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0. Introduction

The spectral theory of the Schrédinger operators on the quantum graphs has a relatively
short history. The first publication in this area can likely be contributed to P. Exner and his
collaborators in the mid to late 90s, see [1], [2]. At that time, the term “quantum graph” didn’t
exist and P. Exner instead used the term “superlattice.” For a general review of the topic plus

non-complete bibliography see monograph [3].

We will study the Laplacian, related Brownian motion, and Schrodinger type operators on
one of the simplest examples of a quantum or metric graph, the d-dimensional quantum lattice,
I'dfor d > 2. T'Y is a pseudo-1-dimensional structure consisting of the vertices of Z4 joined to
their nearest neighbors via unit intervals, 'Y = {[n,n']:n,n’ € Z4 & d(n,n") = 1}. I s
equipped with the Euclidean metric and the Lebesgue measure on the edges. On the quantum
graph, I'Y, the functional spaces L?(-) and C(-) have their standard definitions but C2(-) requires
a new definition. On the edges of 'Y, '\ Z4, C? (Fd\Zd) has its standard definition, however, for
a function to be in C? (I‘d) the function f must be in CZ(Fd\Zd) and satisfy Kirchhoff’s gluing

condition, KGC,

of
d(n' —n)

n’: d(nn’)=1

(n) =0, vn € 74 (0.1)

The Laplace operator, A, on 'Y is similarly defined with the standard definition on '*\Z9, and
condition (0.1) on Z4. For more formal definitions, containing Sobolev spaces on 'Y see [3] and
[4]. One of the most important applications of the spectral theory on I'? is that of the Laplacian,

—A, or more generalized as the Schrodinger Type Operator, H,

HY = (-A + V)Y (0.2)



As the Hamiltonian operator, H, can be related to optical applications.

Roughly speaking, optical applications have the following description: consider a network of
thin channels formed via laser drilling in an optical medium. The propagation of high frequency
electromagnetic waves in this network can be described via Maxwell’s equations with the
appropriate selection of boundary conditions on the walls of the channels. The paper [5] (S.M,
B.Vainberg, Comm.Math Ph) contains the physically important result: if the diameter of the
channels, €, tends towards 0, then the system of Maxwell equations can be reduced to the

parabolic problem on the quantum graph,

— — Hu (0.3)

with the generalized KGC on the vertices.

The Hamiltonian operator described in (0.2) with potential, V, concentrated on the
vertices of the lattice, Z4, V(s) = ¥, cza V(n)8,(s), such as in the case of a crystalline structure,

gives the generalized KGC of,

m(n) =V(m)f(n), VneZzd (0.4)

n’:d(nn’)=1

see further details in [4]. For the case of the Hamiltonian outlined above, this leads to a band-gap
structure for the eigenvalues. In the case of simple potentials such as this, it is possible to study
the number of eigenvalues in both the regions with and without bands without much difficulty.
However, for more generalized potentials, the band-gap structure poses complexities which are
not trivially solvable and thus estimates such as the Cwinkel-Lieb-Rozenblum and Lieb-Thirring

inequalities must be relied on see further details in [5].



Regarding this dissertation, we will be exclusively considering the case of “simple”
potentials concentrated on the vertices of the lattice, Z9, V(s) = ¥ ,a V(n)8,(s), breaking our

discussion up into the 3 selected potentials described below.
Section 1: V(n) = 0.

In this case the fundamental solution of the parabolic equation, p(t, x,y), satisfies the

following equation,

ap B
ot
p(0,%xy) = §,(x)

and is the transition density for the Markov process, X(t) for t > 0, on rd ie. —Ais the
generator of X(t), the Brownian motion on I'Y. The central point of this section is the calculation
of the resolvent Ry (x,x’), x,x' € 'Y, its reduction to the lattice Z9, and an analysis of its

temporal asymptotics.
Section 2:V(n) = a.

Thus, the operator, H, is a perturbation of the Laplacian by a periodic §-potential
concentrated on Z4. The central point of this section is to reiterate and further expand upon the
discussion from S.M. O.S. [] by asymptotically analyzing the spectral bands of the Hamiltonion,
H=-A+V,forV=a} cza8(s—n).

At the physical level, a constant a corresponds to a delay in the electromagnetic waves as
they pass through vertices of the graph, I'Y. This particular model, as well as some of its
generalizations, on 'Y were previously studied by P. Exner et al, with the central result of the

analysis being the existence of an infinitely repeating band gap structure within the spectrum of



the Hamiltonian, H. This differs from the case of a periodic Schrédinger operator on
LZ(]Rd) for d > 2, where there are at most finitely many gaps within the spectrum see J.
Karpeshina []. At the physical level, the existence of an infinitely repeating band and gap
structure indicates some kind of semiconducting properties of the periodic network of thin

channels in the optical medium for arbitrarily high energies.
Section 3:V(n) = a + B8y, (n) forx; € Z9|i=1,..,N.

The central model of V(n) describes the small pertubations of Vy(n) = a,n € Z4. The term
“small” can be understood in a variety of ways. For instance,
V(n) = Vo(n) + BT,

where B « 1 and g, for n € Z9 are independent random variables uniformly distributed on [0,1].
This particular case of the Anderson model of the disordered physical system relates to the
phenomenon of localization, see [4] and [5], and a similar case was analyzed in S.M. O.S[].

For our discussion we will concentrate on fast decreasing and compactly supported
perturbations, V; (n),

V(n) = Vo(n) + V;(n)

where V; (n) is non-zero only for finitely many n € Z9. Specifically we will consider the case of
Vi(n) = B, (n) fori=1,...,N such thatx; = 0 and x; € 74 and will derive an equation for the

exact number of discrete eigenvalues, N(f3), in the gaps of the spectrum.

In the case for a single rank 1 perturbation, i.e. V;(n) = B8,(n), then for all gaps in the
spectrum there exists at most 1 discrete eigenvalue. Furthermore, for dimensions less than or
equal to 2, d < 2, for arbitrarily small 8 such that sgn() = —sgn(a) there exists infinitely

many discrete eigenvalues in the gaps of the spectrum of Hy = —A + a )} 74 8(s — n). This is



opposed to the case of dimensions greater than 2, d > 2, which V[3 € R there exists at most

finitely many discrete eigenvalues in the gaps of the spectrum of Hy = —A + o Y} c7a 8(s — n).

In the case of N > 1 which is the case for multiple rank 1 perturbations i.e. V;(n) = B8y, (n)
fori = 1,...,N such that x; = 0 and x; € Z9, the analysis is far more complex however it can be
vastly simplified assuming Vi < j < N, d(xi, X]-) > 1. In this case of sufficiently spaced

perturbations, we encounter the phenomenon known as resonance interactions.

