QY|L(X,)} = O,(1) by showing that the second
moment is bounded. Since the quantity involves Q,{Y|L(X,)}, which is data depen-
dent and not deterministic, we define n=Y/2>""_ [(8, X,) o — ¢-{Y|L(X,)}], where
¢r : R — R is a function in the class ®,, whose value at (Y, L(X,)) € R
can be written as ¢,{Y|L(X)} and satisfying E[¢?{Y|L(X,)}] < oco. Since ®, in-
cludes Q-{Y|L(X,)} and, according to Lemma includes @T{Y|Z(Xu)} for n large
enough, almost surely, we will prove that the second moment of n=4/23""_ [(8%, X,,) »

o-{Y|L(X,)}] is bounded, uniformly on ¢, € ®,.
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Pred,

IA

sup

€D,

1

IA

sup

predr

= sup
predr

= 0(1).
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u=1

Jn

u=1

n
u=1

=D (BB Xu)5e) + E[¢3{Y|L(Xu)}ﬂ]

B8, Sxx )] + %sz{m(xu)}]

Since the result holds uniformly on ¢, and since the class ®, includes @T{Yﬁ: (X,)} for

n large enough, almost surely, then n=25""_ [(8%, X.)» — Q- {Y|L(X,)}] = O,(1)

and the proof is complete.

u=1

For Step 2: We already proved in Lemmathat, forj=1,...,m,b;; = E])‘(Xbﬂo.

Similarly, we can prove that, for 7 =1,...,m, Bm- = ig(XBﬂo. Then,

Bm’ - bm’ = ig(XBT70 - ngxbr,o = @JXX + EJ)}X)BT,O - Ej)?XbT,O
= (iJXX - Eg(X)BT,O + Zg{X (37,0 —bro)
= (Tx — Zha) (Bro £ br0) + S (Bro — br0)
= (Bx — D) (Bro — bro) + (B — B )bro + xx (Bro — bro)

= 0,1 )0, (™) + 0,2 + Oy(n 1)

= 0,(n) +0,(n77) = 0,(n").

O

Lemma A.4. Under the assumptions of Lemma ET 1s a consistent estimate of
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B., and

HET = Br|| = 0y(n™"),

where ET = Z;n:O B\ﬂj X B\T,j and BT = Z;H:O b7—7j X b7—7j.

Proof. Recall that B, = >t ,/6\7,]- ® B\T,j, where Br,o = j, given in (??), and, for
j=1,....m, Bm' = n! ZZ:1<§TJ_1,X”>%JXU. Similarly, B, = Z;ﬁ:o brj ® b,
where b, = f given in (4.5), and, for j =1,...,m, b.; = E((brj_1, X) »X).

We have that

m

§T = Zﬁm@)ﬁm:Z(Eﬂjibﬂj)(g(gﬂjibﬂj)

J=0 Jj=0

(ﬂT] T])®(//B\T,j _bT,j)+Z(/BT] 7'])®b7',j

Ms

Jj=0 7=0
+Zb7—]® /BT] Ty)+zbr,j®b7,j
7=0 7=0
= Op(n~ b+ Op(n_l/Z) + Op("_1/2) + B-
= 0,(n"V* + B,

where the third equality follows from Lemma

A.4  Proofs of Main Results
A.41 Proof of Theorem

Assumption states that, for a given 7, there is a bounded linear operator A, :
ran(L,) — 4 such that E{X|L,(X)} = A, L.(X). We take the tensor product with
L.(X) on both sides to get E{X|L,(X)} ® L,(X) = A;L;(X) ® L,(X). Then, we



91

take the expectation on both sides to get

E[E{X|L+(X)} ® L+(X)] = E{A;L-(X) ® L(X)}

= EE{X @ L(X)|L(X)}] = E{A-L-(X) ® L, (X)}.

The left hand side of the above expression is equal to E{X ® L,(X)} and therefore,

we get that
B{X ® L.(X)} = E{A,L,(X) ® L,(X)}. (A8)

Next, proving that
(a) X ®@ L. (X) = (X ®X)L}; and
(b) ArL (X)) ® L(X) = AL (X ® X)L,
we can replace the left hand side of expression (A.8)) with (a) and the right hand side

of expression (A.8]) with (b), i.e.,

E{X ® L.(X)} = E{A,L,(X) ® L.(X)}
= B{(X®X)L'} = E{A.L(X ® X)L*}
= BE(X®X)L'=AL.EX®X)L:

= EXXL: = ATLTZXXL:.

Then, multiply both sides of the equation from the right by (L,YxxL?)" and use
the fact AAT = Lianay to get A, = YxxL:(L;XxxL?)". Finally, plugging A, to
Assumption 2.2 we get E{X|L.(X)} = A, L, (X) = Sxx L:(LZxx L) L (X).

Remains to prove relations (a) and (b). For (a) we have that for any h € 72,

{X ® L (X)}h = X(L-(X), h)w = X(X, LTh) e = (X @ X)L7h,
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and therefore, X ® L, (X) = (X ® X)L*. Similarly for (b), we have that for any
h e 2,

and therefore, A, L, (X)® L, (X)=A,L.(X ® X)L*. The proof is complete.

A.4.2 Proof of Theorem

Without loss of generality, assume that E(X) = 0. Define P, (Xxx) = L* (L, Sxx L) L. Xxx
such that E{X|L.(X)} = P; (X¥xx)X. Then,

R(ar,b;) = ElQAYIL(X)} — ar — (br, X)o?
= EBIE[QAY|L(X)} = ar — (br, X) s *| L (X)]]
> BEQAYIL(X)} = ar — (br, X) | L (X)]]?]
= E[EQAY|L(X)}L (X)) = ar — E[(br, X) | Lo (X)]]’]
= E[EQAY|L(X)}L(X)] = ar — {br, E{X|L(X)}) #]?]
= E[[BQAY|L(X)}HL(X)] = ar — (br, Pp (Exx)X)r]’]
= E[[BQAY|L(X)}HL(X)] = ar — (Pr, (Bxx)br, X)r]’]

= EQAYIL(X)} —ar — (Pr.(Zxx)br, X))* = R(ar, P, (Xxx)by),

where the last line follows from the fact that Q, (Y |X) = Q. {Y|L(X)} = Q{Y|L.(X)}

and therefore,

EQAY[L(X)}L(X)] = ElQAY|L(X)}|Lr(X)]



93
Finally, since R(a,,b;) is convex and has a unique minimum (o, ), then g =

Py, (Sxx)B5 and B € S, vix)-

-

A.4.3 Proof of Theorem

Without loss of generality, assume that E(X) = 0. Define P;_(Xxx) = L (L, Sxx L) L, Xxx
such that F{X|L,(X)} = P; (Sxx)X. To prove that E((b,, X)»X) € Sxx-75.(v|x)

it is enough to prove that E((b., X)»X) = P; (Xxx)E((b;, X)»X). Since b, €

% (v|x), then (b;, X) » is a measurable function of L.(X). Then

T

E({b-, X) e X) = EE{{br, X) 0 X|L-(X)}] = E[(br, X} E{X|L(X)}]

= E{{br, X) o Pp, (Xxx)X} = P (Exx)E((br, X) 0 X).

