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ABSTRACT

SUXIAN ZHOU. Statistical Methods for Transcriptomic Deconvolution and
Temporal Gene Expression Modeling. (Under the direction of DR. SHAOYU LI)

High-throughput RNA sequencing technologies have transformed the study of cel-

lular heterogeneity and dynamic gene expression programs. Bulk RNA sequencing

provides aggregate measurements from mixed cell populations, whereas single-cell

RNA sequencing offers cell-level resolution but is often affected by sparsity, technical

noise, and limited sample coverage. These complementary characteristics motivate

the development of statistical methods and computational algorithms that integrate

bulk and single-cell transcriptomic data to estimate latent cellular compositions and

characterize temporal gene expression dynamics.

This dissertation develops two statistical learning frameworks for transcriptomic

data analysis. The first framework, GSNMF+, addresses bulk RNA-seq deconvolu-

tion by incorporating single-cell reference information into a geometry-guided non-

negative matrix factorization model. Standard NMF-based deconvolution is often

ill-posed and sensitive to initialization and noise in the data. To improve robust-

ness and interpretability, GSNMF+ introduces augmented pseudo-bulk mixtures, a

solvability-guided regularization term, and a manifold-based penalty to encourage bi-

ologically meaningful latent components and stable proportion estimates. Simulation

studies with known ground-truth proportions demonstrate that GSNMF+ improves

deconvolution accuracy compared with existing approaches. Real bulk RNA-seq ap-

plications further show that the method produces more consistent stage-composition

estimates across independent single-cell reference datasets.

The second framework, BetaDE, focuses on pseudotime-based differential expres-

sion analysis for single-cell RNA-seq data. Instead of relying on a single smooth

trajectory model, BetaDE represents temporal gene expression patterns using a col-
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lection of beta-shaped basis functions that capture diverse activation patterns along

pseudotime. To accommodate the distributional features of single-cell count data,

including overdispersion and excess zeros, BetaDE considers multiple count-based

models, including Poisson, Negative Binomial, zero-inflated Poisson, and zero-inflated

Negative Binomial models. Model and kernel selection are performed using Akaike

Information Criterion, followed by hypothesis testing to identify genes with signifi-

cant temporal expression changes. The fitted kernel-based features are further used

for functional clustering to recover groups of genes with similar dynamic expression

patterns.

Together, these two projects address complementary challenges in transcriptomic

analysis: estimating hidden cellular compositions from bulk RNA-seq data and mod-

eling dynamic gene expression programs from single-cell RNA-seq data. By combining

matrix factorization, geometric regularization, data augmentation, pseudotime mod-

eling, flexible count distributions, and functional clustering, this dissertation provides

statistical tools for integrative analysis of bulk and single-cell RNA-seq data, with ap-

plications demonstrating their utility in complex biological systems.
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CHAPTER 1: INTRODUCTION

1.1 Malaria

Malaria is a life-threatening infectious disease caused by protozoan parasites of the

genus Plasmodium, which are transmitted to humans primarily through the bites of

infected female Anopheles mosquitoes. Despite decades of control efforts, malaria

remains a major global public health burden, particularly in tropical and subtropical

regions. According to the World Health Organization, there were an estimated 282

million malaria cases and 610,000 malaria deaths worldwide in 2024 [2]. The burden of

malaria is highly uneven across regions, with the WHO African Region accounting for

the majority of global cases and deaths. As shown in Figure 1.1, malaria transmission

is concentrated in sub-Saharan Africa, with additional burdens observed in parts of

South America, South Asia, and Southeast Asia.

Figure 1.1: Estimated number of malaria cases by country (2024)

Source: World Health Organization

Several Plasmodium species can infect humans, including P. falciparum, P. vi-

https://www.who.int/data/gho/data/indicators/indicator-details/GHO/estimated-number-of-malaria-cases
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vax, P. malariae, P. ovale, and P. knowlesi [3]. Among these species, P. falciparum

is responsible for the most severe form of malaria and accounts for the majority

of malaria-related deaths worldwide. P. vivax also contributes substantially to the

global malaria burden and is notable for its ability to form dormant liver-stage par-

asites, which can reactivate and cause relapsing infections. These species differ in

their geographic distribution, clinical severity, and biological characteristics, making

malaria a complex disease from both clinical and biological perspectives.

Figure 1.2: Life cycle of malaria parasites

As we can see in Figure 1.2, the Plasmodium life cycle is complex and involves both

human and mosquito hosts. In humans, infection begins when sporozoites are injected

into the bloodstream during a mosquito bite and migrate to the liver. After replication

in hepatocytes, parasites are released into the bloodstream and invade red blood cells.

During the intraerythrocytic developmental cycle, parasites progress through several

morphologically and transcriptionally distinct stages, including the ring, trophozoite,
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and schizont stages. This blood-stage cycle is responsible for the clinical symptoms

of malaria and is therefore a major focus of molecular and transcriptomic studies.

1.2 RNA sequencing

RNA sequencing (RNA-seq) is a high-throughput sequencing technology used to

measure transcript abundance at the genome-wide scale. Compared with earlier tran-

scriptomic technologies, RNA-seq provides a digital, sequence-based measurement of

RNA molecules and enables the quantification of gene expression, identification of

novel transcripts, examination of alternative splicing, and comparison of transcrip-

tional programs across biological conditions [4, 5]. In a typical RNA-seq experiment,

RNA molecules are extracted from biological samples, converted into complemen-

tary DNA (cDNA), sequenced, and computationally processed to produce gene- or

transcript-level count matrices. Because RNA-seq data are naturally represented as

counts, downstream analyses often rely on statistical models that account for se-

quencing depth, biological variability, and overdispersion [6, 7]. In malaria research,

RNA-seq and related transcriptomic technologies provide important tools for studying

parasite development, host–parasite interactions, and stage-specific gene regulation

during the Plasmodium life cycle.

1.2.1 Bulk RNA Sequencing

Bulk RNA sequencing measures the aggregate transcriptomic signal from a pop-

ulation of cells or organisms within a biological sample. In this approach, RNA is

extracted from the entire sample, and sequencing reads are summarized to estimate

the overall abundance of genes or transcripts. Bulk RNA-seq has been widely used

for differential expression analysis, pathway analysis, and characterization of tran-

scriptional changes across tissues, time points, disease states, or experimental per-

turbations [4, 5]. Its mature experimental protocols, relatively low cost per sample,

and well-established statistical frameworks make it a powerful tool for studying gene
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expression at the sample level.

A key limitation of bulk RNA-seq is that it averages expression across all cells

present in the sample. When a sample contains multiple cell types, developmental

stages, or cellular states, the observed bulk expression profile reflects a mixture of

their individual transcriptional signals. Therefore, differences observed in bulk RNA-

seq may result from true transcriptional regulation within a cell type, changes in

cell-type or stage composition, or a combination of both. This limitation is particu-

larly relevant in malaria studies, where blood-stage parasite populations may contain

mixtures of ring, trophozoite, and schizont stages. As a result, bulk RNA-seq alone

cannot directly resolve the stage-specific contributions underlying the observed ex-

pression profile, motivating the development of computational methods for estimating

cellular or developmental composition from mixed transcriptomic data.

1.2.2 Single-cell RNA Sequencing

Single-cell RNA sequencing (scRNA-seq) extends transcriptomic profiling to the

resolution of individual cells. Instead of measuring an averaged signal from a mixed

population, scRNA-seq captures and sequences RNA molecules from individual cells,

allowing researchers to characterize cellular heterogeneity, identify rare cell popu-

lations, reconstruct developmental trajectories, and study dynamic gene expression

programs [8, 9]. Early scRNA-seq protocols demonstrated that whole-transcriptome

expression profiling could be performed at the single-cell level [8]. Later advances,

including droplet-based technologies, greatly increased the number of cells that could

be profiled in parallel and made large-scale single-cell studies feasible [10, 11].

In malaria research, scRNA-seq has been used to profile individual Plasmodium

parasites and to characterize transcriptional variation across parasite developmental

stages and life-cycle transitions [12, 13]. These data are especially useful for studying

the intraerythrocytic developmental cycle, during which parasites progress through

transcriptionally distinct ring, trophozoite, and schizont stages. Single-cell transcrip-
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tomic profiles can also serve as reference signatures for estimating stage composition in

bulk RNA-seq samples. At the same time, scRNA-seq introduces additional statisti-

cal and computational challenges, including sparsity, technical noise, variable capture

efficiency, batch effects, and the need for preprocessing, normalization, dimensionality

reduction, clustering, and trajectory inference [14, 15, 16].

1.2.3 Comparison of Bulk and Single-cell RNA Sequencing

Bulk RNA-seq and single-cell RNA-seq provide complementary views of transcrip-

tomic variation. Bulk RNA-seq is well suited for measuring sample-level transcrip-

tional changes across many biological samples, whereas scRNA-seq is better suited

for resolving heterogeneity among individual cells and identifying cell-type- or stage-

specific expression patterns [4, 14, 17]. In this sense, bulk RNA-seq provides broad

and stable measurements at the population level, while scRNA-seq provides higher-

resolution information about the cellular composition and transcriptional states un-

derlying those population-level signals.

The relationship between these two technologies is particularly important for com-

plex biological systems. In mixed samples, the bulk expression profile can be viewed

as a composite signal generated by multiple underlying cell types or developmental

stages. Single-cell RNA-seq can help interpret this composite signal by providing

reference profiles for individual cell populations or parasite stages. Computational

deconvolution methods use these reference profiles to estimate the underlying cellular

or developmental composition of bulk transcriptomic samples [18]. Thus, the integra-

tion of bulk and single-cell RNA-seq connects large-scale sample-level profiling with

high-resolution cellular information.

This connection is central to the present dissertation. In malaria transcriptomic

studies, bulk RNA-seq provides mixed expression profiles from parasite populations,

while single-cell RNA-seq provides stage-specific reference information and enables the

study of temporal gene expression dynamics at cellular resolution. Together, these
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technologies motivate the two major methodological directions of this work: decon-

volution of bulk transcriptomic samples using single-cell references, and functional

modeling of single-cell temporal gene expression patterns.

1.3 Cell Composition Heterogeneity

Cell composition heterogeneity refers to variation in the relative abundance of dif-

ferent cell types, developmental stages, or cellular states across biological samples.

In transcriptomic studies, this heterogeneity is especially important because differ-

ent cell populations often have distinct gene expression profiles. Therefore, the gene

expression measured from a heterogeneous sample reflects not only the transcrip-

tional activity within each cell population, but also the relative proportions of those

populations.

In bulk RNA-seq, the observed expression profile can be viewed as a mixture of cell-

type- or stage-specific expression profiles. For a bulk sample containing K underlying

cell populations, the expression of gene g can be approximately represented as

Yg ≈
K∑
k=1

pkXgk + εg (1.1)

where Yg denotes the observed bulk expression of gene g, Xgk denotes the expres-

sion of gene g in cell population k, pk denotes the proportion of cell population k,

and εg represents measurement noise and other unexplained variation. Under this

framework, the bulk expression profile depends jointly on the cell-population-specific

expression levels and the underlying cellular composition [19, 20].

Cell composition heterogeneity can complicate downstream analyses of bulk tran-

scriptomic data. For example, a gene may appear to be differentially expressed be-

tween two conditions simply because the proportion of a cell type expressing that

gene differs between the conditions. Conversely, true cell-type-specific transcriptional

changes may be masked if they occur in a rare cell population or if changes in different
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cell populations move in opposite directions. As a result, ignoring cell composition

heterogeneity can lead to misleading conclusions in differential expression analysis,

clustering, pathway analysis, and biomarker discovery[18, 20].

This issue is particularly relevant in malaria transcriptomic studies. During the

intraerythrocytic developmental cycle, Plasmodium parasites progress through tran-

scriptionally distinct ring, trophozoite, and schizont stages. Bulk RNA-seq sam-

ples from infected blood may contain mixtures of parasites at different developmen-

tal stages, especially when the parasite population is not perfectly synchronized.

Therefore, observed differences in bulk parasite gene expression may reflect differ-

ences in stage composition, stage-specific gene regulation, or both. Estimating the

developmental-stage composition of malaria samples is thus important for interpreting

bulk transcriptomic profiles and for distinguishing biological regulation from compo-

sitional effects[21, 22].

Cell composition heterogeneity also motivates the integration of bulk and single-

cell RNA-seq data. Single-cell RNA-seq provides high-resolution reference profiles for

individual cell types or developmental stages, while bulk RNA-seq provides sample-

level expression measurements across larger cohorts. By combining these two sources

of information, computational methods can estimate the underlying cell-type or stage

proportions in bulk samples and improve the biological interpretation of mixed tran-

scriptomic signals [18, 20]. This provides the conceptual foundation for cell-type

deconvolution methods, which are introduced in the following section.

1.4 Deconvolution Methods

Cell-type deconvolution methods aim to estimate the cellular or developmental

composition of heterogeneous transcriptomic samples. In bulk RNA-seq studies, the

observed expression profile is usually generated from a mixture of multiple cell types,

developmental stages, or cellular states. Therefore, deconvolution methods seek to

separate the mixed bulk signal into underlying cell-type-specific expression profiles
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and their corresponding proportions.

A common formulation represents the bulk gene expression matrix as a linear mix-

ture:

G = CP + ε, (1.2)

where G denotes the observed bulk expression matrix, with Gij representing the

expression level of gene i in bulk sample j. The matrix C denotes the cell-type- or

stage-specific expression matrix, with Ci` representing the expression level of gene i in

cell type or stage `. The matrix P denotes the cell-type or stage proportion matrix,

with P`j representing the proportion of cell type or stage ` in bulk sample j. The

term ε, with entries εij, represents measurement noise and unexplained variation.

In many applications, the columns of P are constrained to be nonnegative and

to sum to one, so that each column represents the composition of one bulk sam-

ple. This linear mixture model provides the basic mathematical framework for many

transcriptomic deconvolution methods [18, 19, 20].
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Figure 1.3: Illustration of transcriptomic deconvolution. The observed bulk RNA-seq
expression matrix (G) is modeled as a mixture of cell-type- or stage-specific expression
profiles (C) and sample-specific cell-type or stage proportions (P), with residual noise
represented by (ε).

As shown in Figure 1.3, deconvolution links the observed bulk transcriptomic pro-

file to two biologically interpretable components: the expression signatures of the

underlying cell populations and their relative abundances across samples. Depending

on whether external reference profiles are available, deconvolution methods can be

broadly divided into reference-based and reference-free approaches.

Reference-based methods assume that cell-type-specific expression profiles are avail-

able from external reference data, such as purified cell populations or single-cell
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RNA-seq. Under this setting, (C) is treated as known or estimated from the ref-

erence, and the main goal is to estimate the proportion matrix (P). Methods such as

CIBERSORT, CIBERSORTx, MuSiC, Scaden, and BayesPrism belong to this cate-

gory [19, 20, 23, 24, 25]. These methods differ in their statistical assumptions and

computational strategies. For example, CIBERSORT uses support vector regression

to estimate cell fractions from bulk expression profiles, MuSiC uses multi-subject

single-cell references to estimate cell-type proportions, Scaden applies deep learning

to predict cellular composition, and BayesPrism uses a Bayesian framework to inte-

grate bulk and single-cell RNA-seq data.

Reference-based methods are powerful when a high-quality and biologically matched

reference is available. Single-cell RNA-seq has made this approach increasingly use-

ful because it provides high-resolution cell-type- or stage-specific expression profiles.

However, reference-based methods can be sensitive to differences between the bulk

data and the reference data, including batch effects, platform differences, missing cell

types, cell-state differences, and biological mismatch between the reference and target

samples.

Reference-free methods do not require external cell-type-specific reference profiles.

Instead, they attempt to estimate both the expression matrix (C) and the proportion

matrix (P) directly from the bulk expression matrix (G). This setting is also called

complete deconvolution because both unknown components of the mixture model

are estimated. Reference-free methods are useful when suitable reference profiles are

unavailable or unreliable, but they are statistically more challenging because the fac-

torization problem is generally ill-posed and may not have a unique solution. Methods

such as CDSeq, STdeconvolve, and GSNMF address this problem by imposing ad-

ditional modeling assumptions, latent structure, or geometric constraints to improve

identifiability and interpretability [26, 27, 1].

In malaria transcriptomic studies, deconvolution is particularly relevant because
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bulk RNA-seq samples may contain mixtures of parasites at different developmental

stages. In this context, the columns of (C) can be interpreted as stage-specific ex-

pression profiles for ring, trophozoite, and schizont stages, while the columns of (P)

represent the corresponding stage proportions in each bulk sample. Accurate estima-

tion of these proportions can help distinguish changes in parasite stage composition

from true stage-specific transcriptional regulation. Therefore, deconvolution provides

a key computational tool for interpreting mixed malaria transcriptomic data.

Among the deconvolution approaches described above, reference-free methods are

especially relevant when reliable cell-type- or stage-specific reference profiles are un-

available or when the available references may be affected by batch, platform, or

biological differences. The following section introduces geometric structure-guided

nonnegative matrix factorization, a reference-free complete deconvolution framework

that builds on the linear mixture model in Equation 1.2 and incorporates geometric

information from the bulk expression data to improve identifiability and interpretabil-

ity.

1.5 Geometric Structure Guided Nonnegative Matrix Factorization

Mathematically, reference-free deconvolution can be solved as a nonnegative matrix

factorization (NMF) problem:

(C∗,P∗) = arg min
C≥0,P≥0

1

2
‖G−CP‖2F + 1T (P) (1.3)

where ‖ · ‖F denotes the Frobenius norm, and 1T (P) is an indicator function that

enforces constraints on the proportion matrix, such as nonnegativity and column-

wise sum-to-one constraints.

However, the NMF is strongly ill-posed and solutions are generally not unique: if
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(C∗,P∗) is a local minimum , then for any Ω ∈ Rk×k,

Ĉ = C∗Ω and P̂ = Ω−1P∗ (1.4)

are also solutions, as long as their non-negativity is satisfied.

Figure 1.4: Convex-hull view of NMF non-uniqueness
Reproduced from Chen et al.[1]

The non-uniqueness of the basic NMF formulation can also be understood from a

geometric perspective. As shown in Figure 1.4, the blue dots represent the rows of

G, and the black triangle represents the nonnegative orthant. The NMF problem

can then be interpreted as finding a simplex, whose vertices correspond to the rows

of P, that contains all observed rows of G within the nonnegative orthant. However,

without additional constraints, such a simplex is not unique. For example, both the

red solid triangle and the green dashed triangle are feasible choices of P because they

both enclose the observed data points. Therefore, multiple factorizations can ex-

plain the same data matrix G, leading to non-identifiable and biologically ambiguous

estimates of cell-type proportions and cell-type-specific expression profiles.

The non-uniqueness of NMF solutions can substantially affect downstream sta-
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tistical analyses and lead to ambiguous biological interpretations. Therefore, it is

necessary to restrict the feasible search space of the factor matrices in order to im-

prove solution identifiability and interpretability. The uniqueness of an NMF solution

is formally defined as follows [28].