This phenomenon of resonance interactions can be explained through the analysis of the

discrete spectrums of the following 2 operators,

H(B) = A+« Z 8(s — n) + BS,(n)

nezd

and

Hyy i (B B2) = =B+ ) 8(5 = 1) + 18y, (0) + BBy, ()

nezd

In the case of B; # B, and d(x4,X;) > 1, then the interactions between the perturbations are

very small and the discrete spectrums follow the following relation,

5P (Hyyixy (Br, B2)) = Sp (Hy, (B1)) U Sp (Hy, (8))

with exponentially small error and eigenfunctions of Hy_ . (B1, B2) being exponentially close to
the eigenfunctions of Hy (8;) or Hy, (B,). If B; = B, the behavior is the opposite. For arbitrarily

large M such that d(x4,X,) = M, the eigenfunctions for two “almost equal” eigenvalues A, A,

are equally distributed near points x; and x,.



1. Brownian motion, X(t), and transition probabilities, p(t, x,y) on the quantum lattice, I'?

Let’s start from the formal definition of the Laplacian, —A , and the Brownian motion,
X(t). In the Hilbert space L? (Fd), we consider the Hamiltonian, H, generated by the quadratic

form,

h(u) = flu’(x)lzdx
rd

The domain of this quadratic form, denoted D(H), contains the space of continuously differential

functions on the edges of 'Y which satisfies KGC on the vertices, CZ(Fd) c D(H)..
Symbolically we can present the self-adjoint Hamiltonian operator in the following form,
H(u) = —Au

The domain of the Laplacian is similar to the Sobolov’s space W2 (but of course not identical

due to KGC, See details for the general quantum graphs in [3] and specifically for ' in [4].

Now let’s consider the parabolic problem on L? (Fd):

% (t,x) = Au(t,x), u(0,x) = ¢p(x) € L2(1)

Then, the transition density, p(t, %, y), of the process X(t) satisfying the following relations, is the

fundamental solution of the equation,

dp
== Ap(txy) = Ayp(tx,Y), p(0,x,y) = 8,(x) or &,(y), x,yETLt>0

Thus, the fundamental solution defining the semigroup of bounded operators:



P = e’ = f px P dy, ¢ eL*(I?), Py, =PRP=RR
Fd

and the Markov process X(t) of 'Y (Brownian motion) such that

p(txy) = P(X; € (y,y + dy))

The physical meaning of X(t) and KGC can be explained in 2 equivalent ways: the

discretization approach and the continuous approach.
Discretization approach

Let’s consider on each unit edge the lattice with step 6, % = N, and discrete time, t, has step

size 82. For the symmetric random walk on [0, ..., N] with reflection at the point 0, let’s denote

Ty as the initial time at which the point N is reached. Then for the generating function,
¢, (x) = Egz™

we have the equation,
SN =1 ¢,00=3(@x+D+eG=1D),  x=1,  §,0) = 2,1

(Here we use the fact that all 2d legs at the point 0 are identical)

Using elementary calculations,

2
<1+m>“‘+<1_m>“
Z

(I)Z(O) =

Z

A
2 A
Let us putz = e 29N = eV, then,



1
e_}\TO,N ~ e_m

R

but (1) = e~ is the Laplace transform of the first exit time from [0,1] of the Wiener process

with reflection at 0 (or equivalently from the stun graph containing 2d unit edges from the origin
with KGC). Now we have the following construction of the embedded semi-Markovian chain to

the Brownian motion (Wiener process) on I'Y. It starts from some point ny of Z4 and after some

. ~ . —ATg — 1 . . . . .
random time, T,: Eqe cosh(V2A) it connects to one of its 2d neighbor points, n;:

d(ngy, ny) = 1, with equal probabilities i. After this we repeat the same construction, etc. The

distribution of Tt is not exponential, i.e. the corresponding process is only semi-Markovian.

Several remarks on the r.v. T,:

. . “ATh 1 .
The generating function, Eje™"% = P is closely related to the well known Euler

numbers, E, (See Ryz-Grad []), namely,

cosh(t) - P (2n)!

The Euler numbers are integers (which is not clear in the direct approach) and,

e =

cosh(\/_) Z(Zn)'
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There exists the representation of cosh(t) or cosh(\/ﬁ) into the infinite product and

corresponding expansion of ¢p(A) = into series of the simple fraction (corollary of

1
cosh(V22)

Euler formulas for cos(t) 'Fl(t) :

Z(_ e (2k — 1D)m?
cosh(ﬂ) (2k — Dm? + 81

And inverse Laplace transform gives formula for density 1,(x) of t,:

— 2k — 1) _x(2k-1)2n?
my(x) = Z(—l)k+1 %e_ 8
k=1

It is fast converging series of the exponential laws with alternating signs.) Now we’ll introduce
the construction of the process X(t) as the combination of the symmetric random walk on Z¢ and

the semi-Markovian change of the time in this walk.

Let {t,} be the collection of the independent random variables with Laplace transform

Ee % = cosh( \/_) Assuming that X(0) = 0. The trajectory of the X(t) has the following

structure. It spends time T, inside the “spider”, containing the point X(0) and 2d unit edges

connecting it to the nearest points of Z9, |X(t,) — X(0)| = 1. At the moment T, X(t,) is located
with probability % at one of the nearest points of Z4. At this vertex we repeat the same
construction. As a resulte we’ll construct the symmetric random walk on Z4 but times between
successive visits of the vertices has a distribution with Laplace transform ¢,(A) = Ege ™% =

1 . .
cosh(VZA)’ which we already introduced above.

Let’s calculate the resolvent of the Brownian motion process on rd, X(v),
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[ee]

Ra(x,y) = f e Mp(t,x,y) dt
0

Here A > 0 and (in the beginning) X,y € Z. Of course, p(t,x,y) = p(t,0,y — x). i.e. we can

use X(0) =0,y —x = z, i.e study p(t, 0,z) instead of p(t, x,y).

The embedded random walk on Z9 can visit z starting from 0 after at most d(0, z) steps,
i.e. d(0,z) is the length of the shortest path of the random walk between 0 and z. if z =

(n4, ...,ng) then

d(0,z) = Iy | = llzll,
1<ksd

Then,

0 To TotTy

RA(O,Z)=.]-e"“p(t,O,z)dton J-+ J. + e
0 To

0

Let q(n, 0,z) be the transition probability for the symmetric random walk on Z9. It is well

known that,
q(n,0,z) = 1 fei(x'g)H“(g) de
) ) d
(2m) %
Here,
— 1
H(G) =7 cos(0y)
1<k=d

Is the characteristic function of each jump.