The reason P} (Xxx)E((br, X)»X) € X¥xx %T(Y‘X) is because if A € B(H), then
SxxLfA € Bxx T

T

(v|x)- To prove this, note that for A € A(H), ran(LrA) C

ran(L:). Then, if x € 2,
YxxLiA(z) € Exxran(L:A) C Xxxran(L?).
Therefore,

E((br, X} X) € ran(Sxx L7) € Sxx S, v1x)-

A.44  Proof of Theorem

We want to prove that M, = (f]XX + en])’1/2§T(§XX + €,1)71/? is a consistent

estimate of M, = EEQBTETXIQ.
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Note that,

M, = Sxx+ed) V2B (Sxx + end)" V2

= (Sxx +ed) V2B, + B)(Exx + )

= (Sxx +ed) VB, — B)(Exx +end) 2
+Exx + ead) V2B (S + enl) 2

= L+
The first expression I; can be written as

L = Sxx+el) V2B, — B,)(Sxx + e )/

= Op(ﬁgl/Q)Op(nAﬂ)Op<€r:1/2) = Op(nil/%il)a

n

where the second equality follows from (A.2)), the fact that n='/2 < n=V* < ¢, < 1,
and Lemma [A 4]

The second expression I, can be written as

L = Cxx+el) VB (Sxx +e,0)"
= {Sxx+ed) £ (Sxx + ) VB A(Exx + €) V2 £ (Sxx + enl) V2
= {Sxx +e]) ™2 = (Oxx + ) VB A(Sxx + 6]) V2 — (Sxx + e]) M)
+{(iXX + En])_1/2 — (Exx + EnI)_1/2}BT(EXX + En])_1/2
H(Exx + &) B A(Exx + ed) % — (Sxx + end)V/?}
+(Sxx 4+ €.1) V2B, (Sxx + €, 1) 72

= N+ Jo+Jy+ Ji. (A.9)

For .J;, we use relationship (A.3) to expand (Sxx + €,1) "% — (Sxx + €,1) /2 and
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relationship (A.7)) to express B,. This will give us

o= ACxx tel) ™ = (Sxx +end)TABAExx + )T = (Sxx +eal) )

= [Exx +e]) ™V (Exx +el)¥? — (Sxx +en)??} + Exx — Bxx)(Sxx + e, 1) %2
(Zxx(wr ®w)Sxx + D% x (Wr @) S% x + - + D0 (wr @ w, ) 2R
[(Exx +end)V{(Sxx +end)*? — Exx +eal)*?} + Sxx — Zxx](Exx + eal) /3

= [Exx + D) {(Bxx + D) = (Exx + en])**} + Exx - Exx](Exx +enl) " Txx
(wr @ wr)Exx[(Exx + ) VH(Exx + end)?? — Exx + en])*?} + Sxx — Sxx)(Sxx + e d)3/?
H(Exx +en]) VH(Exx + enD)?? — Sxx + enD)*?} +Sxx — Txx](Exx + en]) 3253 ¢
(wr ® wr)zggx[(ﬁxx + nt)_l/Q{(EXX + €n1)3/2 — (iXX + enI)S/Z} +8xx — Sxx](Exx + enl)_3/2
+...
HExx + ) VH(Exx + ed)*? - Sxx + )} + Exx — Zxx](Sxx + e, 1) 2R

(wWr @ W) ST [(Sxx + u]) V2H{(Sxx + en])?? — (Sxx + eaD)*?} + Sxx — Sxx](Sxx + enl) /2

Note that, since

iXX = Exx—l-Op(n_l/Q) and n_1/2 <€, < 1, then (iXX—l-EnI)_I/Q = Op(€;1/2),

relationship (A.4) implies that (Sxx + €,1)¥% — (Sxx + €,1)¥2 = O, (n~1/2),

relationship (A.1) implies that (Syx + €,)"3/25% = O(en™73/21) for ¢ =

L,....om+1,

(Wr W, )% x =0(1), forevery a =1,...,m+1,

(Sxx + end) 32 = O(en™?),
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then J; gives us

Ji = {0u(e;?)0p(n7 %) + 0, (n™12)}O(e ™ O 32H0(1){0p (6, 1/2)0p(n™12) + Oy (n™1/2)}0(e,%/?)
H{0p(e,172)0p(n712) + 0, (n™1/2)}O (™02 73210 (1){Op (€, 1/?)Op(n™1?) + Oy (n=1/2)}0(e,,*?)
+...

H{O0p(e,1/2)0p(n™12) + Op(n~1/2)}O(eg ™ Om 132N O (1) {0y (e, 1/?) Op(n™ /%) + O (n~1/?)}O(€,%/?)
= Op(n™%¢,'/%)0(6,"*)0(1) 0y (n /26,120 e, */?)

+0,(n" 26, 0(1)0(1)0, (026, 1/2)0(,2/%) + . ..

+0,(n~ %6, 1*)0(1)0(1)0, (n 2,1 /2)0(e,/?)
= Op(n 16" + Op(n1e,?) -+ Op(n "€, )

= 0,(nte?).

n
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Using similar arguments and steps for J; we have

Jo

{(Cxx +e]) V2= (Sxx + e ) V2B, (Sxx + 6,1) V2

(Exx +end) "V {(Exx + 6nd)?? = (Sxx + €al)*?} + Sxx — Sxx](Exx + nl) ™
(Bxx(wr @ w)Zxx + 2%y (wr @w )Tk x + -+ D0 wr @ w) DN Exx + €, 1) 72
(Exx + D) VH(Exx + e)¥? = Exx + D)} + Sxx — Sxx](Sxx + enl) ™/ Sxx
(wr @ wr)Sxx(Exx +enl) ™2

HExx + ) VH(Exx + en)?? — Exx + enl)??} + Sxx — Sxx](Sxx + enl) 5%y
(wr ® wr) Sk x (Exx + €)™/

+...