Definition 1 (Uniqueness of NMF solution) The solution (C∗,P∗) of NMF is

unique, or identifiable, if and only if for any other solution (C̄, P̄), there exists a

permutation matrix Π ∈ {0, 1}k×k and a diagonal scaling matrix S with positive

diagonal matrix such that

C̄ = C∗ΠS and P̄ = S−1ΠᵀP∗.

Further results in [29, 28] indicate that, under certain conditions [30, 31, 32, 33], the

NMF solution can indeed be unique. Two notable results among them are:

Theorem 1 (Strong identifiability condition) Assuming k = rank(G), ε = 0, if

problem admits a solution, for which both Cᵀ and P are separable matrices, then the

solution is unique.

Theorem 2 (Weak identifiability condition) Assuming k = rank(G), ε = 0, if

both Cᵀ and P are sufficiently scattered, then problem admits a unique solution.

The key question is how these theoretical identifiability conditions can be connected

to bulk RNA-seq deconvolution. In gene expression data, this connection can be

established through the concept of marker genes [1]. A marker gene for a given cell

stage is expected to be dominantly expressed in that stage and rarely expressed in

other stages. Therefore, if a gene is a marker for stage r, its expression pattern across

bulk samples should be highly correlated with the proportion of that stage. In the

ideal noiseless case, this means that the corresponding row of C is dominated by the

r-th component, and the row of G is proportional to the r-th row of P.

This observation provides a biological interpretation of the geometric structure in
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NMF. Since G = CP, each row of G can be represented as a nonnegative combination

of the rows of P, where the corresponding row of C provides the coefficients. Thus,

rows of G associated with marker genes from the same cell stage tend to cluster around

the corresponding direction of P. This motivates the use of marker genes to identify

the geometric directions associated with different cell stages. Moreover, because rows

of C can be interpreted as coefficient vectors of rows of G under the basis given by

P, the geometric structure observed in G can be transferred to C through additional

constraints. This idea forms the basis for using marker-gene information to improve

the identifiability and interpretability of GS-NMF.

Based on this observation, GS-NMF follows a structure-exploring and structure-

preserving strategy. First, the rows of G are clustered according to their expression

patterns across bulk samples, so that potential marker genes for each cell stage can

be identified. Then, the geometric structure identified from G is imposed on the

coefficient matrix C through two regularization terms: a solvability constraint and a

manifold constraint.

The solvability constraint uses the selected marker genes to improve identifiability.

For a marker gene associated with stage r, the corresponding row of C is expected

to be close to the direction of the r-th unit vector eᵀ
r , because this gene should be

dominantly expressed in stage r and rarely expressed in other stages. Therefore, this

constraint encourages the marker-gene rows of C to be sufficiently scattered toward

different cell-stage directions, which helps reduce the ambiguity of the NMF solution.

Then the solvability penalty is defined as

F1(C) =
λ1
2

k∑
r=1

∑
i∈Sr

deisen(C(i), eᵀ
r)

2 (1.5)

where λ1 controls the strength of the solvability constraint. This term encourages the

marker-gene rows of C to be close to the corresponding coordinate directions, thereby
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improving identifiability.

The manifold constraint preserves the correlation structure observed in the rows of

G. If two genes have similar expression patterns across bulk samples, their coefficient

representations in C should also be similar. Let ωij denote the edge weight between

genes i and j in the adjacency matrix constructed from G. The manifold penalty is

defined as

F2(C) =
λ2
2

N∑
j=1

N∑
i=1

ωijdeisen(C(i),C(j))2 (1.6)

where λ2 controls the strength of the manifold constraint. This term encourages

rows of C corresponding to highly correlated rows of G to remain close under the

same correlation-based distance. Here, deisen(·, ·) denotes the Eisen cosine correlation

distance.

Combining the solvability condition and manifold constraint, we propose the fol-

lowing geometric structure guided nonnegative matrix factorization (GSNMF) model.

For illustration convenience, we define the set T := {Z ∈ Rk×n
+ ,1ᵀZ = 1ᵀ} and the

indicator function 1T as 1T (Z) = 0 if Z ∈ T while 1T (Z) =∞ otherwise. With these

notations, solving for C and P becomes the optimization problem:

min
C≥0,P≥0

1

2
‖G−CP‖2F + F(C) + 1T (P) (1.7)

where F(C) = F1(C) + F2(C), and the third term 1T (P) simply means sum-to-

one conditions on columns of P, or column stochasticity, since the sum of cellular

proportions in each tissue sample is supposed to be one.

The GS-NMF framework addresses the deconvolution of bulk RNA-seq data by es-

timating cell-stage proportions and stage-specific expression profiles. However, bulk
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deconvolution does not directly describe how gene expression changes over develop-

mental time. For malaria parasites, the intraerythrocytic developmental cycle is a

continuous temporal process, and single-cell RNA-seq data provide an opportunity to

study gene expression dynamics at a finer resolution. Therefore, we next shift from

bulk-level deconvolution to single-cell temporal modeling, focusing on how genes vary

along pseudotime.

1.6 Single-cell Temporal Gene Expression Dynamics

Many biological processes are inherently dynamic. During development, differen-

tiation, infection, and disease progression, cells gradually transition from one state

to another while activating or repressing specific transcriptional programs. As we

methioned in Section 1.2, Single-cell RNA sequencing(scRNA-seq) provides an op-

portunity to study these transitions at high resolution by measuring gene expression

profiles from individual cells [34, 14]. Compared with bulk RNA-seq, which measures

average expression across a population of cells, scRNA-seq preserves cell-to-cell vari-

ability and allows researchers to characterize heterogeneous and continuous biological

states [14].

Temporal gene expression dynamics are especially important in systems where bio-

logical states change gradually rather than abruptly. A gene may be highly expressed

at an early stage, gradually increase or decrease over time, peak at an intermediate

stage, or show transient expression during a narrow developmental window. These

diverse temporal patterns can reflect different biological roles, such as initiating a

transition, maintaining a cell state, or regulating stage-specific functions. Therefore,

identifying and characterizing temporal expression patterns is a key step in under-

standing dynamic biological systems [34, 35].

A central goal of single-cell temporal analysis is to identify genes whose expression

changes systematically along an underlying biological trajectory. These temporally

dynamic genes often reflect key regulatory programs, stage-specific biological func-
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tions, and coordinated transcriptional modules. By studying the temporal behavior

of genes, researchers can gain insight into how transcriptional programs are organized

and how cells progress through different biological states [35].

In the context of malaria, the parasite life cycle involves coordinated transcriptional

changes across developmental stages. Genes expressed during the ring, trophozoite,

and schizont stages may participate in distinct biological processes related to parasite

growth, metabolism, replication, and host-cell interaction [13, 36]. Single-cell malaria

datasets therefore provide a useful setting for studying temporal gene expression

dynamics and discovering gene modules associated with parasite development [13].

Despite its potential, modeling temporal gene expression from scRNA-seq data re-

mains challenging. Single-cell expression profiles are high-dimensional, noisy, sparse,

and often contain a large fraction of zero counts. Gene expression counts may also

exhibit overdispersion, where the observed variability exceeds what is expected un-

der a simple Poisson model [37, 38]. These features make it difficult to directly

model temporal expression patterns or cluster genes based on raw expression profiles.

Therefore, effective temporal analysis requires statistical methods that can extract in-

formative temporal features, reduce noise, and summarize gene expression dynamics

in a biologically meaningful way.

1.7 Pseudotime Estimation

In many single-cell studies, the true biological time of each cell is unknown. Al-

though cells may be collected from different experimental time points, individual cells

within the same sample can still be at different biological stages because of asyn-

chronous development, heterogeneous responses, or technical variation. As a result,

experimental time alone may not accurately represent the underlying progression of

a dynamic biological process. Pseudotime estimation was developed to address this

problem by ordering cells along an inferred trajectory based on their transcriptomic

similarity [34, 39].
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Pseudotime is a latent variable that represents the relative position of each cell

along a biological trajectory. Cells assigned smaller pseudotime values are interpreted

as being closer to the beginning of the process, while cells assigned larger pseudotime

values are considered to be at later stages. Unlike real chronological time, pseudotime

does not necessarily correspond to physical time. Instead, it provides an inferred

ordering that captures gradual transcriptional changes across cells. This ordering

allows researchers to study continuous gene expression dynamics even when cells are

sampled only at a limited number of time points or when the biological process is not

synchronized.

A variety of computational methods have been proposed for trajectory inference

and pseudotime estimation. Early approaches, such as Monocle, order cells along tra-

jectories constructed from dimension-reduced expression data and have been widely

used to study cell differentiation and developmental processes [34]. Diffusion pseudo-

time uses diffusion maps to capture gradual transitions and is particularly useful for

reconstructing branching lineage structures [40]. Slingshot combines clustering with

simultaneous principal curves to infer lineage-specific trajectories and pseudotime val-

ues in reduced-dimensional space [41]. Other graph-based methods, such as PAGA,

represent the connectivity among cell populations and provide a topology-preserving

framework for studying complex developmental processes [42].

Although pseudotime estimation provides an important foundation for temporal

single-cell analysis, it also introduces statistical and computational challenges. Dif-

ferent trajectory inference methods may produce different cell orderings depending

on preprocessing choices, dimensionality reduction methods, clustering results, and

assumptions about trajectory structure. In addition, pseudotime is an estimated

quantity and may contain uncertainty, especially in noisy or sparsely sampled regions

of the trajectory. Therefore, downstream analysis should account for the fact that

pseudotime is not directly observed but inferred from high-dimensional gene expres-
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sion data.

1.8 Functional Modeling of Temperal Gene Expression

After pseudotime has been estimated, gene expression can be modeled as a function

of the inferred temporal ordering. For each gene, the objective is to characterize how

its expression level changes as cells progress along a biological trajectory. From this

perspective, temporal gene expression can be viewed as a functional object, where

the observed expression values across cells are noisy measurements of an underlying

expression pattern. Functional modeling therefore provides a natural framework for

studying dynamic transcriptional changes in single-cell data.

Temporal gene expression patterns are often highly nonlinear. Some genes may

show monotonic increases or decreases along pseudotime, while others may be tran-

siently activated during a specific developmental window or peak at an intermediate

stage. These diverse patterns cannot always be captured by simple linear models.

Therefore, flexible modeling strategies are needed to represent complex expression

dynamics and identify genes whose expression changes significantly along pseudo-

time.

Several statistical approaches have been developed for modeling gene expression as

a smooth function of time or pseudotime. Spline-based models and generalized addi-

tive models (GAMs) are commonly used because they provide flexible representations

of nonlinear temporal trends. Early pseudotime-based methods, such as Monocle,

model gene expression as a smooth nonlinear function of pseudotime using general-

ized additive models implemented through the VGAM framework [34]. Building on

this idea, tradeSeq uses negative binomial generalized additive models (NB-GAMs) to

model gene expression along one or multiple lineages and provides statistical tests for

trajectory-associated differential expression [35]. PseudotimeDE further considers the

uncertainty introduced by pseudotime estimation by using subsampling-based proce-

dures and fitting NB-GAM or zero-inflated negative binomial GAM (ZINB-GAM)
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models to obtain well-calibrated p-values for detecting genes associated with pseudo-

time [43]. Other methods have also been proposed for temporal or pseudotime-based

expression analysis. For example, NBAMSeq uses a negative binomial additive model

to analyze time-course RNA-seq data [44], while ImpulseDE2 uses an impulse model to

capture transient activation and repression patterns in temporal sequencing data [45].

Together, these methods demonstrate the importance of flexible functional modeling

for characterizing nonlinear gene expression dynamics along biological trajectories.

From the perspective of functional data analysis, temporal expression curves can

be represented using basis functions. Common choices include polynomial bases,

B-splines, Fourier bases, and other smooth basis expansions [46, 47]. A basis rep-

resentation expresses the temporal expression pattern of each gene as a weighted

combination of predefined functions. The estimated weights or coefficients summa-

rize the shape of the gene’s expression trajectory and can be used as low-dimensional

features for downstream analysis.

This representation is especially useful for single-cell temporal gene expression anal-

ysis because raw expression profiles are often sparse, noisy, and high-dimensional.

Instead of directly analyzing raw count profiles, functional representations summa-

rize the underlying temporal trend of each gene in a more interpretable form. These

fitted temporal functions can be used to identify genes with dynamic expression pat-

terns, compare expression trajectories across genes, and provide informative features

for downstream clustering and gene module discovery. However, modeling single-cell

temporal expression remains statistically challenging because the observed data are

discrete counts and often exhibit overdispersion, excess zeros, and uncertainty from

pseudotime estimation. Therefore, effective temporal modeling methods should be

flexible enough to capture nonlinear expression patterns while also accounting for the

distributional characteristics of scRNA-seq data.
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1.9 Functional Clustering for Gene Module Discovery

After temporal gene expression patterns have been modeled, a natural next step is

to group genes with similar dynamic behaviors into gene modules. In many biological

processes, genes do not act independently; instead, groups of genes are often co-

regulated and participate in related biological pathways or stage-specific functions.

Identifying such gene modules can provide a higher-level interpretation of temporal

transcriptomic data and reveal coordinated regulatory programs underlying biological

transitions.

Traditional clustering methods, such as hierarchical clustering, k-means clustering,

and model-based clustering, are commonly used to group genes based on expression

similarity. However, when applied directly to raw single-cell expression profiles, these

methods may be sensitive to noise, sparsity, and cell-to-cell variability. This issue

is especially important in temporal single-cell analysis, where the main interest is

not only the expression level at individual cells, but also the overall shape of the

expression trajectory along pseudotime. Therefore, clustering genes based on their

underlying temporal patterns can be more informative than clustering genes based

only on raw expression values.

Functional clustering provides a framework for grouping genes according to the

shapes of their temporal expression functions. Instead of treating each gene as a

vector of raw expression measurements, functional clustering represents each gene by

a fitted curve or a set of functional features. Genes with similar temporal trends, such

as early activation, late activation, transient expression, or monotonic changes, can

then be grouped into the same cluster. This approach reduces the influence of noisy

observations and focuses on the major patterns of temporal variation. Functional

clustering has been widely used in time-course gene expression studies to identify

groups of genes with shared dynamic profiles [48, 49, 50].

Several methods have been developed for clustering or summarizing temporal gene
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expression patterns. Fuzzy c-means clustering has been widely used for time-course

gene expression analysis because it allows genes to have partial membership in mul-

tiple clusters rather than forcing each gene into a single module. For example, Mfuzz

applies fuzzy (c)-means clustering to group genes into expression modules, which is

useful when genes may participate in multiple biological processes or show overlapping

temporal patterns [49, 51]. STEM was designed for short time-series gene expression

data and clusters genes according to predefined temporal expression profiles [50].

Functional principal component analysis (FPCA) provides another approach by rep-

resenting temporal expression curves through a small number of principal functional

components; the resulting FPCA scores can then be used as low-dimensional features

for clustering genes with similar temporal trajectories [46, 47]. Other approaches

combine smoothing, regression, or functional data analysis with clustering to group

genes according to estimated temporal trajectories rather than raw measurements

[48, 52]. In single-cell trajectory analysis, methods such as tradeSeq first fit smooth

gene expression functions along pseudotime using negative binomial generalized addi-

tive models; although tradeSeq is primarily designed for trajectory-based differential

expression analysis, the fitted temporal patterns or predicted expression values can

also support downstream clustering of dynamic genes into temporal modules [35].

Together, these methods illustrate the importance of using temporal structure and

functional representations when identifying gene modules.

Overall, functional clustering provides a bridge between statistical modeling and

biological interpretation. By grouping genes according to their modeled temporal ex-

pression patterns, it allows researchers to move beyond individual gene-level results

and identify coordinated transcriptional programs. These gene modules can then be

further analyzed through functional annotation, pathway enrichment, or compari-

son with known stage-specific markers to better understand the biological processes

underlying temporal single-cell data.
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1.10 Overview of the Dissertation

The remainder of this dissertation is organized as follows.

Chapter 2 presents GSNMF+, a geometry-guided nonnegative matrix factorization

framework with data augmentation for robust deconvolution of bulk RNA-seq data.

Building upon the original GS-NMF framework, GSNMF+ introduces several key

improvements, including a more universal framework extension, an annotation strat-

egy for estimated components, and a gradient-descent-based optimization procedure.

These improvements allow the method to be more flexibly applied to malaria bulk

RNA-seq data and improve the interpretability of the estimated cell-stage proportions.

This chapter first introduces the biological and statistical motivation for complete de-

convolution of malaria bulk transcriptomic data. It then describes the framework de-

sign, including the construction of augmented reference mixtures, marker-gene-based

geometric constraints, component annotation, and the optimization strategy used to

estimate cell-stage proportions and stage-specific expression profiles. The chapter

also summarizes the datasets used in the simulation and real-data studies, followed

by simulation results, stability analyses, and applications to real bulk RNA-seq data.

Finally, the chapter discusses the overall performance of GSNMF+ and its advantages

for improving robustness and interpretability in bulk RNA-seq deconvolution.

Chapter 3 introduces BetaDE, a statistical framework for modeling single-cell tem-

poral gene expression dynamics. While Chapter 2 focuses on deconvolving bulk RNA-

seq samples into discrete malaria cell-stage proportions, Chapter 3 shifts the focus to

single-cell RNA-seq data, where gene expression can be studied continuously along

pseudotime. This chapter describes the construction of beta kernel basis functions,

the statistical models used for gene expression counts, model selection procedures,

differential expression detection, and functional clustering of significant genes. The

proposed method is evaluated through simulation studies and validation using known

time-point data, and is further applied to real single-cell malaria datasets. The chap-
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ter concludes by discussing how temporal single-cell modeling complements bulk de-

convolution by providing a finer-resolution view of gene expression changes across the

Malaria intraerythrocytic developmental cycle.

Chapter 4 outlines several directions for future research. Building on the method-

ological developments in Chapters 2 and 3, this chapter discusses potential extensions

of GSNMF+ and BetaDE, including improvements in model flexibility, incorporation

of additional biological information, and broader applications to other transcriptomic

datasets. It also summarizes the main contributions of this dissertation and high-

lights remaining challenges in bulk RNA-seq deconvolution and single-cell temporal

gene expression modeling.
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CHAPTER 2: GSNMF+: A Geometry-Guided NMF Framework with Data

Augmentation for Robust Deconvolution of Bulk RNAseq Data

2.1 Introduction

Most biological tissue samples, including tumors, brain tissues, blood samples,

and infected host tissues, are heterogeneous mixtures of multiple cell populations

whose relative abundances vary across individuals, experimental conditions, disease

states, and developmental time points. Although bulk RNA-seq provides an effi-

cient way to measure transcriptomic signals from such samples, the observed gene

expression profile represents an averaged signal across all constituent cell types or

cell states. Therefore, changes observed in bulk gene expression may reflect shifts in

cellular composition, true transcriptional regulation within specific cell populations,

or a combination of both. This mixture structure complicates downstream biological

interpretation, especially in differential expression analysis, where the goal is often to

distinguish cell-intrinsic transcriptional changes from changes driven by cell-type or

cell-stage abundance.