Now,
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1 o 1 o (O (WH"(6) )
_ n i(x8)n _ i(xg) (P WHO)
R?\(O; Z) n=dz(0’z) q) (A) (ZT[)d T'[i‘ e H (e) de (21'[)d T'L- e <1 _ H(_e-))(l)()\) de

For transition probabilities, q(n, 0, z), there are asymptotic formulas based upon Cramer's

form of the central limit theorem (with large deviation). Let’s give the sketch of this theorem. Let

X4, ..., X, are random variables (i.i. d,P(x = te,j=1,.., d) = % and HQ) = Ee®® =

%lejsd cosh(A]-)). Then

Ee(i’sn) = EeOhZuisnXi) = Hn(}\) = enRO‘),

Where R(A) = ln(H(?\)). Note that H(A) is the initial characteristic function extended to the

complex plane, H(A) > 01i.e.R(}) is analytic. In the new notation,

Q(HJOJZ)=P<Z Xi =z)

But,
qx(n,0,z) = e "RMq(n,0,z)e??

It is known (but can be easily checked) that g; (n,0,z) = q,(n,x,y),y — x = z of the new

random walk, x; (n) (Cramer's transformation).

Let’s select A from the condition, Ex; (n) = z. We have first

z 9, (0, 0,z)et? = en(RA+I-RM))

zezd

and then



(Exa(m), = diw(e“(“(“”—m)lu:(,) =n—1,=12,..

It means that,
Eox;(n) = nVR(A)

Relation Ex; (n) = z now has the form

vmm:%

Let A* be the unique root of the equation. Then due to CLT for x; (t),

1
qx(t,0,2)~ 3
2nt)z |, 0%R
A" det | % ox
Or
et(R(A*)—(A*,%))
ax (t, 01 Z)

(21‘['()2\/7\* det [6?\ o

This is Cramer’s formula for large deviations. In our particular case,

R(A) =1n % Z cosh(kj)

1<j=d

and the equation VR = i has the following form,

e g ) = 6

13
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Relabel ¥, <j<q cosh(};) = A(2), then,

sinh(?\j) = ZjAn(X)
AD= Y o) = Y jmmhz (ﬂ)

For the function A(X) we have scalar equation for A*:

AR) = Z \[1+sinh2 (@)

1sj=d

This transcendental equation has unique solution and for small % it can be presented in the

following form.

A(}\)~ 215jsd ij

Continuous approach

Consider the generator

@E = ) W& -2d¢(), ¥ xezs

x:|x"—x|=1

and the corresponding random walk X(t) with continuous time. Moment of the jumps of x(t)
form the Poisson process with parameter 2d and jump moves x(t) from the point x = x(t — 0) to
x' = x(t+0), |x" — x| = 1 with probability %. Components x;(t) of x(t) = (x4, ..., xg) (t) are

independent random walks on Z¢ with the generator
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1
ANE =5 Y W) -dp), K xez

x:|x"—x|=1
Let p; (t,x,x") be the transition matrix of 1-D random walk x;(t),i = 1, ..., d then
p(t,X,X") = p1(t,1 X,X1) ... p1(t, Xg,X3)

And
f (X, X') dt = G, (x,x")

is the Green function of x(t). We want to follow notation and formulas from Feller II [], Ryzik-

Gradith [] and put 2t = s. Then the new process x(s) = x G) will have generator

APE=7 > W) -di,  xxem

x':|x"—x|=1
In Feller II (CH II) one can find the formula for the transition probabilities of x;(s):
p(t,x,x") = e (1), r=|x—x'|
ie.
p(t,0,r) = e '1.(t)
Here I,.(t) is the modulated Bessel function. In Ryzik-Gradith, there is a simple representation,

T

e '.(t) = fe 2tsin® er(e) de
\/_F r+ 0

Then



Q" e

2 - _sin2(2d N
p(t, 0, ?) =— 2 - f o 2t¥;<i<d Sin (2) 1—[ siani(ei) de
T2 [[icicaT (ri + 7) [0, isisd

Then for A > 0 and |F| = X1<i<q i

H o;
G}\(O, ?) _ . f t 7\+221<1<d sin (2)) 1_[ Sinzri(ei) de dt
2|r|T[2 l_[1<l<dr r + 0 01T]d 1<i=d
Which simplifies to,
G}\(O’ F) — (l | ) Hl_l_d ( l)

[F]+1

2|7|T[% [T1<i<aT (ri + %) [o,m]d (}‘ +2 Xi<izasin? (%))

In(a(r))

We’ll use agreement a(r) = b(r) ifa,b > 0 and In(b(n))

- 1,r = oo (logarithmical
equivalence)

Then using the Stirling formula,
n n
'(n+ 1) =n!~V2mn (E)

We can reduce the Green function asymptotically to

Mcica sin?(0;)
I \n-g }

. 1 .
Assuming r; + 5 =~ I we can further reduce this to

16
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G}\ (O' F) ~

e\
f( Mysiza (2520 \‘ .

_1d . 0;
T[d 2e@2 [0,1T]d \A + 2 leisd Sll’l2 (71)/

Where §; = % and Y;<ij<q 6; = 1. Using logarithmic Laplace approximation we get the

following relationship,

( Mo d(sin2<ei>)8i \‘
In(G,(0,1)) < IFI{max In - 25; 5 +1n <\[eid>

6i}1<i<d \)\ +2 leisd sin2 (71)/

This is the Lyapunov exponent (G5 (0,7) ~ e®"l, §(1) < 0). For any a;, b; > 0,

we can further reduce the above expression to,

. 5 (6

2 Y1 icqsin? (5
]n(G;\(OIF)) < |F| max |In 1<i=d (22
{Bi}1<i<d A+ 2 leisd sin? (71)

In the case of d = 1 then this constant §(A) can be calculated explicitly as

1
6(A) =1
@ n<1+x+w/)\(2+)\)>

Symmetric Random walk on Z9 and the central limit theorem for very large deviations.
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Let’s recall briefly Cramer’s approach for the CLT for the sums of independent
identically distributed random variables (i.e. d.r.v). We” present here the lattice r.v with values in

Z4, d > 2. Now we formulate some definitions and assumptions. Consider the vector valued r.v.
X(n) = [X1(n), ..., Xq(n)],n = 1

P{X(") = x} = P(x), x € 74
For any A € RY, such that |A| < §,8 > 0, E(eo"x)) =eRWN =y _q1e®OP(x) (Cramer’s

condition), R(0) = 0.