H(Exx +en]) VH(Exx + en)?? — Exx + enl)??} + Sxx — Sxx](Exx + en]) 280t
(wr ®w )T (Exx + enD) 2

(Exx + D) VH(Exx + en])?? = Exx + eaD)??} + Sxx — Sxx](Sxx + end) ™ Txx
(wr @ W) (Sxx + ) V8 xx

HExx +el) VH(Sxx +en)?? — (Exx + D)} + Sxx — Sxx](Sxx +enl) 0% ¢
(wr @ wr)(Sxx +end) V2T% x

+...

HExx +enl) VH(Exx + end)?? — Exx + enl)??} + Sxx — Sxx](Sxx + en D) 2xmt!

(wr @wr)(Exx + enl)_mzﬁ}l,

where the last equality follows from the fact that X%y commutes with (Xxx +

e, 1)73/%, for a = 1,2,...,m + 1. Then, using similar rates of convergence as before,
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we have

Jo

{O0)6 72105 n712) + 0y 02O ™1 OMO(E ™01 4 {0, (/)0 (17 12)
+0,(n~1/2)}0(emin0:2=3/21 0 (1) O (emimi02-1/2hy

{0, (€:1/2)0, (0 V2) + 0, (n~Y/2)}O(mm0m+1-3/21) (1) O (emin{0m+1-1/2)

0,(n"V2eY) + 0y (01267 V/2) 1 - 4 Oy (n~ 26 1/2)

O, (n~ Y2 h).

For J3, we use similar steps to obtain

J3

Sxx + D) 2BA(Sxx +enl) V2 = (Sxx +enl) 72}

(Sxx + ed) T {Exx(wr ®wr)Txx + Sy (wr ®wr)Sxx + -+ IRE (wr ® w) ZRE!
(Sxx +enl) " 2{(Sxx + end)¥? = (Sxx + eal)*?} + Exx — Sxx](Sxx + end) ™2
(Sxx + ) VS xx (wr @ wr)Txx

(Exx +end) VH{(Sxx +enl)?? = Sxx + en])*?} + Sxx — Sxx)(Sxx + enl) 32
+H(Exx +end) V0% x (wr ®wr) Tk x

[(Exx +end) {(Sxx + end)¥? = (Exx + D)2} + Sxx — Sxx](Sxx + ) /2
T

+(Exx +el) PR wr © w0r) SR

(Exx +end) VY (Sxx +en])?? = Sxx + enl)*?} + Sxx — Sxx)(Sxx + enl)
O(e™OI=12H0(1){0y (6, /2)Op(n™ %) + Oy (n™1/2)}0(,°/%)

+0(en ™M PHO(1){0p(6,1%)0p(n %) + Op(n™172)}0(e,?)

t..

+O(epmMOm =N O(1){0y (6, 1/*)Op(n~1/2) + Oy (n™1/2)}0(, /%)

Op(n_l/Qe,:Q).



99

Finally, for Jy, observe that

Ji = (Cxx+el) V2B (Sxx +e,I)7V?
= (Oxx +el) RN B SRS (Sxx + D)7V
= (Oxx + D) VAEYEM SR (Sxx + end) 12
= {(Sxx+ed) V22Y2 £ DMASY2 (Sxx + ) V2 £ T}
= {Sxx+eaD)V2Y2 - DMASYE (Sxx +enl) V= I} + MASYZ (Sxx + e, )"V = 1}
HExx + &) V2EVE — M, + M,
= {(Sxx + D) 22V - DM A{(Sxx +en) V2SYE — I+ M A(Sxx +en) V222 — 1}

H(Exx + D) V28Y2 — I}M, + M,

where the second equality follows from part (b) of Lemma and the last equality
follows from the fact that 2;{/}2{ and (Xxx +€,1)""/? are commutative. Therefore, the
main term to investigate is (Xxx + enf)*l/QE;/; — 1.

Observe that

(Sxx + D) 20V — T = (Sxx + e]) V2{SYE = (Sxx + )2}

1/2

If 7, denotes the largest eigenvalue of ¥ x x, then HZ%; — (Exx + e D)V?|| =7

(71 + €.)Y? = O(e,). Therefore,

(Sxx 4+ &) SV - T = (Sxx + ) {2 = (Sxx + e.1)?}

= 0(e;"*)O(en) = O(€/?). (A.10)

n
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Finally, going back to J,, we get

Ji = {(Sxx+el) 2SV2 - DM A(Sxx + D) 22Y5 — 1}
FMA(Sxx + 6 ]) V282 — I+ {(Sxx + &) V283 — I}M, + M,
O(ex/*)O(1)O(e,/?) + O(1)O(el/?) + O(el/*)O(1) + M.

= O(?) + M,.
Combining everything,

[2 = J1+J2+J3+J4
= 0,(n7'¢,?) + O0,(n2,)) + 0,(n712%€,%) + O(/?) + M,
= O,(n7te® +n7 %2 + O(e/?) + M,

= 0,(n71?e,2) + O(¥?) + M.,

where the third equality follows from the fact that n='/2e;' < n='/2¢;2 < 1 and the
fourth equality follows from the fact that n='e;? < n=1/2¢,2 < 1.

Finally,

M, = L +IL=0,n"%"+0,(n""%,%) + 0(/?) + M,

= 0,(n7"%¢,%) + O(e)/*) + M,.

A.45 Proof of Theorem

We know that, for any 7 =1,...,d;,

Uy, = (f]xx + enf)*l/zﬁm- and v, = Egé?nm.