Computational deconvolution of bulk transcriptomic data has therefore emerged as

an important strategy for estimating cell-type proportions and cell-type-specific gene

expression profiles from mixed samples. Deconvolution methods are broadly catego-

rized into reference-based and reference-free approaches. Reference-based methods,

including CIBERSORT [19], CIBERSORTx [23], MuSiC [20], and BayesPrism [25],

use cell-level or purified cell-type reference profiles to estimate cellular proportions

in bulk mixtures. These methods can be effective when high-quality and biologically

matched reference data are available. However, their performance depends heavily

on the quality, completeness, and relevance of the reference panel. Reference-free

methods, such as CDSeq [26], CellDistinguisher [53], LinSeed [54], and TOAST [55],

instead attempt to estimate both cellular proportions and cell-type-specific expres-
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sion profiles directly from bulk data. These approaches are particularly useful when

suitable reference data are unavailable, incomplete, or unreliable.

A compelling application of bulk RNA-seq deconvolution arises in malaria tran-

scriptomic studies. Despite the availability of preventive measures and treatment

strategies, malaria continues to impose a severe global health burden, particularly

in low-income settings. More than 200 Plasmodium species have been formally de-

scribed, among which five species are responsible for malaria in humans on a global

scale: P. falciparum, P. vivax, P. malariae, P. ovale, and P. knowlesi [3]. Malaria

research has historically focused on P. falciparum because of its high mortality and

high prevalence in sub-Saharan Africa. However, recent studies have shown that P.

vivax can also cause severe and potentially fatal disease, highlighting the need for

expanded research attention to non-falciparum malaria [56, 57].

Within a single patient blood sample, bulk RNA-seq captures a mixture of co-

occurring intraerythrocytic parasite stages. As a result, observed changes in bulk

gene expression may arise from true transcriptional regulation within a specific de-

velopmental stage or from changes in the relative abundance of different parasite

stages. For example, in chloroquine-treated P. vivax bulk RNA-seq studies, elevated

expression of stress-response genes may reflect direct transcriptional activation within

trophozoites. Alternatively, it may result from preferential clearance of trophozoites

and subsequent enrichment of other stages that constitutively express these genes at

higher levels. Distinguishing between these scenarios is essential for accurate biolog-

ical interpretation, particularly in the context of drug response and developmental

regulation.

A further complication arises from the limited availability of species-matched ref-

erence data. When applying reference-based deconvolution to bulk RNA-seq data

from P. vivax infections, the most readily available single-cell RNA-seq reference pro-

files are often derived from P. falciparum. This introduces biologically meaningful
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interspecies discrepancies that can lead to substantial inaccuracies in deconvolution.

Moreover, even within the same species, single-cell RNA-seq datasets generated under

different experimental conditions may show considerable variability, suggesting that

no single reference dataset is universally representative.

Figure 2.1: Reference heterogeneity across single-cell datasets. Comparison of per-
centage of zero expressions and log-transformed nonzero mean expression across three
single-cell reference datasets. Each panel corresponds to one parasite stage, and each
point represents one gene. Differences among references indicate heterogeneity in
sparsity and expression magnitude across these single-cell datasets.

This issue is illustrated by comparing the single-cell reference datasets used in

this study. Figure 2.1 shows the relationship between the percentage of zero expres-

sion of a gene across cells and the log-transformed nonzero mean expression at ring,

trophozoite, and schizont stages, respectively, across three references [13, 58]. The

references differ in both sparsity and expression magnitude, with some datasets show-

ing lower nonzero mean expression and higher zero proportions for many genes. Such

heterogeneity can potentially affect reference-based deconvolution and motivates the

development of methods that are robust to reference choice and sparse expression

patterns.

Nonnegative matrix factorization (NMF) provides a natural mathematical frame-
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work for complete deconvolution because both gene expression levels and cellular or

stage proportions are nonnegative. In this setting, the observed bulk expression ma-

trix is approximated by the product of a cell-type-specific or stage-specific expression

matrix and a proportion matrix. However, standard NMF is highly ill-posed and

generally lacks solution uniqueness. Without additional structural constraints, the

factorization can be non-identifiable and unstable, leading to biologically ambiguous

estimates.

To address these challenges, geometry-guided NMF incorporates biological and geo-

metric structure into the factorization framework. The original GS-NMF method uses

marker-gene information to impose a solvability constraint and uses a manifold regu-

larization term to preserve the local correlation structure of the expression space [1].

Although GS-NMF improves identifiability and interpretability, its performance may

degrade when observed bulk samples do not adequately span the underlying propor-

tion space. In addition, its reliance on the alternating direction method of multipliers

can introduce implementation complexity.

In this chapter, we introduce GSNMF+, an enhanced and generalized extension of

GS-NMF [1] for robust bulk RNA-seq deconvolution. GSNMF+ introduces several

key improvements, which we will discuss details in Section 2.2. Section 2.3 introduces

the single-cell and bulk RNA-seq datasets used in this study. Section 2.4 presents

simulation results, followed by stability analyses in Section 2.5. Section 2.6 applies

the proposed method to real bulk RNA-seq data. Finally, Section 2.7 summarizes the

main findings and discusses the advantages and limitations of GSNMF+.

2.2 Study Design

GSNMF+ is developed as an extension of the original GS-NMF framework to

improve the robustness, interpretability, and computational implementation of bulk

RNA-seq deconvolution. The original GS-NMF framework is theoretically effective

when the observed bulk samples contain sufficiently diverse cellular or stage com-
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positions, so that the geometry of the mixture space is well represented. However,

in real applications, the observed bulk samples may be highly unbalanced or nearly

singular in their cellular composition. For example, most samples may be dominated

by one stage, such as ring, trophozoite, or schizont, and therefore may not adequately

span the full proportion space. In such cases, the weak identifiability condition may

not be well supported by the observed data alone, leading to unstable or biologically

ambiguous deconvolution results.

Figure 2.2: Key improvements of GSNMF+. Red points represent observed bulk
mixtures whose stage compositions may be concentrated near one vertex of the sim-
plex, corresponding to ring-, trophozoite-, or schizont-dominant samples. Blue points
represent artificially generated augmented mixtures. Combining observed and aug-
mented samples improves coverage of the proportion space and helps stabilize the
geometry-guided NMF decomposition.

To address these limitations, GSNMF+ introduces three major improvements: a

universal framework extension based on data augmentation, an estimated compo-

nent annotation strategy, and a multiplicative-update-based optimization procedure.

Figure 2.2 provides a schematic illustration of the augmentation idea. Each point rep-

resents one bulk mixture in the stage-proportion simplex. The red points represent

observed mixtures that are concentrated near a single stage direction, while the blue

points represent artificially generated augmented mixtures. By combining observed
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and augmented mixtures, the data are better distributed across the simplex and can

more effectively support the geometric constraints used in GS-NMF.

2.2.1 Universal Framework Extension Using Data Augmentation

Identifiability of the NMF factorization requires that the sample compositions pro-

vide sufficient geometric information. Informally, the columns of the proportion ma-

trix P should be well scattered across the composition simplex rather than confined

to a small region. In the strongest separable case, each cell stage should be close to

dominant in at least one sample. Under such scatter conditions, the nonnegative fac-

torization becomes identifiable up to the usual permutation and scaling ambiguities.

However, in real bulk RNA-seq data, the observed cell-type or cell-stage proportions

are often sparse, highly unbalanced, or clustered near only a subset of the simplex.

For example, most observed samples may be dominated by the ring stage, trophozoite

stage, or schizont stage. In this situation, the observed data alone may not provide

enough geometric coverage, leaving the factorization ill-posed and unstable.

To address this limitation, GSNMF+ introduces a data augmentation strategy that

supplements the real bulk samples with synthetically generated pseudo-bulk mixtures

of known composition. These augmented samples are constructed to span the stage-

composition simplex more broadly and therefore improve the practical identifiability

of the NMF solution. For each augmented sample, a stage-composition vector is first

generated from a Dirichlet distribution, p ∼ Dirichlet(α) where p denotes the known

stage-proportion vector of the augmented sample, and α controls the concentration

of the sampled proportions.

To span the simplex broadly, we combine stage-dominant draws (small α concen-

trated on one stage) with near-uniform draws (α = 1); the exact concentration pa-

rameters used are reported with each experiment. Augmented samples are generated

from one or more externally independent scRNA-seq reference datasets, producing N

synthetic samples that are concatenated with the m real samples to form the com-
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bined matrix G̃ ∈ RN×(m+M)
+ , used as input to all subsequent steps. The augmented

samples serve two roles. First, by spanning the simplex more uniformly, they re-

store the scatter condition above and stabilize the factorization even when the real

data alone are insufficient. Second, their known ground-truth proportions enable the

component-annotation procedure described in Section (2.2.2) .

2.2.2 Estimated Component Annotation

A remaining ambiguity in NMF-based deconvolution is the permutation ambiguity

of the estimated components. After factorization, the estimated components are not

automatically ordered according to biologically meaningful stages. For example, the

first estimated component may correspond to the ring stage in one run, but to the

trophozoite or schizont stage in another run. Therefore, an annotation step is required

to map each estimated NMF component to its corresponding biological cell stage.

GSNMF+ uses the augmented pseudo-bulk samples to resolve this ambiguity. Since

the augmented samples are generated with known stage proportions, we can compare

the estimated proportions from GSNMF+ with the known ground-truth proportions

of the augmented samples. Specifically, after deconvolution, we extract the estimated

component proportions for the augmented samples and compute their correlations

with the known ring, trophozoite, and schizont proportions. This produces a corre-

lation table between estimated components and true biological stages.

The final annotation is obtained by assigning each estimated component to the

stage with which it has the strongest overall agreement. To ensure a one-to-one

mapping, each estimated component is matched to only one biological stage, and

each biological stage is assigned to only one estimated component. In implementation,

this one-to-one assignment is solved as a linear sum assignment problem using the

solve_LSAP() function from the R package clue. Before applying solve_LSAP(), the

correlation matrix is shifted to be nonnegative by subtracting its minimum value. This

transformation does not change the optimal matching, but makes the assignment step



xlvii

computationally convenient. The assignment is then performed by maximizing the

total correlation between the estimated components and the known stage proportions.

After the optimal matching is obtained, the estimated components are relabeled

as ring, trophozoite, and schizont. This annotation step resolves the permutation

ambiguity of NMF and makes the deconvolution output directly interpretable. It

also allows the estimated proportions to be consistently compared with ground truth

in simulation studies and across different reference datasets in real-data applications.

2.2.3 Multiplicative-Update-Based Optimization

The third improvement in GSNMF+ is the use of a multiplicative-update-based

optimization procedure. The original GS-NMF framework was solved using the al-

ternating direction method of multipliers (ADMM [59]), which is flexible but requires

auxiliary variables and additional tuning parameters. In contrast, GSNMF+ adopts a

multiplicative-update rule analogous to the Lee–Seung update scheme for NMF [60].

This approach is more straightforward to implement and naturally preserves the non-

negativity of both the expression matrix (C) and the proportion matrix (P) without

requiring an additional projection step.

At each iteration, the update rules are derived from the gradient of the objective

function. The gradient is decomposed into positive and negative components: terms

that decrease the objective are collected in the numerator, while terms that increase

the objective are collected in the denominator. The corresponding element-wise ratio

updates ensure that all entries remain nonnegative throughout the optimization pro-

cess. In practice, this produces stable convergence with relatively low computational

and implementation complexity.

The full derivation of the multiplicative update rules, including the solvability

constraint F1 and the manifold constraint F2, is provided in the Appendix A. The

complete GSNMF+ procedure is summarized in Algorithm 1. The algorithm takes

as input the combined expression matrix , It takes as input the combined matrix
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G̃, initial factors C0,P0, and the regularization parameters λs, λm. Overall, replac-

ing ADMM with multiplicative updates simplifies the optimization procedure while

retaining the geometric constraints that improve identifiability and interpretability.

Algorithm 1 GSNMF+

Require: Augmented data matrix G̃; initial values C0, P0; structure labels C0,labels;
tolerance ε; maximum iterations T ; parameters λs, λm

1: Initialize C← C0, P← P0

2: Compute marker-structure matrices W1, W2, Cg
3: Compute manifold weights W3, W4

4: repeat
5: Update C:

Ck+1 ← Ck � G(Pk)> + λsW
k
1 Cref + λmW

k
4 Ck

CkPk(Pk)> + λsW k
1W

k
2 Ck + λm diag(W k

3 1) diag(|Ck|−2) Ck

6: Update P:

Pk+1 ← Pk � (Ck+1)>G̃

(Ck+1)>Ck+1Pk

7: Compute loss L = 1
2
‖G̃−Ck+1Pk+1‖2F + λsF1(C

k+1) + λmF2(C
k+1)

8: until relative change in both C and P falls below ε, or a maximum of T = 2, 000
iterations reached

9: return C, P

The model involves two tunable regularization parameters, λs (solvability) and λm

(manifold); the manifold bandwidth σ is held fixed (Section above) and is not part of

the search. The two λ parameters are selected by grid search over the candidate set

Λ = {0.01, 0.06, 0.11, . . . , 0.96, 1.0, 1.5, 2.0, . . . , 10.0}. For each pair (λs, λm) ∈ Λ× Λ,

the model is fitted with the same initialization (C0,P0) and marker genes, and iterated

until convergence or the iteration cap. Convergence is assessed by the relative change

in the normalized Frobenius norms of C and P between successive iterations. The

pair minimizing the final objective value is selected.

After introducing the three enhancements to the baseline NMF framework, we

summarize the complete workflow of the proposed GSNMF+ method in Figure Fig2.3
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Figure 2.3: GSNMF+ workflow

Modules: (a) Generate pseudo-bulk mixtures and combine with real bulk tissue

data. (b)Apply GSNMF to the combined dataset for deconvolution. (c) Component

annotation using pseudo-bulk mixtures’ cell proportion information. (d) Apply

GSNMF to the real bulk tissue dataset. (e) Annotated cell composition estimation

for real bulk tissue sample.

2.3 Data Description

2.3.1 Reference Single-Cell Datasets

Three publicly available single-cell Plasmodium transcriptomic datasets were used

as reference data in this study (Table 2.1). The first dataset, generated by Howick

et al. [13], was derived from in vitro cultures of the P. falciparum Pf3D7 strain using

Illumina sequencing. After quality control, ortholog mapping, and expression filter-

ing, where genes expressed in at least 100 cells were retained, this dataset contained
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3,595 genes across 6,493 cells. The cells covered three intraerythrocytic developmen-

tal stages: ring (n=1,251), trophozoite (n=4,477), and schizont (n=765). The second

dataset was also generated by Howick et al. [13], but from in vitro cultures of the

P. knowlesi PKNH strain. After the same preprocessing procedure, this dataset con-

tained 2,746 genes across 4,230 cells, including ring (n=790), trophozoite (n=1,793),

and schizont (n=1,647) stages. The third dataset, generated by Dogga et al. [58], was

derived from P. falciparum Pf3D7 parasites. After applying the same preprocessing

steps, the dataset contained 4,923 genes across 29,216 cells, including ring (n=7,499),

trophozoite (n=13,558), and schizont (n=8,159) stages.

Table 2.1: Information about the three Malaria single cell RNA sequencing datasets
used in this study.

Dataset Source Strain No. of genes No. of cells (at stages)

Howick-pf [13] Laboratory Pf3D7 3,595 6,493 (R:1,251, T:4,477, S:765)

Howick-pk [13] Laboratory PKNH 2,746 4,230 (R:790, T:1,793, S:1,647)

Dogga-pf [58] Laboratory Pf3D7 4,923 29,216 (R:7,499, T:13,558, S:8,159 )

R = Ring, T = Trophozoite, S = Schizont.

2.3.2 Real Bulk Mixture Datasets

Two real bulk RNA-seq datasets from malaria transcriptomic studies were used for

real-data evaluation. Both datasets contain mixed intraerythrocytic parasite stages

and therefore provide practical examples for assessing the performance of GSNMF+

on malaria bulk mixture deconvolution. Since ground-truth stage proportions are

unavailable for these real samples, the analysis focuses on the consistency and bio-

logical interpretability of the estimated ring, trophozoite, and schizont proportions.

The processed datasets are summarized in (Table 2.2).
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Table 2.2: Summary of the real bulk RNA-seq datasets after quality control (QC),
ortholog mapping, and preprocessing. Genes expressed in at least 10 samples (mix-
ture_Kim) or 3 samples (mixture_Kepple) were retained for analysis.

Mixture Source Strain No. of genes No. of samples

Kim [61] Laboratory PvP01 3682 26

Kepple [62] Laboratory PvP01 3785 10

2.3.3 Type 2 Diabetes Datasets

To evaluate whether GSNMF+ can be generalized beyond malaria bulk RNA-

seq deconvolution, we also applied the framework to type 2 diabetes (T2D) pan-

creatic transcriptomic datasets. As summarized in Table 2.3, two single-cell RNA-

seq datasets were used as reference data, including GSE81608-Xin and E-MTAB-

5061, both derived from human pancreas samples. The real bulk mixture dataset,

GSE50244, was also generated from human pancreas tissue and contained 89 bulk

samples. These datasets provide a separate disease context for assessing the applica-

bility of GSNMF+ to heterogeneous human tissue data.

Table 2.3

Data Type Tissue Type No. of genes No. of cells/samples

GSE81608-xin [63] SC human pancreas 27,461 1,492

E-MTAB-5061 [64] SC human pancreas 20,444 748

GSE50244 [65] Mixture human pancreas 32,581 89

2.4 Simulation Results

To evaluate the performance of GSNMF+ under controlled settings, we constructed

pseudo-bulk mixture datasets from single-cell Plasmodium reference data with known

ground-truth stage proportions. The goal of the simulation study was to assess

whether GSNMF+ can accurately recover the proportions of ring, trophozoite, and
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schizont stages from mixed bulk-like expression profiles. In addition, the simulations

were designed to examine the robustness of the proposed augmentation strategy under

different stage-composition patterns, including balanced mixtures and stage-dominant

mixtures.

The performance of GSNMF+ was compared with existing deconvolution methods,

including CIBERSORTx[23] and BayesPrism [25]. Since the true stage proportions

are known in the simulation setting, performance was evaluated using mean squared

error (MSE) and Pearson correlation between the true and estimated proportions for

each stage.

2.4.1 Pseudo-Bulk Mixture Construction

To evaluate deconvolution performance under controlled settings, pseudo-bulk mix-

tures were constructed from single-cell RNA-seq reference datasets. For each simu-

lated pseudo-bulk sample, a cell-stage proportion vector p was first generated ac-

cording to the simulation scenario described in the subsection 2.4.2. The vector (p)

specifies the relative proportions of ring, trophozoite, and schizont cells in the simu-

lated mixture.