E(x) = VRQ)|p=o = Z xP(x) = 0 (first moment of x) (D

xezd

0°R 62>0 i=]j
o = E(X.(OX()) = = { 1= (2)
Y ( ! ) ) 67\1 67\] 0 1+ ]
o(*) = [Gi]-| i,j € {1, ...,d}] = ol4 (Covariance matrix of X(-))
The particular example
i d
E(e?®) = Ez Cosh (1;),R() =In Z Cosh () | —In(d)
i=1 i=1
|
E(x) = 0,0 =2 3)

d

Let X(n), n = 1 are iidrv such that

eR® = E(e™0) = Z e?YP(x)

xezd

And Y(Ay,n),n > 1,2, € RY, |A,| < & with distribution
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e(o0P(x)
B =g W<s ) m=1 @

Note that for fixed Ay: |Ay| < & and small enough A,

(0] eO+hoXp(x) RO
E(e?(o2)) = Z RO oRGw

xezd

Le.

E(YQo)) = (VR)(Ay) = [mDP (A, 1),i € {1, ...d}] (5)

2

0“R 0“R
E[Y(,) ® Y(ho,)] = [03(R0)] = |25 Ticy + mP o, D) @ mP (R, j>] - [ﬂlizj +mP Ao)mi” (o)l
1 1

2

Let also P™ (x) = P{S(n) = x},S(n) = x; + - + X, 4" () = P{Z (g, X) = x}, T (A0, %) =

Z?=1 YiO\O)

The central point in Cramer’s approach to the large deviation theorem for the sum S(n) in the

following formula:

(op() ()
O
qz, X) = T enROG) (7)

Based on the multiplicative property of the exponential function and elementary calculations.

After substitution in (7) (A + A,) instead of Agand summation over Z¢ we’ll get

enR(}\+}\0) — z e(A+A0,x)p(n) (X) (8)

xezd
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Now we’ll differentiate this identity over A; or A; and A; with substitution A = 0. It gives

ek IR _ Z x; 60X P ()
N i
xezd
That is
OR x;e o P ()
03, 00 = == ), %k 09 = mf G (9)
! xezd xezd

Formula (9) presents the first moment of Y. (2, x).

Similarly fori # j

OoR OoR
nzﬁo‘o)ﬁo‘o) - Z XiXiqgr;)(X) = m{®,n) (10)
' ) xezd
And fori =]
9°R
v = 2, A (11)
P xezd

Formulas (10), (11) present the second moment of ). (1, X)

Our goal is to find the asymptotics of P(™ (x) = P{S(n) = x} of x = O(n). (Large

deviation. In the usual CLT for S(n) we assume that x = 0(\/3).)

Due to Formula (7),

(n) nR(Ag)
qd; (x)e 0
PG == (12)

Let’s select parameter A, for fixed x = nx*, |x*| = 0(1) (or may be sufficiently small.)
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2. Asymptotics of the Spectral Band Gap Structure of H = —A +V, V(n)= «a

In this section, we will discuss the infinitely repeating band gap structure of the spectrum

resulting from the Schrodinger type operator,

HY(s) = (—A + Z V(n)8(s — n)) Y(s) = Ap(s), vs € rd\z4 (2.1)

nezd

with Dirichlet boundary conditions,

ym) =y,  Vnezd (2.2)
and Kirchhoft’s gluing condition, KGC,

%m) —Vm), vnezd (23)

n’:d(n,n’)=1

More specifically we aim to identify the structure of the spectrum based upon the periodic delta

potential, a, and to give asymptotic approximations for the ends of each spectral band, A,,,, based

lal
2d’

upon the relationship between |A,, | and
This topic was previously analyzed in S.M. O.S. [] and thus will make up the basis for much
of this section. The following lemma is a rephrasing of lemma 2.1 found in the previously
mentioned paper which reduces the questions of our interest to the study of a discrete
Schrédinger operator on the real axis. As stated in S.M. O.S. [] this reduction was known of at

least since the publication of the paper of Von Below [8] and can also be find it in Cattaneo [9],

Exner [10], and Pankrashkin [11].

Lemma 2.4. Let A € R satisfy the condition A # n?m? Vn € Z. Let s satisfy equations

(2.1),(2.2),and (2.3), then,
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Y — A KW, =0

n’:d(n,n’)=1

d

where A(d, k) = 2d C(k) + @S(k)’ ko) = { cos(k) A>0 { sin(k) A>0

cosh(k) A< 0 S(k) = sinh(k) A <0 "
k= A
Proof:

Let s satisfy equations (2.1) and (2.2) then V(n,n’) € I'Y where d(n,n’) = 1, we get the

following result based upon our value of 2,

W, S(klln” — x]|) = ¥, SCklln —x||)
S(k)

LIJ;\(X) = (nl - Il)

sinf(k) A>0

where S(k) = {sinh(k) A<0

Plugging the solution to the two-point problem into (2.3) gives,

Y —A(dKY, =0

n’:d(n,n’)=1

cosckk) A>0

cosh(k) A<0 andk = y[2|.m

where A(d,k) = 2d C() +“25 (1), C(k) = {

We can take the solution above and apply the Fourier transform resulting in the following
inequality,

|A(d, k)| < 2d (2.5)

Solutions to this inequality exist on a collection of disjoint intervals giving us an infinitely

repeating band gap structure in the spectrum of our operator.



Corollary 2.6. The real spectrum of the Schrodinger type operator, H, o5 (H) N R, has the
following structure based upon the value of a,
2
U [Am, ((m + 1)n) ] a>0
o,(H)NR= m=0 ,
Pod U | [(Gn = D)’ Am] a<0

m=2

where

{—k,zn m=0ifa<O0andm=1if a < —4d
Am =1 ., .
ks otherwise

for k,,, = 0 the following equation is satisfied,

C(km)+ a
S(ky) | 4dky,

dk
K(ky,) = —sgn(}) Tm =0

Proof:

By equation (2.5) we can derive an expression for the ends of the spectral bands,

aS(k)
2dk

Cck) + =+1

Rearranging this gives,

S(k
oS Ly

ck) + Sak &

We can combine these two equations into a singular equation in the following way,

(C(k) LEICMN 1) (C(k) LG 1) — 0

2dk 2dk

Multiplying out and reducing gives the following,

23

(2.7)
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S(k) (4adk C(K) + (o2 — 4d21) S(K)) = 0

This gives 2 equations for the edges of the spectral bands,

Solving for case 1, S(k) = 0, only gives solutions for A > 0, and those are,
k=nmforneN

The case of k = 0 is not valid due to the equation used to derive the identity. Let k,,, denote a

solution to case 2,

k dk
K(K) = % + ﬁ ~sgn()—

which shall be referred to as equation (2.7) for the remainder of the paper.