We will focus on @XX + enI)_l/Ql\/I\T and show that is consistent for EEQMT.
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We use similar decomposition of ]\/4\7 as in Section to get

Sxx +ed)V2M, = Sxx+ed) 2 Exx + ) V2B, £ B)(Sxx + e,d) /2
= (Sxx+ &) (Br — B)(Sxx + 1) 2
‘|‘(§XX + enI)_lBT<§XX + EnI)_l/2

= I+ 13,
where

= Gxx + ) (B, - B)Exx + )™ = 0,(6;1)0, (020 (e,?)

n n

= 0,(n" 1232,
As far as [, we use the decomposition to get,
I = Sxx + e d) 2L = (Sxx + e,]) V2 + Jo + Js + Ju),
where

(f]XX + enI)_l/QJl = Op(e;I/Z)Op(n_lf—:;?’) = Op(n_le;7/2)

S+ eal) 2y = 06,210,071 261) = Oy 2.

Sxx + eal) V205 = 0,620, (n7126%) = Oy (n~126,%1%).
As far as (iXX +end )71/ 2J,, we use the following decomposition:

(ixx + EnI)_1/2J4
= (ixx—l—enl)_l/Q(ZXX+€nI)_1/QBT(EX)(+6nI)_1/2
= (Sxx +6d) 2 (Sxx + eu]) VR ERE B ITESYE (Sxx + end) 7

= (Sxx + &) 2(Sxx + ) PSEM IV (Sxx + 6 D) 2,
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where the second equality follows from part (b) of Lemma and the third equality
follows from the definition of M..

Then,

@XX + e, 1)V,
(xS + eal) VISV £ SIS (S ea) 2 1)
(S ) (S ) S SIS S+ ed) - 1y
H(Cxx + )2 (Sxx + D)2 — i3,
AEREMASYY (Sxx + e d) ™V = I} + UM,

= A1+A2—|—A3+A4,
where

A = {Cxx +ed) A (Sxx + ) V2EYE - SUIMASYE (Sxx + D) V2 — T}

= {0,(n""2e,1%) + 0(/*)}0(e,/%) = Op(n V) + Olen),

Ay = {Cxx + &) (Sxx + ) V282 — U2V,
= O,(n 72, + 0(6)/?),

Ay = SEEMASYE(Sxx +ed) V2 =1}
= 0(1)0(e/*) = 0(&/?),

Ay = UM,

The above follow from few facts:

1 {Sxx 4+ ) V2(Sxx + 6, 1) 1282 - UM, = 0,(n"26,%) + O(ei/?),

which is proven at the end of this section,
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2. {SV2(Sxx + &) Y2 = I} = O(e/?), which follows from the facts that $Y%

and (Sxx + €,1)7'/? commute and the relation (A.10)),

3. ZQQ = O(1), which follows from the facts that ¥xy is compact and M, is

bounded (see part (b) of Lemma |A.2)).

Combining everything we have,

(iXX + EnI)_1/2J4 == Al + A2 + Ag + A4
= 0,(n"'%) + Oen) + Op(n~'26,'%) + O(&;/?)
+0(e/?) + ZEQMT

= Op(n7,"?) + 0(e)/?) + £ M.
Then,

L= Cxx+ed) 2+ T+ Js+ Jy)
= Op(n7'6,"?) + Op(n™ 26, %) + 0y (n™12e%%) + Op(n™1/%6,11%)
+O(el?) + 2 M,
= Oy(n1e, " 407 e P 1+ O(ef*) + SRy M,

= 0,(n 2652 + O(/?) + 2 M,

7/2

where the last equality follows from the fact that n~'e, /* < n='/%¢, 5/2

< 1.

Finally,

(iXX + enf)71/2]\77 = 1+
= 0,(n 126, + 0, (02,5 + O(e¥/?) + SYE M,

= 0,(n" 265 + O(?) + 22 M, .
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We have shown that
(Sxx + end) VM, — UM, = 0,(n%€,5/?) + O(€Y?).
Then, since for j =1,...,d,, ;,; = /)\\j_lﬁﬁ)\m and 7, ; = )\j_lMTnm, we have

(iXX + fnl)_l/QﬁTJ - ZEQ”T,J'
= (Sxx +ed) VANIM A, — SREN M,
= (DM, + 0,(n726,5%) + O(e/)IN 1y — EREN M,

= UM O T — A ) + O, (n726,5%) + O(l/?).

From Corollary [2.1]

and therefore,

(Sxx +ed) iy =Sk = 007267 + 0(6)?) + 0,(n¢.%) + 0(&;)?)

= 0,(n72,%%) + O(l/?).

Proof of {(Sxx + eul) *(Sxx + eul) V285 — SYEIM, = O,(n 12" %) +
O(e?):

Let’s first consider the term S5 {(Sxx +enl)2(Sxx + e, 1) 128 Y% — 22102
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and observe that

21/2 (EXX + D) V2(Sxx + 6nd)” 1/221/2 Zh/z}zl/z
— 21/2 (ZXX + e D) V2 (Sxx + 6. I) 7 Sxx Z;&ZEQZ}@
— 21/2 (EXX +e0)” 1/2(2){)( + En])_l/zzxx - Z;/)Qf
= SV{Exx + )2 (Sxx + el)V?8xx — I}
_ 21/2 (Sxx +ed)” 1/221/2 vExx +ed)” 1/221/2 I}
= TYXH(Exx +ed) VYT £ TH(Sxx + e )P £ 1)~ 1)
= TVRHExx +e) Y - IH(Sxx + e)PEYE - 1}
—i—{(ixx + GnI)il/zzi(/)Q( — I} +{(Zxx + €n[)71/22§(/§( — Iy +1-1]
_ 1/2 21{0,(n V26, 1/2) + O(Y2)YO0(/2) + O, (n= 2 12) + O(€/2) + O(4/2)]

= TR0, (1) + 0(e/)),

where the second equality follows from the fact that El/ : ETI/ 22%; = 2;/)2(, the

fourth equality follows from the fact that Zl/ > and (xx + €,1)""/? commute, and

the seventh equality follows from the fact that

{(ixx + Gnl)_l/ﬁgg( — I}
= {Sxx+e) = (Sxx + D) VISV + (Sxx + e ) V2EYE — T
= [Cxx +e]) H{(Sxx + &) — Sxx + 6])*?} + Sxx — Sxx ]Sy
H(Exx +ed) 282 — 1
= {0y(6,/%)0,(n712) + O, (n""2)}O(1) + O(€)/?)