Given p, 1,000 individual cells were randomly sampled with replacement from the

corresponding single-cell RNA-seq dataset, stratified according to the sampled stage

proportions. The raw read counts of the selected cells were then summed gene-

wise to generate a single pseudo-bulk expression profile. This construction mimics

the aggregation process observed in bulk RNA-seq experiments, where the measured

expression profile represents a mixture of signals from multiple cell stages.

Because the pseudo-bulk mixtures are generated from known sampling proportions,

the true cell-stage proportions are available for every simulated sample. This allows

direct evaluation of deconvolution accuracy by comparing the estimated proportions

with the ground-truth proportions. For each simulation scenario, 100 pseudo-bulk

mixtures were generated as simulated bulk samples. In addition, 290 pseudo-bulk
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mixtures were generated as augmentation samples and combined with the simulated

bulk data for GSNMF+.

2.4.2 Cell-Stage Proportion Generation

Cell-stage proportions for each pseudo-bulk sample were generated from a mul-

tivariate Dirichlet distribution. Specifically, for each simulated mixture, the stage-

proportion vector was drawn as π ∼ Dirichlet(α), where π = (πR, πT , πS) represents

the proportions of ring, trophozoite, and schizont stages, respectively. The concen-

tration parameter vector α controls both the expected stage composition and the

variability of the simulated mixtures. Larger relative values of a given component in

α generate mixtures enriched for the corresponding stage, while equal values across

all components produce balanced mixtures. The total concentration
∑k

`=1 α` controls

the overall variability of the proportions, with larger values producing less variable

mixtures.

Five simulation scenarios were defined to represent a range of biologically rele-

vant cell-stage composition patterns. The first two scenarios were designed to gen-

erate balanced mixtures with different levels of compositional variation. In Sce-

nario 1, proportions were drawn from Dirichlet(10, 10, 10), producing approximately

equal mean stage proportions with relatively low variability. In Scenario 2, pro-

portions were drawn from Dirichlet(1, 1, 1), producing equal mean stage propor-

tions but higher variability across samples. The remaining three scenarios were

designed to represent stage-dominant mixtures. Scenario 3 used Dirichlet(10, 1, 1)

to generate ring-dominant mixtures, Scenario 4 used Dirichlet(1, 10, 1) to generate

trophozoite-dominant mixtures, and Scenario 5 used Dirichlet(1, 1, 10) to generate

schizont-dominant mixtures. For each scenario, 100 pseudo-bulk samples were gener-

ated. The simulated cell-stage compositions of these pseudo-bulk samples are shown

as red points in the simplex plots in Table 2.4.
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Table 2.4: Cellular compositions shown as simplexes. Red dots represent cellular
compositions of the 100 pseudo-bulk samples, and blue points represent the cellular
composition of the 290 augmentation samples.

S1 S2 S3 S4 S5

In addition to the simulated pseudo-bulk samples, a fixed augmentation dataset

containing 290 samples was generated and used across all scenarios. This augmen-

tation dataset was designed to improve simplex coverage and support stable decon-

volution. It consisted of 90 stage-dominant mixtures, with 30 samples each gener-

ated from Dirichlet(10, 1, 1), Dirichlet(1, 10, 1), and Dirichlet(1, 1, 10), together with

200 high-variation balanced mixtures generated from Dirichlet(1, 1, 1). The cell-stage

compositions of the augmentation samples are shown as blue points in the simplex

plots in Table 2.4.

2.4.3 Simulation Results

Using the pseudo-bulk mixtures and cell-stage proportion settings described above,

we evaluated whether GSNMF+ could accurately recover the known ring, trophozoite,

and schizont proportions under different compositional regimes. The simulation de-

sign provides a controlled benchmark because the true stage proportions are known

for every pseudo-bulk sample.

To mimic the practical setting in which reference datasets are often generated from

independent studies, the augmentation samples were constructed from an external

single-cell RNA-seq reference dataset rather than from the same dataset used to gen-

erate the simulated pseudo-bulk mixtures. In this study, we considered two simulation

cases. In Case 1, pseudo-bulk mixtures were generated from the Howick P. knowlesi

reference dataset, while the augmentation samples were generated from the Dogga P.
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falciparum reference dataset. This case represents a cross-species setting, where the

target pseudo-bulk data and the augmentation reference come from different Plas-

modium species. In Case 2, pseudo-bulk mixtures were generated from the Howick P.

falciparum reference dataset, while the augmentation samples were again generated

from the Dogga P. falciparum reference dataset. This case represents a within-species

but cross-study setting, where both datasets are from P. falciparum but differ in ex-

perimental source and reference composition. Together, these two cases allow us to

evaluate whether GSNMF+ remains robust when the augmented reference data and

the target pseudo-bulk data are not perfectly matched.

We compared GSNMF+ with two widely used reference-based deconvolution meth-

ods, CIBERSORTx [23] and BayesPrism [25]. For each method, deconvolution accu-

racy was evaluated using mean squared error (MSE) and Pearson correlation between

the estimated and true stage proportions. MSE was used to quantify absolute estima-

tion error, while Pearson correlation was used to assess whether the estimated propor-

tions preserved the relative variation across samples. Both metrics were computed

separately for the ring, trophozoite, and schizont stages across the five simulation

scenarios.

2.4.3.1 Case 1: Howick-pk Pseudo-bulk Data with Dogga-pf Augmentation

In the first simulation case, the Howick-pk single-cell dataset was used to generate

the pseudo-bulk mixtures, while the Dogga-pf dataset was used to generate the aug-

mentation samples. This setting represents a cross-species reference scenario, where

the target pseudo-bulk mixtures and the augmentation reference are derived from

different Plasmodium species. Therefore, this case provides a challenging setting for

evaluating whether GSNMF+ can remain accurate when the reference data used for

augmentation are not perfectly matched to the target mixtures.

We compared the deconvolution performance of GSNMF+ with two reference-based

methods, BayesPrism[25] and CIBERSORTx[23]. For each method, the estimated
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stage proportions were compared with the known ground-truth proportions of the

simulated pseudo-bulk samples. Performance was evaluated using mean squared error

(MSE) and true-versus-estimated proportion scatter plots across the five simulation

scenarios.

Figure 2.4: MSE comparison for Case 1, where pseudo-bulk mixtures were gener-
ated from the Howick-pk dataset and augmentation samples were generated from the
Dogga-pf dataset. MSE was computed between the true and estimated proportions
for each parasite stage across five simulation scenarios.

As shown in Figure 2.4, GSNMF+ generally achieved low MSE across most sce-

narios and stages. In the balanced scenarios S1 and S2, GSNMF+ produced smaller

errors than the comparison methods for most stages, indicating stable performance

when the true stage proportions were approximately balanced. In the stage-dominant

scenarios, GSNMF+ also remained robust overall. Although its largest error occurred

in S5, the schizont-dominant setting, for the schizont stage, the MSE remained below

0.07, suggesting that the method retained good accuracy even in this challenging set-
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ting. In contrast, the comparison methods showed larger and less consistent errors in

several scenarios. BayesPrism had substantially larger errors in S3 for the ring and

trophozoite stages, while CIBERSORTx showed relatively large errors in the balanced

scenarios, especially for the trophozoite and schizont stages in S1 and S2.

The true-versus-estimated scatter plots in Figure 2.5 further support the MSE re-

sults and reveal the bias patterns of each method. GSNMF+ produced the most com-

pact and diagonal-aligned estimates across most scenarios, indicating strong agree-

ment between estimated and true proportions. In S1 and S3, the estimates still

showed some stage-dependent compression or offset from the diagonal, suggesting

that systematic bias can remain under cross-species mismatch. However, the overall

point patterns were more structured and less dispersed than those of the comparison

methods.

BayesPrism tracked the diagonal reasonably well in several scenarios, but showed

clear deviations in others. In particular, the S3 scatter plots showed substantial

over- or under-estimation for some stages, consistent with the high MSE observed

in Figure 2.4. CIBERSORTx showed the largest dispersion overall, and in several

scenarios some estimated proportions were close to zero even when the true propor-

tions were nonzero. This pattern suggests that CIBERSORTx may fail to recover

under-represented stages in some mixtures.
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Figure 2.5: True versus estimated stage proportions for Case 1. Each point rep-
resents one simulated pseudo-bulk sample, and the dashed diagonal line indicates
perfect agreement between the true and estimated proportions. Columns correspond
to deconvolution methods, and rows correspond to simulation scenarios.
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Overall, Case 1 demonstrates that GSNMF+ can maintain relatively accurate and

stable deconvolution performance even under a cross-species simulation setting. The

improvement is especially evident in scenarios where the pseudo-bulk mixtures are

balanced or where non-dominant stages need to be recovered. These results suggest

that the augmentation strategy and component annotation procedure help improve

robustness when the augmentation reference and target pseudo-bulk data are not

perfectly matched.

2.4.3.2 Case 2: Howick-pf Pseudo-bulk Data with Dogga-pf Augmentation

In the second simulation case, the Howick-pf single-cell dataset was used to gener-

ate the pseudo-bulk mixtures, while the Dogga-pf dataset was used to generate the

augmentation samples. Unlike Case 1, both datasets are from P. falciparum; however,

they were generated from different studies and have different single-cell expression

characteristics. Therefore, this case represents a within-species but cross-study set-

ting, allowing us to evaluate whether GSNMF+ remains robust when the pseudo-bulk

data and augmentation reference come from different P. falciparum datasets.
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Figure 2.6: MSE comparison for Case 2, where pseudo-bulk mixtures were gener-
ated from the Howick-pf dataset and augmentation samples were generated from the
Dogga-pf dataset. MSE was computed between the true and estimated proportions
for each parasite stage across five simulation scenarios.

As shown in Figure 2.6, GSNMF+ achieved low MSE in most scenarios, especially

in S2, S3, and S5. In S2, where the true stage proportions were balanced but highly

variable, GSNMF+ produced the smallest errors across all three stages. In S3, the

ring-dominant scenario, GSNMF+ substantially reduced the estimation error com-

pared with BayesPrism and CIBERSORTx, particularly for the ring and trophozoite

stages, where the comparison methods showed large errors. In S5, the schizont-

dominant scenario, GSNMF+ also maintained very small errors across all stages. In

S1 and S4, GSNMF+ showed slightly higher errors for some stages, particularly the

schizont stage in S1 and the trophozoite stage in S4. However, these increases were

relatively small, and the overall MSE remained within a moderate range, indicating

that GSNMF+ still provided stable deconvolution performance across the full set of

simulation scenarios.
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Figure 2.7: True versus estimated stage proportions for Case 2. Each point rep-
resents one simulated pseudo-bulk sample, and the dashed diagonal line indicates
perfect agreement between the true and estimated proportions. Columns correspond
to deconvolution methods, and rows correspond to simulation scenarios.
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The true-versus-estimated scatter plots in Figure 2.7 provide a more detailed view

of the estimation patterns. For GSNMF+, the estimates were strongly aligned with

the diagonal in S2, S3, S4, and S5, indicating that the method preserved the relative

variation of the true stage proportions in these scenarios. The strongest agreement

was observed in the stage-dominant scenarios, especially S4 and S5, where the overall

Pearson correlations were close to one.

The comparison methods showed more pronounced artifacts in several scenarios.

In particular, BayesPrism and CIBERSORTx frequently estimated the ring-stage pro-

portion as zero or near zero in multiple scenarios, as shown by the red points concen-

trated along the bottom axis. This behavior explains their larger ring-stage MSE in

S1–S3. In contrast, GSNMF+ avoided this near-zero ring-stage artifact and produced

more stable estimates for the under-represented stages.

Overall, Case 2 shows that GSNMF+ remains effective when both pseudo-bulk and

augmentation data are derived from P. falciparum but from different studies. The

results suggest that the augmentation strategy improves robustness to cross-study

reference differences and helps stabilize stage-proportion estimation, particularly in

high-variation and stage-dominant simulation settings.

2.5 Stability

In addition to the main simulation comparison, we further evaluated the robust-

ness of GSNMF+ using repeated experiments. For each simulation scenario, pseudo-

bulk mixtures were regenerated 100 times under the same scenario-specific cell-stage

proportion distribution, and deconvolution was performed independently for each

replicate. Robustness was summarized using the median MSE across the 100 re-

peated experiments for each method, stage, and scenario. Because CIBERSORTx

is run through a web interface, performing 100 repeated experiments for each sce-

nario was impractical. Therefore, this robustness analysis compares GSNMF+ with

BayesPrism.
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Figure 2.8: Robustness analysis for Case 1, where pseudo-bulk mixtures were gener-
ated from the Howick-pk dataset and augmentation samples were generated from the
Dogga-pf dataset. Each cell shows the median MSE across 100 repeated experiments.

Figure 2.8 shows the robustness results for Case 1. Overall, GSNMF+ achieved

lower median MSE than BayesPrism in most scenarios and stages. The improvement

was most pronounced in the ring-dominant scenario S3. In this scenario, GSNMF+

obtained median MSE values of 0.0497 for the ring stage and 0.0230 for the trophozoite

stage, compared with 0.2071 and 0.2089 for BayesPrism, respectively. This indicates

that GSNMF+ was substantially more stable when the mixture was dominated by

the ring stage. GSNMF+ also showed consistently lower errors across S1 and S2 for

all three stages. BayesPrism produced slightly lower errors only in a few low-error

settings, including the schizont stage in S3 and the ring and trophozoite stages in S4.

For most other settings, especially those involving ring-stage estimation, GSNMF+

showed stronger robustness.
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Figure 2.9: Robustness analysis for Case 2, where pseudo-bulk mixtures were gener-
ated from the Howick-pf dataset and augmentation samples were generated from the
Dogga-pf dataset. Each cell shows the median MSE across 100 repeated experiments.

A similar pattern was observed in Case 2 (Figure 2.9), where GSNMF+ showed

clear advantages over BayesPrism, especially for ring-stage estimation. In S1–S3, the

median MSE values for BayesPrism at the ring stage were 0.1111, 0.1310, and 0.4154,

respectively, whereas the corresponding values for GSNMF+ were much lower, at

0.0100, 0.0251, and 0.0550. The largest improvement again occurred in S3, the ring-

dominant scenario. In this setting, GSNMF+ substantially reduced the ring-stage

error and also achieved a much smaller trophozoite-stage MSE than BayesPrism,

with values of 0.0052 versus 0.2799. These results indicate that GSNMF+ pro-

vides more robust stage-proportion recovery under strong composition imbalance.

Although BayesPrism had lower MSE in a few isolated settings, such as the tropho-

zoite stage in S4, GSNMF+ achieved lower errors in the majority of scenario-stage

combinations.

Taken together, the repeated simulation experiments demonstrate that GSNMF+

provides more stable deconvolution performance across both simulation cases. Its

largest gains occur in the ring-dominant scenario and for ring-stage estimation more

generally, consistent with the patterns observed in the main MSE and scatter-plot

analyses. These results support the robustness of GSNMF+ when pseudo-bulk sam-
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ples are compositionally imbalanced or when one stage is difficult to recover.

2.6 Real Data Application

After evaluating GSNMF+ on simulated pseudo-bulk mixtures with known ground-

truth proportions, we next applied the method to real bulk RNA-seq datasets. In real

data applications, the true underlying cell-type or cell-stage proportions are generally

unknown, so direct accuracy evaluation based on MSE or correlation with ground

truth is not possible. Therefore, we evaluated method performance by examining the

consistency of estimated proportions across independent single-cell reference datasets.

In practice, reference datasets are often generated from separate studies and may differ

in species, experimental platform, sequencing depth, or cell-state composition. A

reliable deconvolution method should therefore produce broadly concordant estimates

when different biologically relevant references are used, whereas strong disagreement

across references indicates sensitivity to reference choice.

We applied this evaluation to three real bulk RNA-seq datasets spanning two bi-

ological systems. The first two datasets are malaria bulk RNA-seq datasets from P.

vivax : the Kim dataset [61] and the Kepple dataset [62]. For these datasets, we de-

composed each bulk sample into three intraerythrocytic developmental stages: ring,

trophozoite, and schizont. To assess reference robustness, we used three referencence,

including two P. falciparum single-cell references, Dogga-pf [58] and Howick-pf [13],

together with another reference, Howick-pk [13]. This design allowed us to evaluate

reference variability and cross-species reference mismatch.

The third real dataset is a human pancreatic islet bulk RNA-seq dataset from

donors with and without type 2 diabetes [65]. This dataset was used to evaluate

whether GSNMF+ can generalize beyond malaria transcriptomic deconvolution. For

this application, bulk samples were decomposed into four endocrine cell types using

two independent single-cell pancreas references [63, 64]. In addition to reference con-

sistency, the disease-status labels provide an external biological context for assessing
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whether the estimated cell-type proportions are biologically plausible.

For all real-data analyses, batch effects between real bulk samples and augmented

pseudo-bulk samples were addressed before deconvolution. Specifically, ComBat, im-

plemented in the sva package, was used for batch-effect correction [66, 67]. This step

was applied to reduce systematic differences introduced by different data sources, se-

quencing platforms, and sample construction procedures. The real bulk samples and

augmented pseudo-bulk samples were treated as separate batches, and the corrected

expression matrix was then used as input for GSNMF+ and downstream comparison.

This preprocessing step was included to improve comparability between the real and

augmented data while preserving the biological variation needed for deconvolution.

Across all real-data applications, GSNMF+ was benchmarked against established

reference-based deconvolution methods under matched preprocessing and reference

settings. Because the true proportions are unavailable, the real-data analysis focuses

on reference consistency, biological interpretability, and robustness of the estimated

cellular compositions.

2.6.1 Mixture-Kim Dataset

We first evaluated the real-data performance of GSNMF+ on the mixture-Kim

malaria bulk RNA-seq dataset. Since the true stage proportions of these real bulk

samples are unknown, the goal of this analysis was not to compute prediction error,

but to assess whether the estimated proportions remained consistent when different

single-cell reference datasets were used. Specifically, we applied each method using

three reference datasets: Dogga-pf, Howick-pf, and Howick-pk. The Dogga-pf and

Howick-pf references provide a within-species comparison, while Howick-pk provides

a cross-species comparison.

Figure 2.10 shows the pairwise comparison of estimated stage proportions obtained

from the three references. For GSNMF+, the estimated proportions were broadly

consistent across references. The overall pairwise correlations were 0.794 between
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Dogga-pf and Howick-pf, 0.737 between Dogga-pf and Howick-pk, and 0.940 between

Howick-pf and Howick-pk. The stage-specific correlations were also high, especially

for the schizont stage, suggesting that GSNMF+ produced stable estimates even

when the reference dataset changed. This indicates that the proposed augmentation

and component-annotation strategy can reduce sensitivity to reference choice in real

malaria bulk data.

In comparison, BayesPrism and CIBERSORTx showed stronger reference-dependent

behavior. Although BayesPrism achieved high agreement in some reference pairs, its

estimates showed larger discrepancies for the ring and trophozoite stages, especially

when Dogga-pf was compared with the other references. CIBERSORTx showed the

most reference-dependent estimates overall, particularly for the schizont stage, where

the agreement varied substantially across reference pairs. These patterns suggest that

the estimated proportions from the comparison methods were more sensitive to the

selected single-cell reference dataset.