Now let’s focus on the structure of the roots of (2.7), k. For A > 0, (2.7) is both

continuous on each interval (nt, (n + 1)) Vn € N, and has the following behavior,

K(k) - {E ; 8 sgn(ao-l; 4d)oo ask > nntand K(k) » —wask - (n+ 1)n~

Due to these limits and the continuity of K(k), to prove that (2.7) has an unique solution
on each such interval, (nm, (n + 1)) Vn € N, it is sufficient to show that relative extrema are
nonzero or nonexistent, and the function is monotonically decreasing for positive and/or negative

outputs. Both of these can be shown in the following inequality,
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( 5 cot(k) a o + 4d)
a>—4d csc?(k) n S dl < >l
K'(k) —s n(a+4d)1K(k)—< = —44 2(k) + 1 1< ’ > <0
g K a= csc 21 12
cot(k) 2d 1
(o< —4d —csc?(k) + k()_?<_€ )
Meaning,
1
K'(k) < sgn(a + 4d) EK(k)
Thus, relative extrema are nonzero for a # —4d and nonexistent for a« = —4d and if

sgn(K(k)) = —sgn(a + 4d) then K(k) is monotonically decreasing. Thus, to guarantee a unique
solution it just remains to prove that there exists a subinterval of (n, (n + 1)) such that,

sgn(K(k)) = —sgn(a + 4d).

From the limit above, for all cases besides a < —4d and n = 0, we are guaranteed an

interval such that sgn(K(k)) = —sgn(a + 4d), due to K(k) ranging from —oo to co.

For a < —4d and n = 0, by the Mittag-Leffler's theorem we get the following inequality,
k 1 (1 « 2 1 2 1
< ——e===) ——— |k |[-=-= =_——
K(K) < cot(k) + 7 — 1 <4 anﬂz _kz)k_ <4 1T2z(2)>k k<0
n=
Thus, for a < —4d, no solutions to (2.7) exist on (0, ).

Thus, for A > 0,

{a < —-4d VneN, Ja unique k, € (nm, (n + 1)) }
a>—4d Vn€N,, Ja unique k, € (nm, (n + 1))

Now let’s focus on A < 0. For A < 0, (2.7) is both continuous on the interval (0, o) and

has the following behavior,



K(k) - sgn(a + 4d)o as k = 0% and K(k) - sgn(a)co ask - o

This gives us 3 subcases to work with, a > 0, —4d < a < 0,and a < —4d. In the

subcase of a > 0 we have no solutions to (2.7) as the following is true for all k > 0,

K(k)>1+dk+ x >1
o 4dk

In the subcase of —4d < a < 0, we have exactly 1 solution as all relative extrema are

nonzero by the following inequality,

coth(k) @ _ 0
k 2dk? —

K'(k) — %K(k) = —csch?(k) —

Meaning,
K'(k) < ! K(k
() < K9

Thus, relative extrema are nonzero and if K(k) < 0 then K(k) is monotonically decreasing.

Thus, solutions of (2.7) are unique for A < 0and —4d < a < 0.

s
4dk?

In the subcase of a < —4d, we have exactly 2 solutions as, — csch?(k) + g -
monotonically decreasing from oo to —oo,

(0

2 <
2 coth(k) csch#(k) + Qe S 0
there exists k > 0, such that coth(k) + % + ﬁ >0,
K(k)>1+ x +dk—0 tk = x
4dk T« AT T4

and
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dk « dk o
coth(k) + —+——> —wask —» 0t andcoth(k) + —+———> —wask - o

oa 4dk oa 4dk
Thus, for A < 0,
a>0 No solutions exist
dk, a
—4d<a<0 3k, > 0 such that coth(k,) + o + Ik - 0
<—4d  3kgk, > 0 such that cothCky) + 2 4 % — coth(l) + 92 4 % _ g
a< 0 Kq such that co 0 o« T adkg = co 1 o« T 3dk, -

Thus, the real part of the spectrum is as follows,

( k2, ((m + Dm)” 0
ILZJO[ ( m + 11) ] o>
o, (H)NR ={ [~k§kilu U [((m — 1)n)2,k§n] —4d<a<0
mz22
[—k2,—k2] U U [(m-Dn) K| a<—4d

\ mz22

Therefore, the real spectrum of the Schrodinger type operator, H, 6, (H) N R, has the following

structure based upon the value of a,

!{ U [?\m, ((m+ 1)11)2] a>0
N R = L[AO,?\l]_U U [((m — 1)1‘[)2,7tm] a<0

m=2

where

{—k,zn m=0ifa<0andm=1if a < —4d
Am =1, .
ks, otherwise



With equation (2.7), we can begin roughly analyzing the values of k,,. Resulting in the

following relations based upon the analysis of the sign of both sides of the equation above.

Corollary 2.8. ky,,, solutions to equation (2.7), satisfy the following identities.

ForA > 0,
a i
o >1 [mﬂ + sgn(a) =, (m + sgn(a))ﬂ)
2dk,, 2
k., €
lal <1 (mﬂ mm + sgn(a) E]
2dk,, ’ 2
ForA < 0,
4d<a<0 )
) a< 2d’
m € < d a a
a<—4d  [0,-55)u (=55 %)
Proof:
Case1: A >0

(2.7) can be rearranged into the following form

1 /2dk a
cotlkm) = E( o« 2dK )
m

This gives the following 5 inequalities,

28



29

( 1 (dem o ) <0 >0
|| 2\« 2dk,, *
2dk,, 1,2dk, «
E( « 2ak.) >0 «<0
|l 1,2dk, «
k = = — — =
cotlkm) =3 7= 1 2( o 2dkm) 0
1 (dem o ) >0 >0
ol _ )2\« 2dky, ¢
2dk,, 1 /2dky, a
\ 2( « _dem)<0 <0

The prior inequalities are satisfied if k;,, has the following behavior,

a T
o >1 [mﬂ + sgn(a) =, (m + sgn(a))n)
2dk,, 2
K, €
lal <1 (mﬂ mTt + sgn(a) E]
2dk,, ’ My

Note: The intervals may not be in increasing order.
Case2: A <0

(2.7) satisfies the following inequality,

K(k) >1+ - +dk
4dk  «

This lower bound has a single root of k = — %. Thus, by Corollary 2.6., we get the following,

_4d<a<0 [—%,oo)

T asa [omSu(- L)
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For A > 0, this gives us rough regions of length E in which we can expect a solution to

equation (2.7), kp,, but for more in-depth analysis we require more precise estimates of k. For
arbitrary accuracy we can use methods such as newton’s method but below we analyzed the

asymptotics of the solutions using perturbation theory, the Taylor series, and corollary 2.8.