= Op(n72e]1?) + 0(6/?),

and relation ((A.10]).
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Therefore, we proved that

SXAExx + eal) A Sxx + eal) TR - TREITNR

= S0 (12612 + O0(e),
which implies that

{CExx + ) V2 (Sxx + e) 28Y% — DRI

= O0,(n 2,V + O(l/?). (A.11)

Now, let’s consider the original expression {(iXX + e )V (Sxx + enI)*1/2Z¥§< —

Z;g } M, and observe that

{Cxx +eal) 2 (Exx +end) V225 - SREIM,
= {Exx+ed) V3 (Sxx + GnI)_1/22¥)2< - EEQ}EEQBTZEQ
= {Sxx+ D) V2 (Exx +end) V20Y2 - SIS S ¢ (wr ®wr)Sxx ..
3 (wr @ wr) DR
= {Exx + )V (Exx + el) T IR - EREISLENA SN (wr ® w0 ) SR EVRERY + -
HExx +en]) V2 (Sxx + e, D) V2V — w2 2RV a2, 0w )sr i Pelis
= {Cxx+e) ™2 (Exx +eud) 2% -SRI (@ @ )25 +
HExx +en]) 2 (Oxx + e ) V28R - SREISE A (wr @ wo) DR

= {0,(n26,1%) + O(e)/*)}0(1),

where the second equality follows from relation (A.7)), the fourth equality follows
from the facts that ZEQ E;@ is equal to the projection matrix to Zﬁ(/; and Z;@EEQ
is the identity mapping from ran(Ei(/)Q() onto ran(E;/)Z(), and the last equality follows

from (A.11)).



107
A4.6  Proof of [SI] = G2 {n 1GV2([X 1| Qu[ X 1] 1) G2} /2G12
First, we will prove that [Sxiyi] = n 1 [X!, ]Q.[X!, ]7G,. Note that,
Svixi = B (X' = E (X))@ (X' — E, (X))}

— 2 (X - X @ (X — X,

u=1

Then,

Exx] = n ') [Xi®X,— X' X
u=1

= o 'Y IXXG]TG - [XX TG

= nil[Xli:n] [X{n]TGl - nil[XinKlnl;Lr/n) [Xin]TGl

= n! [Xin]Qn[Xin]TGl

Using similar arguments, we can show that [f)XX] = n X 1.,]Qn[X 1] "G. Then,

using (A-15),

[EEQ] _ GTl/Q(G1/2[ixx]Gﬂ/z)Tl/QGd/Z

GTl/Q(G1/27”L_1[le]Qn[Xl;n]TGl/Q)“mGl/Q.

A.5  Basics on Coordinate Representation

Let H; be finite-dimensional Hilbert spaces with spanning systems B; = {b, - - - , b} },
respectively, and define the Gram matrix of H;, denoted by §;, as the matrix of inner

products {(b;,b%);{l k=1, k},i=12.

(i) Coordinate representation of a function. A function f € H; can be
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written as a linear combination of the spanning system B;:

f=abi++eb,

where cf,--- ¢ are constants. The vector (cf,--- ,c,lﬂ)T is called the coordi-

nate of f relative to By, which can be represented by [f]s,. That is,

k1
f=2_(f1s)sb; = [Fla,bra (A.12)
j=1
where ([f]g,); is the jth component of the vector [f]g, and by, = (bf,--- by )"

(ii) Coordinate representation of an inner product. For f,h € H;, the

coordinate representation of the inner product can be expressed as

k:l k'l

(b = (U185 IR ), = ( DU )b Y ([Als bl
= 32 (e ([Als b} B = 115, Gl (A13)

(iii) Coordinate representation of a linear operator. Let A : H; — Hs be a

linear operator and f a member of H;. Using equation (A.12)), we have

Af=A (Z([f]sl)jbjl-) = > (f1s)iAb; = D ([f15); Y ([Ab]5 )i

j=1 j=1 j=1 k=1

Then, the coordinate of Af relative to By is the vector {Z;ﬂ:l (1f18,); ([Ab}]3, )k, k =
1,...,ko}, and the coordinates of A with respect to B; and By, denoted by
B,[Alp,, is the ky X ki matrix g,[A]g, = ([Ab}]s,, ..., [Ab; ]|s,). Then, we can

simply write [Af]s, = 5,[A]5[f]5,-
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For more than one operator, let A : H; — Ho and B : Ho — Hs3 be two linear
operators, and let f be a member of ;. Then, using the same arguments as

above,

Bs [BAf]Bl = B3 [B(Af)]Bl = Bs [3]32 [Af]Bl = (33 [B]Bzz) (32 [A]Bl) [f]Bl

Therefore, g, [BAlg, = (5,[B]s,) (8,[A4]5,)-

(iv) Coordinate representation of a tensor product. For f, g, h € H; is given

by

[(f ® g)h]31 = [f<gv h>H1]Bl = [f]Bl [g]glg1[h]31,

where the last equality follows from the coordinate representation of an inner

product (A.13).

Finally, a useful property that will be utilized in the following Chapter. For V :
Hi — Hy and « > 0, we have g, [V%]g, GH/Q(Gl/2 [V]QIGFM)O‘G}/Q. To show this,

suppose V' has spectral decomposition Zjlzl 0;(¢;®¢;). Then, Ve = Z;“ 105(G®G).

By the coordinate representation of the tensor product derived above, we have

Zaamcj (Zéacj a.[¢1g )

Because G1G! = GGy and [(]g, = G1Gl[¢la, = GIG1[¢lg,, 7 = 1,...,r, we have
T
G2 Gl = (Gl (614,61 = G172 (G171Ga, ) (GV71Gls ) GY. Therefore,

6. [V®e, = G/ {Z 5 ( G ) <G}/2[Cj]gl>T} G2 (A.14)

Lastly, note that if (4,() is an eigenvalue-eigenvector pair of the linear operator
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V', then (4, Gi/ ®[C]g,) is the corresponding eigenvalue-eigenvector pair of the matrix
G}/Q(g1 V] gl)Gil/Q, which is symmetric because V is self-adjoint. Using this, the right
hand side of is equal to G?/Q(Gimgl V]g, GP”)“G?Q. This gives us the desired

result, ,[Vg, = G1"/*(G{ g, [V]g,G]"*)*G%. Similarly, we can prove

0 [V, = G146 g, [V]g GI )G, (A.15)
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APPENDIX B: TECHNICAL DETAILS AND PROOFS FOR CHAPTER 3

The following equivalences come from Proposition 4.6 of [50]. They were used in [66]
and in subsequent papers that deal with dimension reduction under the presence of
categorical predictors ([77], [67], among others). [69] also used these results when the
predictor variable is functional and included the case where Vi, V5, V3, V), are random
curves. For clarification purposes, the independence between a random variable V;

and a random function V; € H is defined as Vi 1L V;(t) for any t € T'.