Figure 2.11 further illustrates the estimated proportions across individual bulk sam-

ples. For GSNMF+, the three reference-based trajectories followed similar sample-

level patterns within each stage. The lines from Dogga-pf, Howick-pf, and Howick-pk

largely overlapped, indicating that GSNMF+ produced stable stage-proportion es-

timates across samples. In contrast, BayesPrism and CIBERSORTx showed greater

separation among the reference-specific trajectories, especially for the ring and tropho-

zoite stages. This separation indicates that their estimated proportions depended

more strongly on the chosen reference.

Overall, the mixture-Kim analysis shows that GSNMF+ provides more reference-

consistent estimates than the comparison methods on real malaria bulk RNA-seq data.

Even when a cross-species reference was included, GSNMF+ maintained broadly con-

cordant estimates of ring, trophozoite, and schizont proportions. These results sup-

port the robustness of GSNMF+ in real-data settings where ground-truth proportions
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are unavailable and reference mismatch is unavoidable.

(a)

(b)

(c)

Figure 2.10: Pairwise comparison of estimated stage proportions obtained using the
Dogga-pf, Howick-pf, and Howick-pk reference datasets for the mixture-Kim dataset.
Colors denote Ring, Trophozoite, and Schizont stages. The dashed line indicates
perfect agreement. (a) GSNMF+, (b) BayesPrism, (c) CIBERSORTx.
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(a)

(b)

(c)

Figure 2.11: Estimated stage proportions across samples obtained using the Dogga-
pf, Howick-pf, and Howick-pk reference datasets for the mixture-Kim dataset. Each
panel corresponds to a parasite stage (ring, trophozoite, schizont), and within each
panel the estimated proportion is plotted for every sample, with line color denoting
the reference dataset used (Dogga, red; Howick-pf, green; Howick-pk, blue). Over-
lapping lines indicate agreements, whereas separation indicates that the estimated
proportion depends on the choice of reference. (a) GSNMF+, (b) BayesPrism, and
(c) CIBERSORTx
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2.6.2 Mixture-Kepple Dataset

We also applied the same reference-consistency analysis to the mixture-Kepple

malaria bulk RNA-seq dataset. As in the mixture-Kim analysis, three single-cell

reference datasets were considered: Dogga-pf, Howick-pf, and Howick-pk. Since the

true stage proportions are unavailable for the real Kepple samples, performance was

evaluated by comparing the agreement of estimated ring, trophozoite, and schizont

proportions across different references.

Figure 2.12 shows the pairwise comparison of estimated stage proportions across

the three references. For GSNMF+, the estimates showed moderate to high agree-

ment across references. The overall correlations were 0.928 between Dogga-pf and

Howick-pf, 0.791 between Dogga-pf and Howick-pk, and 0.646 between Howick-pf and

Howick-pk. Among the three stages, the schizont stage showed the strongest agree-

ment, while the trophozoite stage showed greater reference-dependent variation. This

suggests that GSNMF+ retained reasonable cross-reference consistency on the Kepple

dataset, although the agreement was weaker than that observed for the mixture-Kim

dataset.

BayesPrism showed very high pairwise correlations across references in this dataset.

However, its estimated proportions were concentrated in narrow stage-specific ranges,

with ring proportions close to zero and trophozoite proportions consistently high

across samples. CIBERSORTx showed stronger reference dependence, especially

when comparing estimates based on Dogga-pf with those based on Howick-pf or

Howick-pk. This indicates that its estimated stage proportions were more sensitive

to the choice of reference dataset.

Figure 2.13 further compares the estimated stage proportions across individual

Kepple samples. For GSNMF+, the three reference-specific trajectories generally fol-

lowed similar sample-level patterns, especially for the schizont stage. Some separation

was observed for the trophozoite stage, indicating that this stage was more sensitive
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to reference choice in the Kepple dataset. BayesPrism produced smoother and more

reference-consistent curves, but the estimated ring proportions remained close to zero

for most samples. CIBERSORTx showed the largest disagreement across references,

with substantially different stage allocations depending on the reference dataset used.

Overall, although GSNMF+ did not achieve the strongest reference consistency

for the mixture-Kepple dataset, its performance remained comparable to the exist-

ing methods. In particular, GSNMF+ produced broadly consistent stage-proportion

patterns across the three reference datasets, especially for the schizont stage. These

results suggest that, even in a smaller and potentially more challenging real bulk

dataset, GSNMF+ can still provide competitive and biologically interpretable decon-

volution results. Together with the mixture-Kim analysis, the Kepple results indicate

that GSNMF+ remains reasonably robust across real malaria bulk RNA-seq datasets,

even when reference effects and cross-species differences are present.
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(a)

(b)

(c)

Figure 2.12: Pairwise comparison of estimated stage proportions obtained using
the Dogga-pf, Howick-pf, and Howick-pk reference datasets for the mixture-Kepple
dataset. Colors denote Ring, Trophozoite, and Schizont stages. The dashed line
indicates perfect agreement. (a) GSNMF+. (b) BayesPrism. (c) CIBERSORTx.
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(a)

(b)

(c)

Figure 2.13: Pairwise comparison of estimated stage proportions obtained using the
Dogga, Howick, and PK reference datasets for the mixture-kepple dataset. Colors
denote Ring, Troph, and Schizont stages. The dashed line indicates perfect agreement.
(a) GSNMF+. (b) BayesPrism. (c) CIBERSORTx

2.6.3 Application to Human Pancreatic Islets

To evaluate whether GSNMF+ can be generalized beyond malaria deconvolution,

we further applied it to a type 2 diabetes (T2D) pancreatic islet bulk RNA-seq dataset.

In this analysis, the real bulk samples were decomposed into four endocrine cell types:



lxxiv

alpha, beta, delta, and gamma cells. Two independent single-cell pancreas reference

datasets, Xin[63] and EMTAB[64], were used to assess the reference consistency of

each method. As in the malaria real-data analysis, the true cell-type proportions are

unknown for the real bulk samples; therefore, the evaluation focuses on the agreement

of estimated proportions obtained using different references.

The pairwise comparison between estimates obtained by using the Xin and EMTAB

references is shown in Figure 2.14. GSNMF+ achieved the strongest overall agree-

ment between the two references, with an overall Pearson correlation of 0.975 and

an overall MSE of 0.0017. This was the lowest MSE among all compared methods,

indicating that GSNMF+ produced the most reference-consistent estimates in the

T2D application. CIBERSORTx also showed a high overall correlation, but its MSE

was larger than that of GSNMF+, and the estimates showed systematic shifts for

some cell types. MuSiC showed good overall correlation but larger discrepancies for

alpha and beta cells. BayesPrism obtained the weakest overall agreement among the

four methods.

Figure 2.14: Pairwise comparison of estimated cell-type proportions obtained using
the Xin and EMTAB scRNAseq reference datasets for the T2D bulk RNA-seq dataset.
Each point represents one sample-cell-type estimate. The dashed line indicates perfect
agreement between estimates.

Figure 2.15 shows the estimated cell-type proportions across samples using the Xin

and EMTAB references. For GSNMF+, the estimates based on the two references
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were highly consistent across samples and cell types. The two GSNMF+ curves

were closely aligned, especially for the alpha, delta, and gamma cell types, indicating

that the estimated proportions were relatively insensitive to the choice of reference

dataset. In contrast, the other methods showed larger reference-dependent variation.

CIBERSORTx produced markedly different estimates for several cell types, especially

alpha and beta cells. MuSiC also showed larger sample-to-sample fluctuations and

stronger discrepancies between the two references. BayesPrism produced smoother

estimates but still showed visible separation between the Xin- and EMTAB-based

results for some cell types.

Figure 2.15: Estimated cell-type proportions across T2D bulk RNA-seq samples using
the Xin and EMTAB single-cell reference datasets. Columns correspond to different
deconvolution methods, and rows correspond to endocrine cell types. Within each
panel, the two lines represent estimates obtained using the Xin and EMTAB refer-
ences, respectively.
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Overall, the T2D analysis demonstrates that GSNMF+ can be applied beyond

malaria transcriptomic data and can provide stable deconvolution results in a hetero-

geneous human tissue setting. The strong agreement between Xin- and EMTAB-based

estimates suggests that the proposed framework is robust to the use of independent

single-cell references. These results support the broader applicability of GSNMF+

for bulk RNA-seq deconvolution across different biological systems.

2.7 Discussion

In this chapter, we introduce the GSNMF+, a geometry-guided nonnegative matrix

factorization framework with data augmentation for robust bulk RNA-seq deconvolu-

tion. The method was developed to address several practical limitations of the original

GS-NMF framework, including limited coverage of the composition space, permuta-

tion ambiguity of estimated components, and optimization complexity. By incor-

porating synthetically generated pseudo-bulk mixtures, GSNMF+ improves the geo-

metric coverage of the cell-type or cell-stage proportion simplex and provides known

ground-truth proportions that can be used for component annotation. In addition, the

multiplicative-update-based optimization procedure simplifies implementation while

preserving nonnegativity constraints.

The simulation studies demonstrated that GSNMF+ can accurately recover known

stage proportions across a range of compositional settings. In particular, the method

showed strong performance in stage-dominant scenarios, where the observed pseudo-

bulk mixtures are concentrated near one region of the simplex and standard de-

convolution methods may become unstable. The repeated simulation experiments

further showed that GSNMF+ achieved lower median MSE than BayesPrism in most

scenario-stage combinations, especially in the ring-dominant scenario and for ring-

stage estimation. These results suggest that the augmentation strategy improves

robustness when the original bulk samples alone do not provide sufficient geometric

information for stable deconvolution.
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The real-data applications further supported the practical utility of GSNMF+. For

malaria bulk RNA-seq datasets, where true parasite stage proportions are unavail-

able, we evaluated performance by comparing the consistency of estimated propor-

tions across independent single-cell reference datasets. In the mixture-Kim dataset,

GSNMF+ produced more consistent estimates across Dogga-pf, Howick-pf, and Howick-

pk references than the comparison methods, suggesting reduced sensitivity to refer-

ence choice. In the mixture-Kepple dataset, GSNMF+ did not achieve the strongest

reference consistency in every comparison, but its estimates remained comparable to

the existing methods and biologically interpretable. The type 2 diabetes application

further showed that GSNMF+ can be generalized beyond malaria and can produce

stable deconvolution results in a heterogeneous human tissue setting.

An important practical consideration in GSNMF+ is the selection of marker genes.

Marker genes play a central role in the solvability constraint because they provide

biological anchors for the geometric structure of the decomposition. If the selected

marker genes are highly stage-specific and consistently expressed, they can help guide

the estimated expression matrix toward interpretable cell-stage directions. However,

if the marker genes are noisy, weakly stage-specific, or incorrectly assigned, the solv-

ability constraint may introduce bias into the factorization. Therefore, marker gene

selection is a crucial step in the framework. In practice, the number of marker genes

and the criteria used to identify them should be chosen carefully based on the sparsity,

noise level, and biological quality of the available reference data.

There are several limitations of the current framework. First, the performance

of GSNMF+ still depends on the quality and biological relevance of the single-cell

reference data used to generate augmentation samples. Although augmentation im-

proves robustness to reference mismatch, it cannot fully remove biological differences

between the reference data and the target bulk samples. In particular, different single-

cell datasets may have different expression scales, sparsity levels, and stage-specific
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expression patterns due to sequencing depth, experimental protocol, batch effects,

or biological variation. These differences may affect the pseudo-bulk profiles gen-

erated during augmentation and therefore influence the final deconvolution results.

Second, the current augmentation strategy assumes that pseudo-bulk mixtures gen-

erated from single-cell references are representative of real bulk mixtures. However,

real bulk RNA-seq data may differ from aggregated single-cell profiles because of

differences in library preparation, normalization, dropout, and technical noise.

Future work can further improve GSNMF+ in several directions. First, more adap-

tive marker gene selection strategies could be developed to reduce the influence of

noisy or incorrectly assigned marker genes. Since the solvability constraint relies on

marker-gene information, improving the reliability of marker gene selection may fur-

ther enhance deconvolution accuracy and interpretability. Second, future extensions

could integrate information from multiple references simultaneously rather than re-

lying on one reference dataset at a time. This may further improve robustness when

individual references are incomplete or biased. Finally, the framework could be eval-

uated on additional biological systems and larger multi-reference studies to further

assess its generalizability.
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CHAPTER 3: BetaDE: detecting temporal differential expression and gene

programs with beta basis functions

3.1 Introduction

Single-cell RNA sequencing provides a powerful framework for studying dynamic

biological processes at single-cell resolution. In many applications, including malaria

parasite development, cells or parasites are observed at different stages of an un-

derlying biological process. After cells are ordered along a trajectory using pseudo-

time estimation, an important downstream task is to identify genes whose expression

changes systematically along pseudotime and to characterize their temporal expres-

sion patterns. These temporally dynamic genes may reveal stage-specific transcrip-

tional programs, regulatory mechanisms, and coordinated gene modules associated

with biological progression.

Existing methods for pseudotime-based gene expression analysis often model ex-

pression as a smooth function of pseudotime using splines, generalized additive mod-

els, Gaussian processes, or other flexible regression frameworks. These approaches

have been useful for detecting genes associated with developmental trajectories. How-

ever, single-cell gene expression data remain challenging to analyze because they are

high-dimensional, sparse, noisy, and often contain a large fraction of zero counts. In

addition, gene expression counts may exhibit overdispersion and zero inflation, mak-

ing simple continuous or Poisson-based models insufficient for accurately capturing

the distributional features of the data.

Another important challenge is the representation of temporal expression patterns.

Genes may show diverse dynamic behaviors, including early activation, late activa-

tion, transient expression, monotonic increase, monotonic decrease, or stage-specific

peaks. Directly clustering raw expression profiles may obscure these patterns because

of technical noise and cell-to-cell variability. Therefore, a useful temporal modeling
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framework should not only identify genes with significant expression changes along

pseudotime, but also provide interpretable functional features that summarize each

gene’s temporal behavior and support downstream clustering for gene module discov-

ery.

To address these challenges, this chapter proposes BetaDE, a beta basis function-

based framework for temporal gene expression analysis in single-cell RNA-seq data.

BetaDE represents temporal expression dynamics using a collection of beta distribution-

based basis functions defined on the pseudotime interval. Because beta density func-

tions can take a wide range of shapes and peak locations, they provide a flexible

and interpretable representation for capturing diverse temporal patterns. For each

gene, BetaDE fits statistical models using beta-kernel features and considers multiple

count distributions, including Poisson, negative binomial, zero-inflated Poisson, and

zero-inflated negative binomial models. The best-fitting distribution is selected using

the Akaike Information Criterion (AIC), allowing the method to adapt to different

levels of dispersion and zero inflation across genes.

Beyond detecting temporally differentially expressed genes, BetaDE uses the esti-

mated beta-kernel coefficients as functional features to summarize gene-level temporal

expression patterns. These coefficient-based representations reduce the influence of

noisy raw expression values and provide low-dimensional features for clustering genes

into temporal modules. The resulting modules can then be interpreted biologically

through their temporal patterns and functional annotations.

This chapter evaluates BetaDE using both simulation studies and real single-cell

malaria transcriptomic datasets. In the simulation studies, we assess the ability of

BetaDE to detect temporally dynamic genes and recover meaningful temporal pat-

terns under different count distributions and noise settings. In the real data analysis,

we apply BetaDE to single-cell malaria datasets to identify dynamic genes and gene

modules associated with parasite developmental stages, including ring, trophozoite,
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and schizont stages. Through these analyses, BetaDE provides a unified framework

for temporal differential expression analysis, functional feature extraction, and gene

module discovery in single-cell temporal transcriptomic data.

The remainder of this chapter is organized as follows. Section 3.2 presents the

statistical framework of BetaDE, including beta basis function construction, model

specification, model selection, and inference procedures. Section 3.3 describes the

single-cell datasets used in this project. Section 3.4 presents the simulation design

and simulation results used to evaluate the performance of the proposed method. Sec-

tion 3.5 validates the proposed framework using data with known time-point informa-

tion. Section 3.6 applies BetaDE to real single-cell malaria transcriptomic datasets

and presents the model fitting and clustering results. Finally, Section 3.7 summarizes

the main findings, discusses limitations, and outlines possible extensions.

3.2 BetaDE Method

This section presents the proposed BetaDE framework for temporal differential ex-

pression analysis in single-cell RNA-seq data. Given a single-cell expression count

matrix and an inferred pseudotime vector, BetaDE models gene expression as a func-

tion of pseudotime using a library of beta basis functions. The method is designed to

identify genes whose expression changes significantly along pseudotime and to provide

interpretable temporal features for downstream gene clustering.

3.2.1 Overview of the BetaDE framework

BetaDE takes as input a single-cell RNA-seq count matrix and a pseudotime vector

estimated from a trajectory inference method. Let Y = (Yij) ∈ Nn×m denote the

expression count matrix, where Yij is the observed count of gene j in cell i, i = 1, . . . , n,

and j = 1, . . . ,m. Let ti ∈ (0, 1) denote the normalized pseudotime value of cell i.

If pseudotime values are exactly 0 or 1, a small numerical adjustment is applied to

avoid boundary issues when evaluating beta density functions.
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The rational of BetaDE is to represent possible temporal expression patterns using

beta basis functions. Each beta kernel corresponds to a candidate temporal pattern,

such as early activation, late activation, transient expression, or stage-specific peak

expression. For each gene, BetaDE fits count-based regression models using these

beta-kernel features and evaluates whether gene expression is significantly associated

with pseudotime. The BetaDE workflow consists of five main steps. First, a library

of beta kernel basis functions is constructed on the pseudotime interval. Second, each

beta kernel is evaluated at the pseudotime value of every cell to obtain temporal

kernel features. Third, for each gene-kernel pair, multiple count models are fitted,

including Poisson, Negative Binomial, zero-inflated Poisson, and zero-inflated Neg-

ative Binomial models. Fourth, model selection is performed based on the Akaike

Information Criterion (AIC). Finally, significant genes are clustered based on their

fitted beta-kernel coefficients to identify temporal gene modules.

3.2.2 Beta kernel basis construction

To flexibly represent diverse temporal gene expression patterns, BetaDE constructs

a library of K beta kernel basis functions defined on the interval (0, 1). For the k-th

beta kernel, let ak > 0 and bk > 0 denote the two shape parameters. The beta kernel

function is defined as

fk(t) = Beta(t; ak, bk) =
tak−1(1− t)bk−1

B(ak, bk)
, 0 < t < 1, (3.1)

where B(ak, bk) = Γ(ak)Γ(bk)/Γ(ak + bk) denotes the beta function. For each cell

i and beta kernel k, the kernel function is evaluated at the normalized pseudotime

value ti to define the temporal kernel feature φik = fk(ti), for i = 1, . . . , n and

k = 1, . . . , K. The collection of these features forms the beta-kernel feature matrix

Φ = (φik) ∈ Rn×K .