Theorem 2.9. For A > 0, solutions to equation (2.7), k., have the following asymptotic structure,

0< lal K1 k m1T+ m2n2+a
= 2dk,, m=o2 4 ' d
ot a sgn(a) a sgn(a) 2
~1 k., ~ ——— = -7 14— 2
2dk, mE oGy \mT T jrt gt it
a alm + sgn(a) )1t
o o o G +sen@)
2dk,, a+ 4d
Proof:
. [af
Case 1: 0 < Zdke, <1

Equation (2.7) can be reduced to,

(0
tan(km) = K
m

By corollary 2.8,
T
k, € (mﬂ, mm + sgn(a) E]

Thus, k;;, ® mm, replacing k,;, with mm + § into the above gives the following reduced identity,

(0

tan(®) = 3T e
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Since 0 < |8| « 1 we can further reduce this to,

5 ~ o
~ d(mm + 8)

Solving for 6 and satisfying corollary 2.8 gives,

5 = mm N m?2m? N a
2 4 d
Thus for 0 < —% « 1
= 2dkp, ’
" mTt m2m? N a
m 2 4 d
. al
Case 1.b.—dem > 1
Equation (2.7) can be reduced to,
4dk
tan(k,) = — =

By corollary 2.8,
s
k, € [mn + sgn(a) > (m + sgn(a))ﬂ)

Thus, ky, = (m + sgn(a))m, replacing ky, with (m + sgn(a))m + & gives the following reduced

identity,

4d ((m + sgn((x))n + 8)

(0

tan(§) = —

Since 0 < |8] « 1 we can further reduce this to,



4d ((m + sgn(a))Tr + 8)

6= —
a
Solving of § gives,
5 4d(m + sgn(o) )
B a+ 4d
laf
Thus for 2dke » 1,
a(m + sgn(a))m
m = o+ 4d

(if |a| < 8dm + 4dsgn(a) then k,,, = m + sgn(«) = is a better approximation)
2

la ~1

Case 1.c: =~
2dkp,

Equation (2.7) can be reduced to,

4d%K2, — o

cot(km) = —7 ik
m

ool
By corollary 2.8, 1fm = 1 then,

i
kK, = mm + sgn(a) >

Thus, k,, = mm + sgn(a) g, replacing k,;, with mm + sgn(a) g + & gives the reduced identity,

2
a? —4d? (m‘l‘[ + sgn(a) % + 6 )
tan(8) =

4ad (m‘l‘[ + sgn(a) g +6 )

Since 0 < |8] « 1 we can further reduce this to,
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2
a? — 4d? (mn + sgn(a) % + 8§ )

o= 4oad (mn + sgn(a)%+ 6)

Solving for 6 and satisfying corollary 2.8 gives,

—(a+ 2d) <m+SgnZ&)ﬂ+a\[1 +%+ (m+sgnz(a))2n2

2(a+d)

lal
Thus for 2k 1,

a sgn(a) a sgn(a) 2 )
km~2(a+d) <m+ > >ﬂ+\[1+d+<m+ > T

Therefore, For A > 0, solutions to equation (2.7), k,,,, have the following asymptotic structure,

o<t 1 UL L
= 2dky, m~ 2 4 ' d
ot a sgn(a) a sgn(a) 2 X
dem~1 kmN—Z(a+d) m + > ™+ 1+a+ m + > i1
o a(m + sgn(a) )
ol k. (m + sgn(a))
2dk,, o+ 4d
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3. # of Discrete Eigenvalues for H = —A + V, V(n)= a + Bd,,(n) forx; € 741i=1,..,N

Expanding upon our discussion in section 2, we will now consider finitely many

perturbations to the potential. We will begin this analysis with the case a single rank 1

perturbation to the potential at the origin, V(n) = {a _T_ B E z 8 From lemma 2.4, we get the
following equation for this choice of potential,
B8, S(k)
Y —A(dKY, = OTqJn (3.1)
n’:ln-n'|=1
_ a« _(cos(k) A>0 _ { sin(k) A>0
where A(d, k) = 2d C(K) + 509, €09 = { 2% b A zgadsw={in0 37w

can take the solution above and apply the Fourier transform resulting in the following inequality,

_ BS(k)qJ

2 cos(jy) —A(d,k) |P = n o (3.2)

n’:ln-n’|=1

We can solve (3.2) in the following manner via solving for ¥ and taking the inverse Fourier

transform,

B S(k) Woeldn)

@0 ) Trenza2costin) — A1) )~ oGO0 (33)

Y(n) =

where t¢ = [—m, |4 and d] = [[;<p<q dj,. As shown in (3.3) we’ll define Green’s function

in the following way,

S(k) e"iUm-n)

(2m)dk A Y 1<n<d 2 cos(j,) — A(d, k) dJ (3.4)

G,(m,n) =

Plugging in 0 for n in (3.3), solving for 71, and simplifying using a u-substitution gives,



B (mik

1 sgn(A(d,K) S(k) (

T 1<n<d

This gives us a restriction on the values of the perturbation, (3, which will result in
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> 2cos(y) - A, k)l) dJ = G,(0,0) (3.5)

eigenvalues. Before we can properly count the number of eigenvalues we must first prove some

seemingly unrelated identities.

Lemma 3.6. Ford,m € Nand M = {M,, ..., My} € Z9,

1<nsd

has the following simplification,

m, — |[M
0 an“TlnleNo

C M) = m!
d’m( ) z | | otherwise
my _'lhdnl 1 (Mn +|Nln| 1
Zgzl mp=m 1<nsd 2 . 2 .