Lemma B.1. For generic random variables or random functions Vi, Vs, V3, Vy, the

following equivalences hold:

Vi LVo|(Vs, Vi) and Vi L Vi|V3
W LVi|(Va, V3) and Vi L V4|V3

WL (V2 Vi)|Vs

B.1  Proof of Proposition

The proof follows similar steps as the proof of Proposition 3.3 of [66] for the central
subspace and of Proposition 2.1 of [67] for the 7th central quantile subspace. For a

generic subspace S;, the following holds

Y L Q- (Y|X,W)|(Ps,X,W) &Y L Q. (Y|X,W =uw)|(Ps,X,W = w),

Yw=1,...,ce. (B.1)

By definition, %T((V;//fX) satisfies the left-hand side of (B.1) and, therefore, it also

satisfies Y L Q,(Y[X, W = w)|[(P, w) ,W = w) for every w = 1,...,c. How-

Qr(Y[X)
ever, since %T(yw‘ X,) is the 7-FCQS for each subpopulation w, it is the minimal

subspace satisfying Y 1L Q (Y |X, W = w)|(P

- 7é‘r(Yw|Xw)

%T(ywp(w) C %T(K/?X) for every w = 1,...,c. Since %T(g/’?X) contains %T(pr(w)

X, W = w), implying that
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for every w =1,..., ¢, it also contains their direct sum, i.e.,

[

P “.vuixn € S0 (B.2)

Q-Y|X)"
w=1

On the other hand, since %T(Yw‘xw) C &

- w=1

%T(leXw)7 w = 1,...,c, then
D, _, y (Yu|X.) satisfies the right-hand side of 1D and, therefore, it also satisfies
Y L Q(YIX.W)(Pge | 7 X W), Since 7

minimal subspace satisfying Y I Q. (Y| X, W)|(Po, w) X,W), implying that
Qr(v1x)

YlX) is the 7-FCPQS, it is the

W)
T\ € P T iz (B.3)
w=1

Therefore, (B.2]) and (B.3) conclude that / VQX D, _, %T(ywp(w).

B.2  Proof of Proposition

The proof follows similar steps as the proof of Proposition 1 of [77] for the cen-

tral mean subspace and Proposition 2.2 of [67]) for the 7th central quantile sub-

space. Define = %‘X@ y
Y L QY IX, WP, X, 1),

Y|X) By construction, W I X[P.,X and

The first conditional independence W L X|P o, X implies that W L Q,(Y[X)|P X,
since Q,(Y|X) is a function of X.

The second conditional independence Y L Q. (Y|X,W)|(P X, W) implies that
Y L Q. (Y|X)| (Po,X, W) since Q. (Y]X) = 5, Q+(V|X, W = w)P(W = w|X)

Use Lemma and take Vi = Q,(Y[X), Vo =Y, V3 = P, X, and V;, = W.
Then, Vy L V1|V5 and Vo L Vi|(V3,Vy) is equivalent to Vi L V5|V3, which translates
to Y L Q;(Y[X)|PsX. Since y 0.(v|x) is the minimal subspace satisfying Y I
Q(YIX)|Poy X, then S5 vix) € HArix @ 7S
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B.3  Proof of Proposition

The proof uses similar steps as the proof of Propositions 2 and 3 of [77]) for the
central mean subspace and Proposition 2.3 of [67] for the 7th central quantile sub-

space.

(i) To prove that / (vix) € % ) we need to show that Y L Q- (Y[X)[P . w) X.
Qr (Y1)

By the definition of y( (v]x): We have that Y L Q- (Y[X,W)|(P, w) ,W).
TR (YI|X)
Moreover, using the fact that W 1L Y| X, the previous conditional independence

can be re-written as

Y L QT(Y]X)|(P/ wy , W). (B.4)
Qr(Y|X)
Assume
WALQ-(YIX)|Po w X. (B.5)
Qr(Y]X)

Then, use Lemma [B.1) with V} = Q,(Y|X), V2 =Y, V3 = P, w) , and

Qr(Y]X)

V, = W, to conclude that - and (B.5)) imply V4 L V5|V3, which translates

toY 1L QT(Y|X)|Pm w)

7(Y]X)

Assume

WLY|P w X. (B.6)

TR (Y|X)

Then, use Lemma [B.1| with V; = Q. (Y|X), Vo =Y, V3 = P w X, and

Qr(Y|X)

Vy = W, to conclude that (B.4]) and imply Vi L V4|V3, which translates

—~ (W) X

F(Y]X)

(ii) To prove that %T((V;//?X) - %T(Y‘X) we need to show that Y L Q,(Y|X, W)|(P%T(Y\X)X7 w).
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By the definition of %T(yp(), we have that

Y L Q-(Y[X)[P

Qr(Y[X)

(B.7)

Using the fact that Q,(Y|X) = Q. (Y|P< X) and the assumption W 1L

T (vIx)

Y Pf/éT(mX)X’ we get

WLY|(Pgy X Q(Y]X)). (B.8)

F(Y1X)
Using Lemma with Vi = Y, Vo = Q.(Y|X), V3 = P% (Y|X)X’ and
Vy = W, relations (B.7)) and (B.8) imply that Vi L V5|(V3,Vy), which trans-
lates to Y L Q-(Y|X)|(P

“Rr(Y|X)

X,W). Finally, since W 1 Y|X, then
Y LQYIX WPy X,

‘Qr (YX)
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B.4  Proof of Theorem H

. (W) _
We want to prove that V") = > Zj ) v ( ) is a consistent estimate of

(w)
AL Z?;l vg) ® vgj). Then,

c d(”)
- YT #ed
w=1 j=1
c dS-w)
- S ) 0 ) o)
w=1 j=1
c d5—w> ¢ d(w)
_ ~(w) (w) (w) _ w) Aw (w) (w)
= D2 2@ e @ —u) + ) @ - v @l
w=1 j=1 w=1 j=1
c d(w) c d(w)