The beta density family is particularly useful for pseudotime analysis because it can
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generate a wide range of shapes on a bounded interval. Depending on the values of

(ak, bk), beta kernels can represent left-skewed patterns corresponding to early activa-

tion, right-skewed patterns corresponding to late activation, symmetric unimodal pat-

terns corresponding to transient expression, and nearly monotonic temporal trends.

Therefore, the beta kernel library serves as an interpretable dictionary of candidate

gene expression dynamics along pseudotime. In this study, as shown in Figure 3.1, we

use K = 22 beta kernel basis functions to cover a broad range of temporal expression

shapes. These kernels are fixed before model fitting and are applied to all genes.

Figure 3.1: 22 Beta Basis Functions with Varying Shapes and Locations

3.2.3 Statistical model for gene expression

For each gene j, BetaDE models the observed expression count Yij as a function

of a beta-kernel feature φik. Instead of fitting all beta kernels jointly in a single re-

gression model, BetaDE adopts a one-kernel-at-a-time strategy. Under this strategy,

each beta kernel represents one candidate temporal expression pattern, and the as-

sociation between gene expression and this temporal pattern is evaluated separately.

For each gene-kernel pair (j, k), BetaDE considers four candidate read count models:

Poisson, negative binomial, zero-inflated Poisson, and zero-inflated negative binomial

models. These models are fitted using the R package glmmTMB, which provides a

unified framework for fitting count and zero-inflated regression models by maximum

likelihood. In the implementation of BetaDE, the beta-kernel feature φik is included

as the predictor in the conditional mean model, and the candidate distribution family
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is specified through the corresponding glmmTMB model family.

3.2.3.1 Poisson model

For each gene j and beta kernel k, BetaDE first fits a Poisson regression model

to evaluate whether the expression of gene j is associated with the temporal pattern

represented by kernel k. Specifically, the model is defined as

 Yij ∼ Poisson(λjk),

log((λjk|ti)) = β0,jk + β1,jkφik.
(3.2)

Here, λjk denotes the expected expression level of gene j under kernel k. The

parameter β0,jk represents the baseline expression level, while β1,jk measures the as-

sociation between gene expression and the beta-kernel feature. A significant nonzero

value of β1,jk suggests that the expression of gene j changes along pseudotime accord-

ing to the temporal pattern captured by kernel k.

3.2.3.2 Negative binomial model

Single-cell RNA-seq counts often show overdispersion, where the variance is larger

than the mean. To account for this property, BetaDE also considers the negative

binomial model. For each gene j and beta kernel k, the model is defined as

 Yij ∼ NB(µjk, θjk),

log((µjk|ti)) = β0,jk + β1,jkφik.
(3.3)

Here, µjk denotes the expected expression level of gene j and θjk is the dispersion

parameter. The parameter β0,jk represents the baseline expression level of gene j,

while β1,jk measures the association between gene expression and the beta-kernel

feature φik. Compared with the Poisson model, the negative binomial model provides

additional flexibility by allowing the variance to exceed the mean.
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3.2.3.3 Zero-inflated Poisson model

To account for excess zeros, BetaDE further considers a zero-inflated Poisson model.

Let Zijk be a latent indicator for whether the observation belongs to the Poisson count

component, and let pijk denote the probability that the observation belongs to this

component. For each gene j and beta kernel k, the model is defined as



Zijk ∼ Ber(pijk),

Yij | Zijk ∼ Zijk · Poisson(λjk) + (1− Zijk) · 0,

log((λjk|ti)) = β0,jk + β1,jkφik,

logit(pijk) = γ0,jk + γ1,jk log(λjk).

(3.4)

Here, λjk denotes the mean of the Poisson count component, and pijk denotes the

probability of belonging to the Poisson count component. Therefore, 1 − pijk repre-

sents the probability of belonging to the structural zero component. The parameters

β0,jk and β1,jk model the temporal change in the count component, while γ0,jk and

γ1,jk model how the probability of belonging to the count component varies with the

expected expression level.

3.2.3.4 Zero-inflated negative binomial model

Finally, BetaDE considers a zero-inflated negative binomial model to account for

both overdispersion and excess zeros in single-cell RNA-seq count data. Let Zijk be

a latent indicator for whether the observation belongs to the negative binomial count

component, and let pijk denote the probability that the observation belongs to this

component. For each gene j and beta kernel k, the model is defined as



Zijk ∼ Ber(pijk),

Yj | Zijk ∼ Zijk · NB(µjk, θjk) + (1− Zijk) · 0,

log((µjk|ti)) = β0,jk + β1,jkφik,

logit(pijk) = γ0,jk + γ1,jk log(µjk).

(3.5)
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Here, µjk denotes the mean of the negative binomial count component, and θjk is

the dispersion parameter. The probability pijk represents the probability of belonging

to the count component, while 1 − pijk represents the probability of belonging to

the structural zero component. Compared with the zero-inflated Poisson model, the

zero-inflated negative binomial model provides additional flexibility by accounting for

overdispersion in the count component.

3.2.4 Model selection

For each gene-kernel pair (j, k), the four candidate models are fitted independently

using the R package glmmTMB. Specifically, the Poisson, negative binomial, zero-

inflated Poisson, and zero-inflated negative binomial models are fitted by specifying

the corresponding conditional distribution and zero-inflation structure in glmmTMB.

Models that fail to converge or produce invalid parameter estimates are excluded

from further comparison. For each successfully fitted model, BetaDE computes the

Akaike Information Criterion, defined as AIC = −2`+ 2p, where ` is the maximized

log-likelihood returned by the fitted glmmTMB model and p is the number of estimated

parameters.

Because zero-inflated models introduce additional parameters, BetaDE uses a con-

servative AIC rule before allowing a zero-inflated model to enter the final model

comparison. The Poisson and negative binomial models are retained as non-zero-

inflated baseline models. The zero-inflated Poisson model is retained only if its

AIC is at least 10 units smaller than that of the corresponding Poisson model,

AICjk,ZIP ≤ AICjk,Poisson − 10. Similarly, the zero-inflated negative binomial model

is retained only if its AIC is at least 10 units smaller than that of the corresponding

negative binomial model, AICjk,ZINB ≤ AICjk,NB−10. This threshold follows the com-

monly used interpretation of AIC differences, where an AIC difference greater than

10 indicates substantially weaker empirical support for the model with the larger AIC

[68].
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After applying this filtering rule, the best-fitting distributional model for each gene-

kernel pair is selected from the retained candidate models as d∗jk = arg mind∈Djk
AICjkd,

where Djk denotes the set of successfully fitted and retained candidate models for gene

j and kernel k. After selecting the best distributional model for each gene-kernel pair,

BetaDE further identifies the best-supported temporal kernel for each gene by com-

paring the selected AIC values across all beta kernels, k∗j = arg mink AICjkd∗jk
. The

selected pair (k∗j , d
∗
jk∗j

) represents the temporal kernel shape and count distribution

that best explain the observed expression pattern of gene j. This model selection

procedure allows BetaDE to adapt to both temporal heterogeneity and distributional

heterogeneity across genes, while avoiding unnecessary zero-inflation unless it provides

a substantial improvement in model fit.

3.2.5 Differential expression detection

After model selection, BetaDE tests whether each gene shows significant temporal

variation along pseudotime. For gene j, let k∗j denote the selected beta kernel. The

fitted mean model can be written as log(µj(ti)) = β̂0,j + β̂1,jφik∗j , where µij is the

expected expression level of gene j at pseudotime ti, and φik∗j is the selected beta-

kernel feature evaluated at the pseudotime.

For each gene, the significance of β1,j is evaluated from the fitted glmmTMB model,

and the corresponding p-value is used to assess whether gene expression is significantly

associated with the selected beta-kernel feature. The resulting p-values are adjusted

across genes using the Benjamini–Hochberg procedure to control the false discovery

rate. Genes with adjusted p-values below the significance threshold are identified as

temporally differentially expressed genes.

3.2.6 Functional clustering of significant genes

After identifying temporally differentially expressed genes, BetaDE further clusters

significant genes based on coefficient-derived functional features. The goal of this
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step is to group genes with similar pseudotime-dependent expression patterns into

temporal gene modules.

For each gene, we constructed a gene-by-feature matrix for clustering. For the

beta kernels k = 1, . . . , K, the feature values were defined as the estimated kernel

effect coefficients β̂1,jk, where β̂1,jk measures the association between the expression

of gene j and beta kernel k. If a constant kernel is included in the kernel library,

its corresponding feature is represented by the fitted intercept coefficient. Therefore,

each gene is summarized by its fitted coefficients across the kernel library.

In addition to the coefficient-based features, three gene-level summary features

were included: the significance indicator from the selected best-fitting kernel model,

together with the location and variance of the selected kernel. The significance indi-

cator records whether the gene is identified as temporally significant under its selected

model, while the location and variance features summarize the center and spread of

the selected beta kernel along pseudotime.

Let xj denote the final feature vector for gene j. The collection of feature vectors

forms a gene-by-feature matrix XG = (xj)j∈G, where G is the set of significant DE

genes after multiple testing correction. Clustering is then applied toXG to group genes

with similar coefficient patterns and temporal characteristics. In practice, different

clustering algorithms can be used on this feature matrix, such as hierarchical clus-

tering, k-means clustering, or other distance-based clustering methods. The choice

of clustering method depends on the desired cluster structure and the downstream

interpretation.

The resulting clusters are interpreted as temporal gene modules. Genes within the

same cluster are expected to share similar pseudotime-dependent expression behav-

ior, such as early activation, intermediate peak expression, or late-stage activation.

These modules provide a basis for downstream biological interpretation and functional

enrichment analysis.
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3.3 Data Description

Table 3.1: Information about the three malaria single-cell RNA sequencing datasets
used in this study.

Dataset Source Strain
No. of

genes

No. of

cells
Cells at stage

Howick-pf [13] Laboratory Pf3D7 3,595 6,493 R:1,251, T:4,477, S:765

Dogga-pf [58] Laboratory Pf3D7 4,923 29,216 R:7,499, T:13,558, S:8,159

Painter-pf [69] Laboratory Pf3D7 5,198 Time points: 0–47 hpi
R = Ring; T = Trophozoite; S = Schizont. hpi = hours post-invasion.

This study uses three single-cell RNA sequencing datasets of Plasmodium falci-

parum generated from laboratory Pf3D7 parasites. These datasets provide com-

plementary information for studying transcriptional dynamics during the intraery-

throcytic developmental cycle. The Howick-pf and Dogga-pf datasets contain single-

cell expression profiles with cells annotated by developmental stage, including ring,

trophozoite, and schizont stages. The Painter-pf dataset contains time-resolved single-

cell transcriptomic profiles collected across 0–47 hours post invasion (hpi), providing

known experimental time-point information for validating pseudotime-based temporal

patterns.

Table 3.1 summarizes the datasets used in this chapter. The Howick-pf [13] dataset

contains 3,595 genes and 6,493 cells, including 1,251 ring-stage cells, 4,477 trophozoite-

stage cells, and 765 schizont-stage cells. The Dogga-pf [58] dataset contains 4,923

genes and 29,216 cells, including 7,499 ring-stage cells, 13,558 trophozoite-stage cells,

and 8,159 schizont-stage cells. Compared with the Howick-pf dataset, the Dogga-pf

dataset includes a larger number of cells and provides broader coverage of the parasite

developmental stages. The Painter-pf [69] dataset contains 5,198 genes and single-

cell profiles collected from 0 to 47 hpi, which enables comparison between inferred

pseudotime and experimentally measured developmental time.



xc

Before applying BetaDE, genes were filtered and matched across datasets as re-

quired for each analysis. Specifically, genes were retained only if they were expressed

in at least 100 cells in both the Howick-pf and Dogga-pf datasets. Pseudotime values

were inferred from the single-cell RNA sequencing data using trajectory inference and

subsequently rescaled to the interval (0,1). The stage annotations available for the

Howick-pf and Dogga-pf datasets were used to evaluate whether the temporal gene

modules identified by BetaDE were consistent with known developmental stages of

Plasmodium falciparum. In addition, the experimentally measured time points in the

Painter-pf dataset served as an external reference for assessing whether the inferred

temporal expression patterns agreed with the known progression of the parasite life

cycle.

3.4 Simulation

3.4.1 Simulation setting

To evaluate the performance of BetaDE in recovering both the underlying count

distribution and the kernel-specific temporal expression pattern, we conducted sim-

ulation studies using a synthetic single-cell RNA-seq count matrix. The simulated

dataset contained 500 genes measured across 1,000 cells. For each cell i, the pseu-

dotime value ti was independently sampled from a uniform distribution on (0, 1).

To generate gene-specific temporal patterns, we used five predefined kernel groups

derived from the beta kernel library: Group 1: (1, 12), Group 2: (3, 14), Group 3:

(6, 17), Group 4: (8, 19), and Group 5: (10, 21).

These groups were chosen to represent diverse temporal expression patterns, in-

cluding early, intermediate, and late activation along pseudotime. The 500 genes

were divided equally into four data-generating model classes: Poisson, negative bino-

mial (NB), zero-inflated Poisson (ZIP), and zero-inflated negative binomial (ZINB),

with 125 genes assigned to each class. Therefore, 50% of genes were generated from

zero-inflated models. Within each model class, genes were distributed as evenly as
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possible across the five kernel groups, and each gene was assigned one true kernel

from its corresponding group.

For gene j, let kj denote the assigned true kernel. For cell i, the corresponding

kernel feature was defined as φikj = fkj(ti), where fkj(·) is the beta kernel function

evaluated at pseudotime ti. The mean expression level was generated according to

log(µij) = β0j+β1jφikj , where β0j represents the gene-specific baseline expression level

and β1j controls the strength of the pseudotime-associated signal. Two simulation

designs were considered. In Design 1, the baseline parameter was fixed at β0j = 0,

and the temporal effect size was sampled from β1j ∼ Uniform(1, 3). In Design 2, the

baseline parameter was sampled from β0j ∼ Uniform(−3, 3), while the temporal effect

size was again sampled from β1j ∼ Uniform(1, 3).

Counts were then generated according to the assigned model class. For Poisson

genes, Yij ∼ Poisson(µij). For NB genes, counts were generated from a negative

binomial distribution with mean µij and variance 1.5µij. For ZIP genes, counts were

generated from a zero-inflated Poisson model with the structural zero probability fixed

at 0.2. For ZINB genes, counts were generated from a zero-inflated negative binomial

model with the structural zero probability fixed at 0.2 and the count-component

variance equal to 1.5µij(Table 3.2).

After generating the simulated count matrix, BetaDE was applied using the same

model-fitting procedure described in Section 3.2. For each gene, BetaDE fitted can-

didate Poisson, NB, ZIP, and ZINB models across the beta kernel library. The

best-fitting model was selected using AIC, and temporal differential expression was

assessed based on the fitted kernel-effect coefficient. The simulation study was de-

signed to evaluate two aspects of BetaDE performance. First, we assessed whether

BetaDE could correctly recover the underlying count distribution used to generate

each gene. Second, we evaluated whether the selected beta kernel or kernel group was

consistent with the true temporal pattern used for data generation. These evaluations
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demonstrate whether BetaDE can simultaneously adapt to heterogeneous count dis-

tributions while accurately identifying meaningful temporal expression patterns along

pseudotime.

Table 3.2: Summary of the simulation designs used to evaluate BetaDE.

Design Genes Cells Models Zero inflation β0 β1

Design 1
500 1000

Poisson, NB
ZIP, ZINB

20%
0

U(1, 3)
Design 2 U(−3, 3)

Note: Zero inflation was introduced only for the zero-inflated models, ZIP and ZINB. Both simulation designs
used five kernel groups derived from the beta kernel library: Group 1 (1, 12), Group 2 (3, 14), Group 3 (6, 17),
Group 4 (8, 19), and Group 5 (10, 21).

3.4.2 Simulation results

3.4.2.1 Model selection performance

Under Simulation Design 1, the baseline expression parameter was fixed at β0 = 0,

and the temporal effect size was sampled from β1 ∼ U(1, 3). The performance of

BetaDE under this setting is summarized in Figure 3.2. Overall, BetaDE achieved

strong performance in both distributional model selection and temporal kernel recov-

ery. The overall model selection accuracy was 0.964, the kernel selection accuracy

was 1.000, and the joint recovery accuracy was 0.964.
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Figure 3.2: Model selection performance under Simulation Design 1

For distributional model selection, BetaDE correctly identified 118 out of 125 Pois-

son genes, 123 out of 125 negative binomial genes, 117 out of 125 zero-inflated Poisson

genes, and 124 out of 125 zero-inflated negative binomial genes. This corresponds to

model selection accuracies of 0.944, 0.984, 0.936, and 0.992 for the Poisson, NB,

ZIP, and ZINB models, respectively. The overall model selection accuracy was 0.964.

The main model selection errors occurred between closely related model families.

For example, 7 Poisson genes were selected as NB, which is expected because the

negative binomial model can approximate the Poisson model when overdispersion is

weak. Similarly, 8 ZIP genes were selected as ZINB, indicating that the distinction

between ZIP and ZINB models can be challenging when the additional overdispersion

component is weak.

Temporal kernel recovery was perfect under Design 1. Across all 500 simulated

genes, BetaDE selected the correct beta kernel for every gene, giving a kernel selection

accuracy of 1.000. This indicates that the beta kernel library was able to accurately

recover the underlying temporal expression patterns when the baseline expression
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level was fixed and the temporal signal was moderately strong.

Because the temporal kernel was correctly recovered for all genes, the joint recovery

accuracy was driven entirely by the distributional model selection accuracy. The joint

accuracy was 0.944 for Poisson genes, 0.984 for NB genes, 0.936 for ZIP genes, and

0.992 for ZINB genes, with an overall joint accuracy of 0.964. These results suggest

that BetaDE can accurately identify both the temporal expression pattern and the

appropriate count distribution under Design 1, while the remaining errors mainly

reflect the intrinsic similarity between Poisson and negative binomial models and

between ZIP and ZINB models.

Table 3.3: Confusion matrix for distributional model selection under Simulation De-
sign 1. Rows represent the true model, and columns represent the selected model.

True model Poisson NB ZIP ZINB

NB 123 0 0 2

Poisson 7 118 0 0

ZINB 0 0 124 1

ZIP 0 0 8 117
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Table 3.4: Confusion matrix for temporal kernel selection under Simulation Design
1. Rows represent the true kernel, and columns represent the selected kernel.

True Kernel 1 3 6 8 10 12 14 17 19 21

1 52 0 0 0 0 0 0 0 0 0

12 0 48 0 0 0 0 0 0 0 0

3 0 0 52 0 0 0 0 0 0 0

14 0 0 0 48 0 0 0 0 0 0

6 0 0 0 0 52 0 0 0 0 0

17 0 0 0 0 0 48 0 0 0 0

8 0 0 0 0 0 0 52 0 0 0

19 0 0 0 0 0 0 0 48 0 0

10 0 0 0 0 0 0 0 0 52 0

21 0 0 0 0 0 0 0 0 0 48

Under Simulation Design 2, the baseline expression parameter was sampled from

β0 ∼ U(−3, 3), while the temporal effect size was generated from β1 ∼ U(1, 3).