Proof:

By symmetry,

Cam) = sz [ [ cos(Mnm( > COS(J'n))de'

zd 1=n=d 1<nsd

By the multinomial theorem,

-5 3 ]

<n<
nlm mlnd

f cos(M,j,) cos™n(j,) dj,

By orthogonality, this integral can be simplified in the following way,
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m, — |M
} 0 n 2| nl ¢ N,
1
f cos(M,jn) cos™n(j,) dj, = AL _
my! otherwise
T Zmn mn _ |Mn| 1 mn + IMI’II 1
2 ' 2 '
Thus, the above equality can be restated as the following,
m, — |M
0 In “Tlnl & N,

C M) = m!
am(M) Z 1_[ otherwise

m, — |[M m, + M
Zg=1mn=m15n5d< 1 2| nl)'( n 2| nl)'

A=n?n?forneN
Lemma 3.7. ForA € p; N R\{0}, |G,(0,0)| < oo if {IA(d, k)| >2d d<2
|A(d, k)| =2d d>2

Proof:

Case 1: A=n?m? forn € N

sgn(A(d, k)) S(k)
B (2m)dk

1GA(0,0)] = <|A(d, k)| - Z 2 COS(J'n)> dj =0

d 1<n=sd
Thus, |G, (0,0)| < o for A = n?w? forn € N.
Case 2: A # n®m? forn € N

Ask #nm, 0 < (IZS;([_I;)IIk < oo and thus, will have no bearing on if |G (0,0)| < oo allowing us to

drop this factor for the following analysis. Let |A(d, k)| = 2d and 6 € (0, 1], then |G, (0,0)| can
be broken into 2 areas of integration, the ball of radius &, Bg(0), and the relative

compliment, t%\Bg(0), giving the following,
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f(lA(d,k)l — 1;SOIZCOSGH)> dj = f .d] + f Ld=1L 40

d Bs(0) td\Bg(0)

As (JA(d,K)| = X 1<n<q 2 c0s(j,)) "t is bounded on t¥\Bs(0) V& € (0, ], I, is always finite,
leaving the question of convergence up to the convergence of I;. By the Taylor series of cos(j,),

we can rewrite I, as follows,

o) -1
—1)!
I = |A(d, k)| — 2d + j2—2 ( )jﬁl dj
D!
1<n<d 1 2

Bs(0) <nsd I=

This allows us to derive the following lower bound for our integral, I3,

-1
> f(IA(d,k)|—2d+ Z jg) =1

Bs(0) 1<ns<d

Note that I satisfies the following relationship V|A(d, k)| = 2d & V6 € (0, ],

d

-1 -1
L -1 < f(Zd—Z Z cos(jn)) —<Z ]ﬁ) d]<(§;! 4Sin12(8)_51_2 89 < 0

Bs(0) 1<n=<d 1<n=d 5

Thus, I; converges if and only if ] converges. We can convert I into the following d-

dimensional spherical integral,

d s d s
. dmz rd-1 q dnz [ rd-t q
1_<Q),J‘r2+|A(d,k)|—2d r_(g),fr2+c r
2)°0 2)°0

Using partial fractions we get the following identity,



d-1

ol [
:f( C) r + z rd—l—Zi(_c)i—l dr

0 i=1

r2+c

8

f rd—l
r’+c

0

Plugging in this identity into the equation for I and solving gives the following result,

d-1
d l J : \‘
d-2i i—-1
I (I(d o+ Z 84721(2d — |A(d, k) |)

()\ )

d
QIO (142 ) d=2n

where I(d, k) = 2 IA(dI)|-2d |
@d-1A@RD T s\
AdI]-2d arCtan< IA(d,k)l—zd) d=2n+1

Thus, we have two distinct behaviors based upon the value of |A(d, k)|.

When |A(d, k)| > 2d, we get the following relationship for all d,

d-1
. iy W
TET St ITCA e
()\ |

When |A(d, k)| = 2d, we get the following relationships ford > 2 and d < 2,

( d

dm2 d-2
—d8 < oo d>2
o @)
d‘l‘[% : dT[g( )
I = f d=3 dr = ¢ ln(8)—11m In(t) d=2
O |®
d—ﬂ%(—1+l' 1)—oo d=1
@Y



Thus,

L < o if {lA(d,k)l >2d d<2
1 |A(d,kK)| =2d d>2
A=n?n?forn €N
Therefore, for A € p; N R\{0}, |G,(0,0)| < oo if {lA(d, K|>2d d<2.m
[A(d,kK)|=2d d>2

Lemma 3.8. For M = {M,, ..., M4} € Z9,

S(k) elM)

G}‘(O' M) - (Zﬂ)dk ,[ 21<n<d 2 COS(]n) - A(d' k) d]

has the following analytic solution,
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Sk - CamM) Sk = (2m 4+ [[M|D! Z 1_[
A(d, Kk Zu A(d, k)™ B A(d,k)kmzoA(d,k)zmuMu mn'(mn+ M. D!

n 1mp=m 1sns
Proof:
By Lemma 3.7,

|A(d, k)| >2d d<2

G2 (0, M)] < [G(0,0)] < oo {|A(d K| =2d d>2

Since [Z1sn<a2 cos(n)l <1v]=

e = {j1,j2, -,jq} such that] # 0 and ] & dt9, we can rewrite

G, (0, M) in the following way,

— 1 S(k) N i(], lensdzcos(jn) "
GOM =~ GKAE [ mZOeUM)< A(dK) ) 4

As this integral is finite by Lemma 3.7, the Fubini—Tonelli theorem states that the integral and

summation can be interchanged giving,
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[00]

S(k) 12 ) S0 X Cam(D)
" A(d Ok L A O™ 2m)° [ € UM)( Zd“’s@n)) 4 = Ak L A O™

T 1<n<

where Cgq (M) = (22:; 7 Ja elUM (3. 4 c0s(j,))™ d]. By Lemma 3.7, the above equality can

be restated as the following,

S 2m + [IM)!
6.0, M) = _A(d,k)kmzoA(d,k)2m+||M|| Z ﬂ mn'(mn+|M D!

1<n
n 1 Mp=m

Therefore, for M = {M,, ..., M4} € Z9,

S(k) elM)
(Zﬂ)dk j 21<n<d 2 COS(]n) - A(d’ k) d]

G;\(O, M) =

has the following analytic solution,

CSM N G SM) Y (2m+ [IMID! Z H
A(d, Kk Zu A(d, k)™ A(d,k)kszA(d,k)Zm’f”M” Ll mn'(mn+|M D!