53 EALTCHIIUNS 3 SR TR

w=1 j=1 w=1 j=1

= Z{Op(n;me;‘r’/z) +0(e) HOp(n,2e,%2) + O(;/%)}

+Z{o 2¢-5/2) 1 O(el/*)ro(1 +Zo {0, (ngt%;%) + O(eL/?)}
+V

— Z{O ) + O(en) + Op(ny,"?6,%7) + O(e)/?) + Op(n,'?€,7%) + O(e)/?)}
+V(W)

T

= O 6 + O} + VY

= Op(n*7126,5%) + O(;/?) + VI,

(w)

where the fourth equality results from the convergence rate of @\Tj , 7 =1,... ,d(Tw),

w=1,...,c, derived in Theorem 7?7 in Chapter . Finally, assumption n*~%/° < ¢, <

1/5

1 implies that n, '~ <€, < 1 for every w = 1,...,c. Then, the sixth equality results

from the fact that ng'/® < €, =< 1 and the fact that el < en =1, forw=1,...,c
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APPENDIX C: TECHNICAL DETAILS AND PROOFS FOR CHAPTER 4

C.1  Proof of Theorem

The proof builds upon the foundational work of [78] on minimal sufficient o-fields in
the classical setting and follows a similar approach to [53]. Define IT, = Py v x)y (-|y)
and let P = {Il, : y € R}. Given that P is dominated by a o-finite measure, there
exists a countable subset Q = {Qr : k = 1,2,...} C P such that Q = P, where =
means two families of measures dominating each other. Let (Jy be the mixture of Q)
with positive mixing probabilities, i.e., Qo = > 1, cxQ, where {¢; : k=1,2,...}isa
sequence of positive numbers that sum to 1. Then, {Qo} dominates and is dominated
by Q, i.e., {Qo} = Q = P. Define 7, = dIl,/dQ), and let G, be a sub o-field of o(X).

The two following statements are equivalent:
LY L Q.(Y[X)|G

2. m, is essentially measurable with respect to G, for all y € R modulo ()y. In
other words, for each y € R, there exists a G,-measurable function f, such
that m, = f, almost everywhere with respect to ()y. This property implies
that the likelihood 7, and hence the conditional distribution of @, (Y |X) given
Y, is fully determined by G., saying that Y and @Q.(Y|X) are conditionally

independent given G..

Proof of 1 = 2: First, note that, for any integrable function h(X),

Eou{h(X)m,(X)} = / h(2)m, (2)dQo — / h(2)dIL, = En {h(X)}.

Then, for B € Fx, it follows that

Eq{my(X)Is(X)} = En,{Is(X)} = En,[En,{Is(X)|G-}]

= EqolEn, {15(X)|G: 7y (X)] = Eq, {11y (B|G:)m,(X)XC.1)
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Since Y L Q.(Y|X)|G,, I1,(B|G,) is the same for all y € R. That is, II,(B|G,) =
II,(B|G;) for all ¥ € R. Therefore, I1,(B|G;) = Qr(B|G,) for all k, which im-
plies I1,(B|G;) = Qo(B|G,). Therefore, the right-hand side of equation (C.1)) can be

written as

Eqo{Ily(B|G-)m,(X)} = Eq{Qu(B|G-)m,(X)} = Eqo[Eqy{1s(X)|Gr}my(X)]

= Eq,[(X)Eqy{m,(X)|F-}], (C2)

where the last equality follows from Proposition 2.2 of [79]. Combining (C.1) and
(C.2)), we have that, for all B € Fy,

Eqo{my(X)I5(X)} = Eq,[I5(X)Eq,{my(X)[F-}],

which implies that 7, (X) = Eg,{m,(X)|G,} a.s. Qo.

Proof of 2 = 1: For A € G, we have

B, [EQu{Ip(X)|G-Ha(X)] = Eqy[Eqils(X)|G- Ha(X)m,(X)]

= B In(X)L4(X) Eg {m,(X)|G.}),  (C:3)

where the last equality follows from Proposition 2.2. of [79]. By assertion 2, Eq,{m,(X)|G,} =
my(X) and the right-hand side of (C.3) becomes

Eqo[Is(X)1a(X)Eqy{my(X)|G:}] = Eq[Is(X)1a(X)m,(X)] = Eu, {Ip(X)1a(X)}

= II,(X € ANB).

Then, Eq,{I5(X)|G;} = Qo(B|G;) is the conditional probability II,(B|G,), which
means that II,(B|G,) does not depend on y. That is, 1 holds.

Finally, Gg, (v|x) is a o-field. Since 7, is essentially measurable with respect to all
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7th quantile dimension reduction o-fields for all y € R, it is also essentially measur-
able with respect to G (v|x) for all y € R. Consequently, G, (v|x) is itself a 7th
quantile dimension reduction o-field, which implies that it is also the smallest 7th
quantile dimension reduction o-field. If G* is another smallest 7th quantile dimension

reduction o-field, then Gg_(vix) € GF and G C Go._ (v|x)- O

C.2  Proof of Theorem

Under the single-index model (4.3)), let T:-(X) = f(X), where Gg_(v|x) = o[f2(X)].

T

Then,

R(ar, f;) = EQAYIT*(X)} - ar — fr(X)]?
= EBE[QAYIT(X)} - ar — fr(X)P|T(X)]]
> E[[EQAYIT(X)} - ar — f(X)|T(X)]?]
= E[EQAYIT(X)}T(X)] - ar — E{f-(X)|T-(X)}]’]

= BQAYIT(X)} — ar — E{f-(X)|T-(X)})%,

where the last equality is based on the fact that Q.(Y|X) = Q{Y|T°%(X)} =

Q-A{Y|T:(X)}. This is because &¢ (v|x) C By|x for every 7. Consequently,
EQAY|T(X)HTH(X)] = BQAY|TH(X)HTH(X)] = QAY|T-(X)} = Q{Y|T(X)}.

Therefore, for any a, € R, we have that R(a,, f.) > R(a,, M(f.)), where M(f.) =
E{f;(X)|T-(X)}. If there exists an f, € My that is measurable with respect to
o(T-(X)), then

E{f(X)|T(X)} = [-(X),

and therefore, R(a,, f.) = R(a., M(f;)).
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Assuming f! € My is not measurable with respect to o(7;(X)), then R(a,, fI) >
R(a,, M(f;)). Since My is a subset of Ly(Pyx), it implies that M(f,) € Ly(Px) for
all f, € My. Therefore, for any o, € R and since the mapping f, — R(a,, f,) is

continuous in f, with respect to Lo(Pyx) norm, we can select f” € My such that

R(az, f7) > R(a-, f7) > R(a-, M(f:)).