Compared with Design 1, this setting introduces greater heterogeneity in baseline

gene expression levels and therefore provides a more challenging scenario for model

selection. The performance of BetaDE under Design 2 is summarized in Figure 3.3.
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Figure 3.3: Model selection performance under Simulation Design 2

Overall, BetaDE maintained strong performance under this more heterogeneous

setting. The overall distributional model selection accuracy was 0.952, the overall

temporal kernel selection accuracy was 0.994, and the overall joint recovery accuracy

was 0.948. For distributional model selection, BetaDE correctly identified 121 out

of 125 Poisson genes, 123 out of 125 negative binomial genes, 116 out of 125 zero-

inflated Poisson genes, and 116 out of 125 zero-inflated negative binomial genes. This

corresponds to model selection accuracies of 0.968, 0.984, 0.928, and 0.928 for the

Poisson, NB, ZIP, and ZINB models, respectively.

Most model selection errors occurred between closely related distributional families.

For example, 4 Poisson genes were selected as NB. Similarly, 6 ZIP genes were selected

as ZINB, and 6 ZINB genes were selected as NB, suggesting that distinguishing zero

inflation from overdispersion can be challenging when baseline expression levels vary

substantially across genes.

Temporal kernel recovery remained highly accurate under Design 2. Across all 500

simulated genes, BetaDE correctly selected the true temporal kernel for 497 genes,
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giving an overall kernel selection accuracy of 0.994. Most kernel groups were recovered

perfectly, with only three genes assigned to related kernels.

The joint recovery accuracy closely followed the distributional model selection ac-

curacy because the kernel selection accuracy was nearly perfect. The joint accuracy

was 0.968 for Poisson genes, 0.976 for NB genes, 0.920 for ZIP genes, and 0.928 for

ZINB genes, with an overall joint accuracy of 0.948.

Table 3.5: Confusion matrix for distributional model selection under Simulation De-
sign 2. Rows represent the true model, and columns represent the selected model.

True model Poisson NB ZIP ZINB

NB 123 1 1 0

Poisson 4 121 0 0

ZINB 6 0 116 3

ZIP 3 0 6 116

Table 3.6: Confusion matrix for temporal kernel selection under Simulation Design
2. Rows represent the true kernel, and columns represent the selected kernel.

True kernel 1 12 3 14 6 17 8 19 10 21

1 51 1 0 0 0 0 0 0 0 0

12 0 48 0 0 0 0 0 0 0 0

3 0 0 52 0 0 0 0 0 0 0

14 0 0 1 47 0 0 0 0 0 0

6 0 0 0 0 52 0 0 0 0 0

17 0 0 0 0 0 48 0 0 0 0

8 0 0 0 0 0 0 52 0 0 0

19 0 0 0 0 0 0 0 48 0 0

10 0 0 0 0 0 0 0 0 52 0

21 0 0 0 0 0 0 0 0 1 47
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3.4.2.2 Functional clustering based on fitted kernel features

After evaluating the accuracy of model and kernel selection, we further assessed

whether the fitted kernel-based features could recover the underlying temporal ex-

pression patterns at the gene-clustering level. For each gene, a feature vector was

constructed using the fitted coefficients across the 22 beta kernels. In addition, three

selected-kernel summary features were included: a binary significance indicator for

the selected kernel, the location of the selected kernel, and the variance of the selected

kernel. Therefore, each gene was represented by a 25-dimensional feature vector. The

resulting gene-by-feature matrix was row-standardized and clustered using hierarchi-

cal clustering with Ward’s linkage and Euclidean distance.

(a) β0 = 0 (b) β0 ∼ U(−3, 3)

Figure 3.4: First-level hierarchical clustering of simulated genes under two baseline-
expression designs.

As shown in the first-level dendrograms for both simulation designs (Figure 3.4),

the genes showed three major branches rather than five clearly separated branches cor-

responding exactly to the five true kernel groups. Therefore, the first-level clustering

was interpreted as capturing broad temporal structures in the fitted kernel-based fea-

ture space. To further resolve finer temporal patterns within these broad branches,

we performed second-level hierarchical clustering separately within each first-level

cluster.

For the second-level clustering, genes within each first-level cluster were extracted
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from the row-standardized feature matrix. If a first-level cluster contained fewer than

20 genes, it was not further divided. Otherwise, Euclidean distances were recomputed

within that cluster, and hierarchical clustering was performed using Ward’s linkage.

Candidate numbers of subclusters were considered from k = 2 up to a maximum of 10,

with the additional constraint that each resulting subcluster must contain at least 10

genes. For each valid candidate value of k, the average silhouette width was calculated.

The candidate k that produced the highest average silhouette width was selected

as the optimal number of second-level subclusters within that first-level cluster. A

first-level cluster was split only if this best average silhouette width exceeded 0.15;

otherwise, the cluster was retained as a single group. The final subcluster labels were

constructed by combining the first-level cluster label and the second-level subcluster

label, such as 1_1, 1_2, and so on.

The second-level clustering results under Simulation Design 1 are summarized in

Table 3.7. Overall, the final subclusters were consistent with the temporal shapes of

the beta kernels rather than simply treating each kernel as an isolated class. Ker-

nels with similar temporal locations and shapes tended to be grouped together. For

example, kernels 1 and 12 both represent decreasing patterns starting from early

pseudotime and were grouped into subcluster 1_1. Similarly, kernels 3 and 14 both

capture early-peaking expression patterns and were grouped into subcluster 1_2.

For the middle temporal region, kernel 6 and kernel 17 were separated into two

different subclusters, reflecting their distinct peak locations and widths. In the

late temporal region, kernels 8 and 19 were also separated, while kernels 10 and

21 were grouped together because both represent late-peaking or increasing expres-

sion patterns near the end of pseudotime. These results suggest that the hierarchical

sub-clustering procedure captured meaningful functional similarities among the fitted

beta-kernel features and was able to recover both broad temporal trends and finer

differences in peak timing.
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Table 3.7: Second-level clustering results under Simulation Design 1. Rows represent
the true kernel used in the simulation, and columns represent the final subclusters
obtained after hierarchical sub-clustering.

True Kernel 1_1 1_2 2_1 2_2 3_1 3_2 3_3

1 52 0 0 0 0 0 0

12 48 0 0 0 0 0 0

3 0 52 0 0 0 0 0

14 0 48 0 0 0 0 0

6 0 0 52 0 0 0 0

17 0 0 0 48 0 0 0

8 0 0 0 0 52 0 0

19 0 0 0 0 0 48 0

10 0 0 0 0 0 0 52

21 0 0 0 0 0 0 48

Under Simulation Design 2, the second-level clustering results are shown in Ta-

ble 3.8. The final subclusters again largely reflected the temporal shapes of the true

beta kernels. Kernels 1 and 12, which represent decreasing expression patterns near

the beginning of pseudotime, were grouped together in subcluster 1_1. Kernels 3 and

14, both corresponding to early-peaking patterns, were grouped together in subcluster

1_2.

For the middle and late temporal patterns, the clustering captured most of the

expected structure but also showed some finer separation. Kernel 17 was mainly

assigned to subcluster 2_1, whereas kernel 6 was primarily assigned to subcluster

2_2, with only one gene from kernel 6 assigned to 2_1. Kernel 8 was split between

subclusters 3_1 and 3_2, while kernel 19 was assigned to 3_2. Finally, kernels 10

and 21 were grouped together in subcluster 3_3, consistent with their similar late-

peaking or increasing temporal patterns. These results suggest that the sub-clustering
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procedure remained robust under heterogeneous baseline expression levels, while also

reflecting subtle differences among kernels with nearby temporal shapes.

Table 3.8: Second-level clustering results under Simulation Design 2. Rows represent
the true kernel used in the simulation, and columns represent the final subclusters
obtained after hierarchical sub-clustering.

True Kernel 1_1 1_2 2_1 2_2 3_1 3_2 3_3

1 52 0 0 0 0 0 0

12 48 0 0 0 0 0 0

3 0 52 0 0 0 0 0

14 0 48 0 0 0 0 0

6 0 0 1 51 0 0 0

17 0 0 48 0 0 0 0

8 0 0 0 0 38 14 0

19 0 0 0 0 0 48 0

10 0 0 0 0 0 0 52

21 0 0 0 0 0 0 48

Taken together, the functional clustering results from both simulation designs

demonstrate that the fitted kernel-based features effectively capture the underlying

temporal expression patterns at the gene-clustering level. In both designs, kernels

with similar temporal shapes were consistently grouped together, while kernels with

distinct temporal trajectories were well separated. The first-level clustering identi-

fied broad temporal structures, and the second-level clustering further resolved finer

differences in peak location and curve shape within these broad groups.

Compared with Simulation Design 1, Simulation Design 2 showed slightly more

variability in the second-level clustering, with a small number of genes assigned to

neighboring subclusters. Nevertheless, the overall temporal organization was well

preserved, and the resulting clusters remained highly consistent with the underlying
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beta-kernel characteristics. These findings indicate that the proposed kernel-based

features provide a robust representation of temporal gene expression dynamics and

can recover biologically meaningful functional gene modules under both fixed and

heterogeneous baseline expression settings.

3.5 Validation Using Known Time-Point Data

To further evaluate whether the proposed beta-kernel functions can capture biologi-

cally meaningful temporal expression patterns, we applied the kernel-based procedure

to an independent malaria time-course dataset with known experimental collection

times.[69] The Painter-pf dataset was generated from Plasmodium falciparum 3D7

parasites measured across the 48-hour intraerythrocytic developmental cycle (IDC),

with samples collected hourly from 0 to 47 hours post-invasion (hpi). Unlike the

single-cell RNA-seq datasets used in the main analysis, this dataset is not a raw count

matrix. It is also not a CPM-normalized RNA-seq dataset. Instead, the expression

profiles were obtained from DNA microarray experiments and further processed to

produce normalized expression values.

The Painter-pf dataset contains three types of temporal expression profiles: total

mRNA abundance, nascent transcription, and mRNA stabilization. These profiles

describe complementary aspects of gene expression dynamics during the IDC. In the

main validation analysis, we focused on the nascent transcription profile because it

directly reflects active gene transcription over developmental time.

Because the true experimental collection time is available for each sample, this

dataset provides a useful reference for validating whether the selected beta kernels

can recover the timing of temporal gene expression patterns. For each gene, the

observed peak time was obtained directly from the original transcription time-course

by identifying the hpi at which the normalized expression value reached its maximum.

This observed peak time was treated as the reference timing of the gene’s temporal

transcriptional activity.
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We then applied the beta-kernel fitting and selection procedure to each gene using

the 22 candidate beta kernels. The candidate kernels were divided into two sets.

Set 1 contains sharper and more localized kernels, whereas Set 2 contains broader

and smoother kernels. These two sets were designed to capture temporal expression

patterns with different degrees of localization across the IDC. For each gene, the best-

fitting kernel was selected based on the smallest AIC value. When multiple kernels

produced the same best fit, kernels with a positive association with the expression

profile were retained so that the selected kernel represented an activated temporal

expression pattern rather than an inverse pattern. The peak location of the selected

beta kernel was then rescaled from the unit interval to the 48-hour IDC scale and

used as the estimated peak time for that gene.

Finally, we compared the estimated peak time from the selected beta kernel with

the observed peak time obtained directly from the Painter-pf transcription profile.

As shown in Figure 3.5, the estimated peak times were highly consistent with the ob-

served peak times, with a Pearson correlation of 0.945. Since the estimated peak time

is determined by the peak location of one of the 22 candidate kernels, the predicted

peak times appear as discrete horizontal bands. Despite this discretization, most

genes were distributed close to the diagonal reference line, indicating strong agree-

ment between the kernel-estimated timing and the experimentally observed timing.
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Figure 3.5: Validation of beta-kernel peak timing using the Painter-pf transcription
time-course data. The x-axis shows the observed peak time, and the y-axis shows
the estimated peak time from the selected beta kernel. Points are colored by kernel
set, where Set 1 contains sharper kernels and Set 2 contains broader kernels. The red
diagonal line indicates perfect agreement.

Although the overall agreement was strong, several off-diagonal genes were ob-

served, particularly among genes with observed peak times at the boundaries of the

IDC, such as 0 hpi and 47 hpi. To better understand these deviations, we examined

representative off-diagonal genes with boundary peak times. As shown in Figure 3.6,

many of these genes showed complex transcription profiles with multiple local peaks.

For genes with an observed peak at 0 hpi, the expression was highest at the begin-

ning of the time course but often showed another strong local peak later in the IDC.

Similarly, for genes with an observed peak at 47 hpi, some profiles increased toward

the end of the IDC but also contained earlier local activation patterns.

These discrepancies are likely due to two related factors. First, 0 hpi and 47 hpi are

boundary points in the observed time scale, but biologically they are adjacent in the
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cyclic IDC process. Therefore, a peak near the end of the cycle and a peak near the

beginning of the cycle may appear far apart in a linear peak-time comparison. Second,

the beta kernels are designed to capture a dominant unimodal temporal activation

pattern. Genes with multiple peaks or boundary-driven maxima may not be fully

represented by a single beta kernel. Thus, these off-diagonal genes do not necessarily

indicate failure of the kernel library; rather, they highlight cases where the observed

expression profile contains cyclic boundary effects or multiple temporal activation

components.

Overall, these results suggest that the proposed beta-kernel library can effectively

capture temporal transcriptional activation patterns across the malaria IDC, espe-

cially for genes with a dominant unimodal expression pattern. The Painter-pf val-

idation therefore provides additional support for applying these kernels to malaria

single-cell data, where the true biological time is unknown and must be approximated

by pseudotime.
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(A) Off-diagonal genes with real peak at 0 hpi.

(B) Off-diagonal genes with real peak at 47 hpi.

Figure 3.6: Examples of off-diagonal genes in the Painter-pf transcription valida-
tion. Some genes have boundary peaks at 0 or 47 hpi but also show additional local
peaks during the IDC, which may lead the selected beta kernel to capture an internal
activation pattern rather than the boundary maximum.
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3.6 Real Single-Cell Data Application

After evaluating the performance of BetaDE in simulation studies, we applied the

method to real single-cell RNA-seq data from Plasmodium falciparum. The goal of

this real data analysis was to examine whether BetaDE could identify temporally

dynamic genes and recover biologically meaningful expression patterns along the in-

traerythrocytic developmental cycle (IDC). Unlike the simulation studies, the true

data-generating model and true temporal kernels are unknown in real data. There-

fore, the evaluation focused on whether the selected kernels, estimated peak locations,

and functional gene clusters were consistent with the known developmental progres-

sion of malaria parasites.

We first applied BetaDE to the Dogg P. falciparum single-cell RNA-seq dataset[58].

After preprocessing and quality control, the dataset contained 4,923 genes and 29,216

cells, including 7,499 ring-stage cells, 13,558 trophozoite-stage cells, and 8,159 schizont-

stage cells. The three annotated stages represent the major developmental stages of

the intraerythrocytic developmental cycle (IDC), but the transcriptional changes dur-

ing this process are expected to occur continuously rather than as fully discrete states.

To examine the overall structure of the data, we first performed principal com-

ponent analysis (PCA) on the processed single-cell expression matrix. As shown in

Figure 3.7, cells formed a clear continuous trajectory in the first two principal com-

ponents. Ring-stage cells were mainly located on one side of the trajectory, schizont-

stage cells were located on the opposite side, and trophozoite-stage cells were broadly

distributed between them. This pattern is consistent with the expected developmen-

tal progression from ring to trophozoite to schizont stages. At the same time, the

overlap between neighboring stages indicates that the IDC progression is not fully

captured by discrete stage labels. Therefore, a continuous pseudotime representation

is more appropriate for modeling dynamic gene expression in this dataset.
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Figure 3.7: PCA plot of the Dogga P. falciparum single-cell RNA-seq dataset. Cells
are colored by annotated IDC stage. The PCA result shows a continuous develop-
mental structure from ring to trophozoite to schizont stages, supporting the use of
pseudotime-based temporal modeling.

After confirming the continuous structure of the Dogga-pf dataset in PCA space,

we next used Slingshot to infer a continuous developmental trajectory. The annotated

stage information was used to guide the lineage direction from ring to trophozoite to

schizont stages. The resulting pseudotime values were rescaled to the interval (0, 1),

with smaller values corresponding to early IDC stages and larger values corresponding

to late IDC stages.

Using the inferred pseudotime from Slingshot, we applied BetaDE to model tem-

poral gene expression patterns in the Dogga-pf dataset. For each gene, BetaDE fitted

Poisson, negative binomial, zero-inflated Poisson, and zero-inflated negative binomial
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models across the candidate beta kernels. The best model-kernel combination was

selected based on AIC, and temporal differential expression was assessed by testing

whether the selected kernel effect was significantly different from zero.

The selected kernels provided an interpretable summary of the activation timing of

each gene along the IDC. Genes assigned to early-peaking kernels showed stronger ex-

pression near the beginning of pseudotime, corresponding mainly to ring-stage cells.

Genes assigned to intermediate kernels tended to peak in the trophozoite region,

while genes assigned to late-peaking kernels were more active near the schizont stage.

Therefore, the selected beta kernels captured stage-specific and stage-transition ex-

pression patterns in a continuous pseudotime framework.

The model selection results also reflected the heterogeneity of single-cell count data.

Some genes were best fitted by Poisson or negative binomial models, while others were

assigned to zero-inflated models. This suggests that different genes exhibit different

levels of overdispersion and sparsity, and that the flexible model-selection strategy in

BetaDE is useful for adapting to gene-specific expression characteristics.

To further investigate the temporal structure among the significant genes, we per-

formed functional clustering based on the fitted BetaDE features. For each gene, the

feature vector was constructed using the fitted beta-kernel coefficients together with

selected-kernel summary features, including the selected kernel location and variance.

These features summarize both the strength and timing of the estimated temporal

expression pattern.

Hierarchical clustering was first applied to the standardized BetaDE feature ma-

trix to identify broad temporal gene modules. As shown in Figure 3.8, the significant

temporally dynamic genes were separated into three major first-level clusters. These

broad clusters indicate that the BetaDE-derived features captured large-scale differ-

ences in temporal expression patterns among genes.

However, the dendrogram also shows that each major cluster still contains multi-
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ple internal branches. This suggests that genes within the same broad cluster may

share similar overall temporal behavior but still differ in finer aspects, such as ac-

tivation timing, peak width, or expression shape along pseudotime. Therefore, we

further performed sub-clustering within each first-level cluster. This two-level clus-

tering strategy allowed us to capture both broad temporal modules and more detailed

temporal sub-patterns among dynamic genes.