Lemma 3.9. For A € p) N R, G;(0,0) is monotonically decreasing with respect to A.
Proof:

For A € p; N R, the integrand of G, (0,0) is absolutely continuous V] = {j;, i, ...,jqa} € 9. Thus,
by the fundamental theorem of calculus and Leibniz integral rule, the derivative of G, (0,0) with

respect to A can be reduced to the following,

d(Gr(0,0)) _ fsgn(x)(21<n<dcos(ln))(kC(k)—S(k)) dsgn@)(k — SECA))
aA (2m) K3 (S 1snsa 2 cos(in) — A, K)°

d
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vk > 0 the following inequality holds,
[kC(k) — S(k)| < sgn(V)(k — S(K)C(K))
Thus, vk > 0 & Vc € [—d,d],
c(kC(k) — S(k)) — dsgn() (k — S(K)C(K)) < 0
Therefore, G, (0,0) is monotonically decreasing with respect to A.m

Theorem 3.10. For A € p; N R and q, B € R, the number of discrete eigenvalues which solves

(3.5), N(B), is given by the following,

Ca,m(0) (1)2 )
Zm 0 zaymt  \2d < T4, then,

NB) <1

Cam(©® _ (g)z > 2
Zm 0 (Zd)m+1 2d = T, then,

1| ap Cqm(0) (x 2
N®~2 |- Z(Zd)m+1 Zd)

where the error is less than 1,

1| o Cqm(0) 0( 2
- Z Qd)m (0) ~N®)|<1

Note: VB € R such that sgn(B) = —sgn(a), N(B) = o ford < 2 and N(B) < o ford > 2.

Proof:
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Using (2.7) we can derive the following expression assuming S(k) # 0 and |A(d, k)| = 2d,

S(k) o« 1
A Kk 2d2 o \2
A+ (29)

(3.11)

By Lemmas 3.7 through 3.9., the monotone convergence theorem, and (3.11), we have the

following identity,

« 1 o Cq (0
lim G,(0,0) = —~ am(0) (3.12)

d}m + (%)2 m=0 (2d)m+!

which is finite for d > 2 and is —sgn ( E‘a)2> oo ford < 2.
Ant(=
2d

By Corollary 2.6, Lemma 3.9., and (3.12), then for all intervals in p; N R, G;(0,0) can be

bounded in the following way,

« 1 o Cam(0)
G (00) €( 0, —3 7 D o (3.13)
Ay + (m) m=0
Note: The intervals may not be in increasing order.
For (3.5) to satisfy (3.13), the perturbation, 8, must satisfy the following,
sgn(f) = —sgn — o (3.14)
M+ (20)

Solving 3.13 for A, using (3.14), gives the following,

2 B Cam(0) :
e (-G -5 - () @19
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Note: The intervals may not be in increasing order.

If —=5 Z Lam©® (i)z < 12 then by corollary 2.6 and (3.15), N(B) < 1
m=0 (2d)m+1 2d y y <. . ) = 1.

2
Zm 0 ((;ilgnrr(l?-)l (%) > 12 then by corollary 2.6 and (3.15), we find the following

relationship to the number of discrete eigenvalues which solve (3.5),

O(B Cdm(o) (X 2
}\N(B) 1+Sgn(°‘) Z d)m+1 Zd) <)\N(B)+1 sgn(a) (3.16)

By corollary 2.6, we can extend (3.16) in the following way,

Cdm(o) a2

(N(B) - D?n? < — BZ(Zd)m+1 (57) < M@ + 12w

We can rearrange this inequality into the following expression,

1| ap Cqm(0) (x 2
T Z (2d)m+1 ﬁ) —NB)|<1 (3.17)

Thus,

1| oB Cam(0) a 2
N(B) ~ — Z T (z9) (3.18)

Repeating our calculations for the case of a single perturbation for some finite collection of

perturbations separated by ||M,],
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o ne¢z
V(n)_{a+[3 nez

where,
Z={x;€Zi=1,..,N, x; =0,and Vi <j <N, d(x;,%;) > [IM,ll}

gives the following by Lemma 2.4,

W, — AWK, = ¥, BS—(k)Z 5y, (3.19)

nlzln_n’|_1 XlEZ
Taking the Fourier transform of both sides and simplifying, gives the following,

2 cos(j,) — A(dk) |P = BST(k)Z P, e 10 (3.20)

n’:ln-n'|=1 X{€Z

We can solve (3.20) in the following manner via solving for ¥ and taking the inverse Fourier

transform,

BSGO [ Tep e
Y = Gk | Frnea2 005G —AGR Z“’ Gl (320

where ¢ = [—m,]¢ and d] = [[;<p<q dj,. Putting everything to 1 side gives,

P =B ) YEDG(x) = 0 (3.22)

XiEZ
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Theorem 3.23. Ford = 3,X € p N R and o, B € R, if ||[M,]| > 1, the number of discrete

eigenvalues which solves (3.22), N(B), is given by the following,

Cd,m(0) (g)z 2
Zm 0 aymt  \2d < 1?4, then,

N(B) <N

_ By M_(i)z 2
dzm:o(zd)mﬂ ” > 1%, then,

N | of Cam(0) (x 2
N®~ 2 |- Z(Zd)m“ (30)

where the error is less than N,

N | o Cqm(0) a 2
Z(Zd)m“ (30) ~N®|<N

Proof:
Plugging in n = x; Vx; € Z into (3.22) gives the following system of equations,

Wy,

=Al i |=0 (3.24)

[1 - BG}:(Xlixl) _BG?\(.XliXN)
Wy

_BGA(-XN' Xl) 1- BG?\.(XN! XN)

N
Since {‘{‘Xi}KN are arbitrary, this equality is only zero if det(A) = 0. Via symmetry G;\(Xi, X]-) =

G;\(Xj, Xi) Vi, j € {1, ..., N}, we can rewrite the matrix “A” in the following way,

A=

1 - BG)\(0,0) _BGA(XLXN)]
: . : (3.25)

GGk xn) 1 —BGr(0,0)
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Meaning the determinant can be simplified in the following way assuming 1 — BG,(0,0) # 0,

1 _ BGK(0,%; — xy)
y ( 1 — BG(0,0) \‘
det(A) = (1 — BG(0,0))  det : : =0 (3.26)
_ BGK(0,%; — x) 1
1 — BG(0,0)

By Lemmas 3.7 and 3.8, for M € Z4, as ||M|| = o0, G, (0, M) — 0 thus Ve > 0 3||M,|| € N such

that VM € Z9 such that [M]] = [[M,]l, |G, (0, M)| < € « |% — G3(0,0)|- Making (3.26) into,

1 -+ 0
det(A) ~ (1 - BG,(0,0))" det([i D = (1-BG(0,0) =0 (3.27)
o --- 1
Therefore, by theorem 3.10,
@B oo Cam(0) a\? _
_FZmzo (2dym+1 - (E) < 1%, then,
N(B) <N

aBwow  Cam(0) o\ 2
If —— X =0 (Z‘L)mﬂ - (E) > 1%, then,

N ap Cqam(0) a 2
NGB~ T Z Qdm+t Zd)

where the error is less than N,

N (XB Cdm(o) ( o2

™ L 2 za) MO <N
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