T T

Therefore, f! cannot be the minimizer. Finally, since R(a,, f;) is convex and has a

unique minimum, then f; is measurable with respect to o(7,(X)) and f, € G, (v|x)-

C.3  Proof of Theorem

Without loss of generality, assume that Q.{Y|TC5(X,)} is centered. Then, (4.9)

[]

reduces to

-~

Jo=arg puin S UIOAYIESC)} - S

Minimizing the above objective function with respect to f, is equivalent with mini-
mizing

n n

SUQAYITO (X)) — LX)~ 5 Y@V TS (X))

u=1 u=1

1
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with respect to f.. Expanding the square, }A%n( fr) can be expressed as

Ru(fr) = —ZQT{YW Z@T{HT“( X H-(X)
SRS immﬂ% DY
= - X_; QAY|TO (X))} fr(X0) + % 2_; fr(X)?
_ —i@mf“( D e Xy + & an 2 X)

= = QAYITOS X ml Xaony + 5 S fr

where the last equality follows from the fact that

<fT7"£('7XU)>§2mX = <f77H('vXU)>mx<f77’i('7Xu)>9ﬁX :<fT»"i('7Xu)<"i('vXu)7f7'>9ﬁx>‘~mx
= <fTa{’i('7Xu)®/€("Xu>}fr>9ﬁx

and 30 (fr. {6(, X)@R( X} fdme = nlfr, Sxx fr)my, for Sxx = Bo{r(-, X,)®
H('? XU)} =nt ZZ:l K('? XU) ® H('? XU)
Let v, = /n(f, — j:;), which implies that f, can be written as f, = v, /v/n + ﬁ

Then R, (f,) can be expressed as

Ri(f:) = Rulw/Vi+F)
= - Z Q\T{Y’T\CS(XU)}<’YT/\/E + ﬁ'a ’f('7 Xu)>9ﬁx + % Z(VT/\/E + }:" "{('a Xu))%ﬁ;(

_ —% S GAYITO (X0 Hvrs (s X by — Z Qr Y ITO (X H s K X omg

+ ! <’YT7 ('7 Z Vry K '7 me<f’r7 7 me + 3 Z fT7 '7

n
u=1

To prove that fT is y/n-consistent estimate of ﬁ, we will prove that for any given

S
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0; > 0, there exists a constant C. such that

P{”%H;ﬁfm (VT/\/_+fT)>R(fT)} 5.

which implies that with probability at least 1 — J, there exists a local minimum in
the ball {~,/v/n+ f; : |77 llon, < Cr}. Since the objective function is strictly convex,
NT - J’E; = Op(n'72).

Enough to show that R,(v./v/n + fr) — R.(f;) > 0 with probability tending to

the local minimum is a global minimum and

one. Observe that

Ro(e /v + Jr) = Ral(fy)
_ —% > OAYIT (X))} K (- Xo)my — Z@T{Y\f“()(umﬁ, A, X))

1

+ 2n <’777 ('7 Z Vrs B '; 9ﬁx<f77 ('7X“>>5mX
+ = Z fT? 7 DﬁX + ZQT{Y|TCS( u>}<};;a K('vXu»me - %Z<ﬁ'7’%(’X
B

L =5 o
— %;QT{YH—‘CS(‘XVU)}(VT;K(>Xu>>mx
= A1+A2+A3

It is enough to show that R,(v./v/7 + f;) — Ru(f;) is dominated by the first term

Ay, which is positive, and that As + As is bounded. For Aj,

n

1

1
Al 2n Z(Vﬂ'a (7X >>DJIX 2(77’72XX77>9RX7
=1

which is positive and bounded.
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FOI‘ A2 + Ag,

AQ + A3 - % ;<7ﬁr’ /{(" X“)>mX <ﬁ" ’i('7 XU)>937X - % uz; @T{Y|fCS(Xu)}<7’ra /{('7 Xu)>fmx
= % Z[(ﬁ': K’('? Xu))fmx - @T{Y’fCS(XU)}K’}/T, /'i(', Xu)>smx

= = ST Xl = QY PG X)),

where £*(+, X,,) : Mx — Risalinear operator such that x* (-, Xo,)(77) = (vr, £+, Xu) Yoy -
Since E[[r(-, X)lgn, < 00, it follows that E [|x*(-, X)|| < oo and x*(-, X) = O,(1).

Consequently, it suffices to show that

% Z [(ﬁ'» K’('? Xu»imx - QT{Y’fCS(Xu)} = Op(l)

by showing that the second moment of this quantity is bounded.

Given that @T{Yﬁcs (X,)} is data-dependent and non-deterministic, we define
I < [7 cs
Vi (ks XDy — 0 {Y T}

where ¢, is a function in the class ®,, whose value at (Y, T7¢(X,)) can be written as
¢-{Y|T%(X)} and satisfying F[¢2{Y|T°%(X,)}] < oo. Since the class ®, includes
Q. {Y|TC5(X,)} and also includes Q,{Y|T°S(X,)} for sufficiently large n, almost

surely, we will prove that the second moment of n=/2 3" | (f,, 5(-, X)) )any — qﬁT{Y\TCS(Xu)}]
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is bounded, uniformly over ¢, € ®,. Then,

L o]
qb.S,lelgTE W;Kfﬂ’i(';Xu»imx _¢T{Y’T (Xu)}]]
< sup %ZE[@,M',XU»W—@{Y\TCS(Xu)}]Q]
< swp |0 [E{<ﬁ,m<-,xu>>;zx}+E[¢3{Y|TCS<XU>H]]
= sw E{<ﬁ,ixxﬁ>m}+%ZE[¢2{Y|TCS<XU>}J]
= 0(1). -

Since the result holds uniformly on ¢, and since the class @, includes @T{Yﬁcs (X))}

for n large enough, almost surely, then n =25 [(f;, k(-, Xu))an, —Q-{Y | TS (X,)}] =

u=1

O,(1) and the proof is complete. O
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