Figure 3.8: First-level hierarchical clustering of significant temporally dynamic genes
in the Dogga-pf dataset. Genes were clustered using standardized BetaDE-derived
features. The dendrogram was cut into three broad clusters, shown by the colored
rectangles.

To assess whether the gene programs recovered by BetaDE correspond to biolog-

ically meaningful units, we performed GO biological-process enrichment analysis for

each functional subcluster derived from the Dogga-pf dataset (Figure 3.9). BetaDE

partitioned genes into three top-level temporal clusters, and each top-level cluster was

further divided into functional subclusters, denoted by the format clustersubcluster. For

example, (21) represents the first subcluster within top-level cluster 2. In Figure 3.9,

each point represents a significantly enriched GO biological-process term within a

subcluster after Benjamini–Hochberg correction with adjusted (p < 0.05). Point size

indicates the percentage of genes in the subcluster annotated to the corresponding
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GO term, while point color represents the enrichment significance, with red indicating

stronger significance and blue indicating weaker significance. The number in paren-

theses following each GO term indicates the total number of genes annotated to that

term.

Figure 3.9: GO biological process enrichment analysis of BetaDE-derived functional
subclusters in the Dogga-pf dataset. Each point represents an enriched GO biological
process term within a functional subcluster. The point size indicates the percentage
of genes in the subcluster associated with the GO term, and the color indicates the
enrichment p-value.

Each subcluster was enriched for a distinct and internally coherent set of processes,

with little overlap between subclusters, indicating that BetaDE partitions genes into

functionally specific modules rather than arbitrary groupings.

The enriched programs recapitulated the principal functional transitions of the
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intraerythrocytic developmental cycle. Subcluster 21 was strongly enriched for ribo-

some biogenesis, rRNA processing, ribonucleoprotein complex biogenesis, and RNA

processing, while subcluster 13 was enriched for translation, protein biosynthesis, and

gene expression. Together, these subclusters define a protein-synthesis program con-

sistent with the metabolically active trophozoite stage, during which the parasite

substantially upregulates ribosome assembly and translational activity. Subcluster

12 was enriched for transport and localization processes, reflecting the intensified

macromolecular trafficking that accompanies this growth phase.

A separate set of subclusters captured the processes of parasite replication and

host invasion. Subcluster 32 was enriched for mitotic cell cycle, cell cycle, and protein

catabolic processes, consistent with schizogonyâthe phase of DNA replication and

nuclear division that produces daughter merozoites. Subcluster 22 was enriched for

"symbiont entry into host" and the regulation of protein metabolism, corresponding to

the invasion program expressed as mature schizonts give rise to invasive merozoites.

Subcluster 11 was dominated by broad metabolic and DNA-replication processes,

including DNA replication and DNA-templated DNA replication; the enriched terms

in this subcluster were the most general (e.g., cellular process, metabolic process)

and showed the highest gene percentages but more modest enrichment significance,

consistent with a program of housekeeping and basal metabolic activity rather than

a stage-restricted function.

Across all subclusters, the enriched terms were biologically consistent with the de-

velopmental program of the asexual blood stages, progressing from basal metabolism

and macromolecular synthesis through translation and growth to cell-cycle division

and host invasion. The recovery of these stage-characteristic, functionally segregated

programsâwithout any prior stage information supplied to the methodâindicates that

BetaDE identifies temporal gene programs that reflect genuine biological structure

rather than computational artifacts.
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3.7 Discussion

In this project, we developed BetaDE, a beta-kernel-based framework for modeling

pseudotime-dependent gene expression patterns in single-cell malaria transcriptomic

data. By representing temporal expression dynamics using a set of beta kernels,

BetaDE provides an interpretable way to capture early, middle, late, and transient

activation patterns during the intraerythrocytic developmental cycle. In addition,

by considering multiple count-based distributions, including Poisson, negative bino-

mial, ZIP, and ZINB models, the framework accounts for both count variability and

potential excess zeros in single-cell RNA-seq data.

The simulation results showed that the fitted beta-kernel features were able to

recover the underlying temporal gene modules. Although the first-level clustering

mainly captured broad temporal structures, the second-level clustering further sep-

arated genes into finer subclusters that were largely consistent with the true kernel

groups. These results suggest that the beta-kernel representation provides useful

features for functional clustering of temporally dynamic genes.

We then applied BetaDE to the Dogga-pf single-cell dataset to evaluate its per-

formance on real malaria transcriptomic data. The resulting temporal subclusters

showed several biologically interpretable functional patterns. GO enrichment analy-

sis identified ribosome biogenesis and rRNA processing in subcluster 21, translation

and biosynthetic activity in subcluster 13, cell-cycle-related processes in subcluster

32, and transport/localization-related processes in subclusters 12 and 31. These re-

sults suggest that the BetaDE-derived temporal modules capture biologically relevant

expression programs during parasite development.

However, some enriched GO terms were broad or shared across multiple subclusters,

such as gene expression, biosynthetic process, metabolic process, and cellular process.

Therefore, the GO enrichment results were interpreted as supportive evidence rather

than definitive cluster-specific functional annotations. In addition, the performance
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of BetaDE depends on the quality of pseudotime estimation and on whether the

predefined beta-kernel dictionary adequately represents the true temporal expression

patterns.

Overall, this project demonstrates that beta-kernel-based temporal modeling is a

useful and interpretable approach for identifying dynamic gene expression modules in

single-cell malaria data. The simulation and Dogga-pf real data results together sug-

gest that BetaDE can recover meaningful temporal structures and provide biologically

relevant functional insights.
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CHAPTER 4: CONCLUSIONS AND FUTURE WORK

This dissertation developed computational methods for analyzing transcriptomic

data from both bulk RNA-seq and single-cell RNA-seq perspectives. The two projects

addressed complementary problems in transcriptomic studies of malaria parasite de-

velopment. The first project focused on estimating underlying parasite stage compo-

sitions from bulk RNA-seq mixtures, where the observed expression profile represents

a mixture of multiple developmental stages. The second project focused on mod-

eling dynamic gene expression patterns along single-cell pseudotime and identifying

temporal gene modules. Together, these studies demonstrate the value of integrating

single-cell information, matrix factorization, temporal modeling, and functional clus-

tering to improve the interpretation of parasite developmental dynamics. Although

the two projects were designed for different data types and scientific questions, both

aimed to extract biologically meaningful structure from complex and noisy transcrip-

tomic data.

In Chapter 2, we proposed GSNMF+, a geometry-guided nonnegative matrix fac-

torization framework with data augmentation for robust deconvolution of bulk RNA-

seq data. By incorporating single-cell-derived geometric information through solvabil-

ity and manifold regularization terms, GSNMF+ improves the biological interpretabil-

ity and stability of bulk deconvolution. Simulation studies showed that GSNMF+ can

recover underlying stage proportions under multiple mixture scenarios, and real data

applications demonstrated its potential for estimating parasite developmental com-

position when true proportions are unknown. These results suggest that single-cell-

guided geometric constraints and data augmentation can provide useful information

for improving bulk RNA-seq deconvolution in malaria transcriptomic studies.

In Chapter 3, we developed BetaDE, a beta-kernel-based framework for modeling

pseudotime-dependent gene expression dynamics in single-cell malaria data. BetaDE

represents temporal expression patterns using interpretable beta kernels and accounts
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for count variability and excess zeros through Poisson, negative binomial, ZIP, and

ZINB models. The simulation studies showed that the fitted beta-kernel features can

recover underlying temporal gene modules and separate genes with different activation

patterns along pseudotime. In the Dogga-pf real data application, BetaDE identified

functional subclusters associated with biologically meaningful processes, including

ribosome biogenesis, rRNA processing, translation, biosynthetic activity, cell-cycle-

related processes, and transport/localization. These results suggest that beta-kernel-

based temporal modeling provides an interpretable way to identify dynamic gene

expression programs during parasite development.

For future development, the current framework can be extended beyond fitting each

gene using a single selected kernel. Instead, multiple beta kernels could be combined

simultaneously to model more complex gene expression patterns, especially genes with

broad, multi-phase, or multiple-peak temporal dynamics. This multi-kernel represen-

tation may provide a more flexible description of gene expression trajectories while

still preserving interpretability. Future work could also explore alternative cluster-

ing strategies based on the fitted temporal models. For example, fitted expression

curves or model-based temporal features could be clustered using functional principal

component analysis (FPCA), fuzzy c-means (FCM), or other functional clustering ap-

proaches. Comparing these alternative clustering results with the two-level clustering

results used in this dissertation would help assess the robustness of the identified tem-

poral gene modules and determine whether similar biological patterns are recovered

across different clustering frameworks.
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APPENDIX A: Derivation of Multiplicative Update Rules for GSNMF+

This appendix provides the derivation of the multiplicative update rules used in

GSNMF+. Throughout this appendix, i and ` index genes, j and r index latent

components, cell types, or developmental stages, and s indexes bulk or pseudo-bulk

samples. Let

G ∈ RN×n
+ , C ∈ RN×k

+ , P ∈ Rk×n
+ ,

where N is the number of genes, n is the number of bulk or pseudo-bulk samples, and

k is the number of latent components.

The full GSNMF+ objective function is

F(C,P) =
1

2
‖G−CP‖2F + F1(C) + F2(C) + 1T (P), (A.1)

where F1(C) is the solvability penalty, F2(C) is the manifold regularization penalty,

and 1T (P) is the indicator function for the simplex constraint

T =

{
P ∈ Rk×n

+ :
k∑
r=1

Prs = 1, s = 1, . . . , n

}
.

A.1 Solvability Penalty

Let Sr denote the set of marker genes assigned to component r, for r = 1, . . . , k.

Define the function g(i) as

g(i) = r if i ∈ Sr,

and set g(i) = 0 for non-marker genes. We also define the indicator function

χi =


1, g(i) 6= 0,

0, g(i) = 0.
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The solvability penalty encourages marker-gene rows of C to align with the corre-

sponding coordinate direction. It is defined as

F1(C) =
λ1
2

k∑
r=1

∑
i∈Sr

dEisen
(
C(i), e

>
r

)2
=
λ1
2

k∑
r=1

∑
i∈Sr

(
1−
〈C(i), e

>
r 〉

|C(i)||e>r |

)2

=
λ1
2

k∑
r=1

∑
i∈Sr

(
1−

Cig(i)
|C(i)|

)2

. (A.2)

For each gene i, define the row-wise `2-norm of C as

|C(i)| =

√√√√ k∑
j=1

c2ij =

(
k∑
j=1

c2ij

) 1
2

Then

|C(i)|′ =
1

2

(
k∑
j=1

c2ij

)− 1
2

· 2cij =
cij
|C(i)|

(A.3)

Therefore, the gradient of F1(C):

∂F1

∂cij
= λ1

∑
i∈Sr

(
1−

Cig(i)
|C(i)|

)
· (−1) ·

δg(i),j · |C(i)| − Cig(i) · cij
|C(i)|

|C(i)|2
(A.4)

= λ1
∑
i∈Sr

(
1−

Cig(i)
|C(i)|

)
· (−1) ·

(
δg(i),j
|C(i)|

−
Cig(i)cij
|C(i)|3

)
(A.5)

= λ1
∑
i∈Sr

(
1−

Cig(i)
|C(i)|

)
· 1

|C(i)|
·
(
Cig(i)cij
|C(i)|2

− δg(i),j
)

(A.6)

= λ1 · χg(i) ·
(

1−
Cig(i)
|C(i)|

)
· 1

|C(i)|
·
(
Cig(i)cij
|C(i)|2

− δg(i),j
)

(A.7)

where g : Sr → r is a surjective function, i.e., g(i) = r if there is an r such that

i ∈ Sr or g(i) = 0 otherwise. This function is known from the spectral clustering

and g(i) = r means gene i is the marker gene of the r-th cell type. To take into

account all possible non-marker genes, we use the characteristic function χg(i) = 1
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if g(i) 6= 0 and χg(i) = 0 otherwise. It is convenient to write Eq. A.7 in matrix

form for future computation. To do so, we define: W1 = diag
{(

1− cig(i)
|C(i)|

)
χg(i)

|C(i)|

}
;

W2 = diag
{

cig(i)
|C(i)|2

}
, and Cg = {δg(i),j} Here we use the notation diag{xi} to mean

a diagonal matrix with all entries xi on its diagonal, and diag(x) means a vector

x forms a diagonal matrix with the corresponding size. Then the matrix form of

Eq (A.7) is:

∇F1 = λ1W1 (W2C−Cg) . (A.8)

A.2 Manifold Regularization Penalty

Let ωi` denote the similarity weight between genes i and `. The manifold regular-

ization penalty encourages genes that are close in the observed expression space to

remain close in the latent component space. It is defined as

F2(C) =
λ2
2

N∑
`=1

N∑
i=1

ωi`deisen
(
C(i),C(`)

)2
=
λ2
2

N∑
`=1

N∑
i=1

ωi`

(
1−
〈C(i),C(`)〉
|C(i)||C(`)|

)2

. (A.9)

For fixed i and `, the gradient of numerator in Eq. A.9 is

∂〈C(i), C(l)〉
∂cij

=
∂

∂cij

(
k∑
j=1

cijclj

)
(A.10)

= clj (A.11)

the gradient of denominator in Eq. A.9 is
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∂

∂cij

(
|C(i)||C(l)|

)
=

∂

∂cij

√∑
j=1

c2ij ·
√∑

j=1

c2lj

 (A.12)

=
∂

∂cij

(∑
j=1

c2ij

) 1
2

|C(l)|

 (A.13)

=
1

2

(
k∑
j=1

c2ij

)− 1
2

· 2cij · |C(l)| (A.14)

=
cij
|C(i)|

|C(l)| (A.15)

Therefore, the gradient of F2(C) based on EqA.9:

∂F2

∂cij
=
λ2
2

N∑
l=1

2 · ωil ·
(

1−
〈C(i), C(l)〉
|C(i)||C(l)|

)
· (−1)

·

(
clj|C(i)||C(l)| − 〈C(i), C(l)〉 · cij

|C(i)|
|C(l)|

|C(i)|2|C(l)|2

)
(A.16)

= λ2

N∑
l=1

ωil

(
1−
〈C(i), C(l)〉
|C(i)||C(l)|

)
·
(
〈C(i), C(l)〉 · cij
|C(i)|3|C(l)|

− clj
|C(i)||C(l)|

)
(A.17)

= λ2

[
N∑
l=1

wil

(
1−
〈C(i), C(l)〉
|C(i)||C(l)|

)
〈C(i), C(l)〉
|C(i)||C(l)|

]
cij
|C(i)|2

− λ2
N∑
l=1

wil

(
1−
〈C(i), C(l)〉
|C(i)||C(l)|

)
1

|C(i)||C(l)|
clj (A.18)

To have matrix formulation, we define the matrix coC =
{
〈C(i),C(l)〉
|C(i)||C(l)|

}
, the column

vector |C| with entries being l2 norms of rows of C, and |C|−1 as its element-wise

reciprocal. Further, define

W3 = W ◦ (1N×N − coC) ◦ coC
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and

W4 = W ◦ (1N×N − coC) ◦
(
|C|−1(|C|−1)>

)
,

with “◦” being the Hadamard product of matrices. Consequently, the matrix form of

the gradient of EqA.18 is

∇F2 = λ2diag(W31)diag(|C|−2)C− λ2W4C. (A.19)

A.3 Standard NMF multiplicative updates

We first derive the standard multiplicative update rules for NMF without the solv-

ability and manifold penalties. Consider the reconstruction loss

S(C,P) =
1

2
‖G−CP‖2F . (A.20)

Equivalently, using the trace form,

S(C,P) =
1

2
tr
[
(G−CP)>(G−CP)

]
. (A.21)

A.3.1 Update for C

The gradient of S(C,P) with respect to C is

∇S(C,P )

∇C
= −(G− CP )P> = −GP> + CPP> (A.22)

At iteration t, a gradient descent step for C can be written as

C(t+1) = C(t)−αc
(
−G(P (t))> + C(t)P (t)(P (t))>

)
= C(t)+αcG(P (t))>−αcC(t)P (t)(P (t))>

(A.23)
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To make sure the non-negativity of C(t+1), we let

αc =
C(t)

C(t)P (t)(P (t))>

gives the multiplicative update

C(t+1) =
C(t)

C(t)P (t)(P (t))>
·G(P (t))> = C(t) · G(P (t))>

C(t)P (t)(P (t))>
(A.24)

A.3.2 Update for P

Similarly, the gradient of S(C,P) with respect to P is

∇S(C,P )

∇P
= −C>(G− CP ) = −C>G+ C>CP (A.25)

At iteration t, a gradient descent step for P is

P (t+1) = P (t)−αp
(
−(C(t))>G+ (C(t))>C(t)P (t)

)
= P (t)+αp(C

(t))>G−αp(C(t))>C(t)P (t).

(A.26)

To make sure the non-negativity of P (k+1), we let

αp =
P (t)

(C(t))>C(t)P (t)

gives the multiplicative update

P (t+1) =
P (t)

(C(t))>C(t)P (t)
· (C(t))>G = P (t) · (C(t))>G

(C(t))>C(t)P (t)
(A.27)

Thus, the standard NMF multiplicative updates are Eq. A.24 and Eq. A.27
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A.4 GSNMF+ Multiplicative Updates

We next derive the multiplicative update rule for GSNMF+. Recall that the full

objective function is

F(C,P) =
1

2
‖G−CP‖2F + F1(C) + F2(C) + 1T (P). (A.28)

From the previous sections, the gradients of the solvability and manifold penalties are

∇F1 = λ1W1 (W2C−Cg) .

and

∇F2 = λ2diag(W31)diag(|C|−2)C− λ2W4C.

Since both F1(C) and F2(C) depend only on C, the gradient of the full objective

with respect to C is

C(t+1) = C(t) − αc ·
∂Obj
∂C

= C(t) − αc ·
(
−G(P (t))> + C(t)P (t)(P (t))> +

∂F1

∂cij
+
∂F2

∂cij

)
= C(t) − αc

[
−G(P (t))> + C(t)P (t)(P (t))> + λ1W1(W2C

(t) − Cg)+

λ2diag(W31)diag(|C(t)|−2)C(t) − λ2W4C
(t)
]

= C(t) + αc

[
G(P (t))> + λ1W1Cg + λ2W4C

(t)
]
− αc

[
C(t)P (t)(P (t))> + λ1W1W2C

(t)+

λ2diag(W31)diag(|C(t)|−2)C(t)

To ensure the non-negativity of C(t+1), we let

αc =
C(t)

C(t)P (t)(P (t))> + λ1W1W2C(t) + λ2diag(W31)diag(|C(t)|−2)C(t)
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At iteration t, a gradient descent step for C can be written as

C(t+1) = C(t) · G(P (t))> + λ1W1Cg + λ2W4C
(t)

C(t)P (t)(P (t))> + λ1W1W2C(t) + λ2diag(W31)diag(|C(t)|−2)C(t)

(A.29)

For P update,

P (t+1) = P (t) · (C(t))>G

(C(t))>C(t)P (t)
(A.30)
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