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ABSTRACT

SARAH HELFERT. NUMERICAL METHODS FOR MATHEMATICAL
MODELING WITH APPLICATIONS TO FLUID AND MOLECULAR
DYNAMICS. (Under the direction of DR. XINGJIE HELEN LI)

This dissertation aims to advance the mathematical foundations for scientific machine
learning approaches to problems in fluid dynamics, molecular simulation, and multi-
scale systems. In this work, I bridge rigorous numerical analysis with modern machine
learning architectures, guided by a breadth of projects ranging from classical analysis
to novel model development. These projects aim to address the question regarding
the efficacy of machine learning-based models over classical mathematical methods by
enhancing the understanding and interconnections between these two approaches for
fluid and molecular dynamics modeling, facilitating the development of new methods
that integrate the advantages of both.

Together with my advisor Dr. Xingjie Helen Li, we develop numerical analysis for a
range of classical schemes and novel coarse-graining approaches for solving stochastic
differential equations. While novel machine learning approaches perform exception-
ally well on benchmark examples, a rigorous theoretical framework is still needed
to understand precisely why such models achieve their observed robustness, accuracy
and efficiency. We provide a baseline study that will be applied to the novel models in
future work. In this work, we presented a new benchmark equation to evaluate SDE
solvers that better captures the overall performance of classical numerical schemes
than popular choices of benchmark equations. This was completed by comparing the
time evolution and asymptotic limits of statistical moments of exact solutions to the
solutions given by the solvers. This analysis provides insight into whether various
solvers are stable or biased over long timescales.

With the same goal of understanding numerical performance and modeling error

in the classical setting, we also developed error analysis for coarse-grained models



iv
of SDEs, which are cheap-to-simulate surrogate models that reduce the number of
variables of interest while still capturing important system behavior. I inspect a novel
coarse-graining method that achieves a 10-fold speedup with the same accuracy for
the 1D benchmark examples. My error analysis includes calculating system statistics
and analyzing the performance of the model in the long and short terms.

Throughout internships at Pacific Northwest National Laboratory, I also explore
common failure modes that arise when applying machine learning models to problems
in fluid dynamics. And so, we present a range of approaches for improving the per-
formance of physics-informed neural networks (PINNs), physics-informed deep oper-
ator networks (PI-DeepONets), and physics-informed Kolmogorov Arnold Networks.
These projects include a novel stacked multifidelity architecture for improving PINNs
on chaotic dynamical systems, domain decomposition KANs for problems with com-
plex geometries, and theory-based adaptive loss weighting to improve the accuracy

and efficiency of physics-informed deep operator networks.
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FIGURE 2.1: Top row: 1st moment stability regions (boundaries shown 35

as lines) and 2nd moment stability regions (pink shaded regions) for
the schemes considered; in each case, the stability region for second
moments is strictly contained inside the stability region for first mo-
ments. Bottom row: A comparison of 2nd moment stability regions
among all schemes plotted on the same axes. For asymptotic first mo-
ments, we observe EM and Mil are more stable than the higher-order
schemes in many cases. For asymptotic second moments, RK3 is the
most stable scheme when 7 < 0.5 or n > 1.145; and EM is the most
stable when 0.5 < n < 1.145.

FIGURE 2.2: Asymptotic accuracy of the first and second moments ob- 38
tained using the various numerical methods with respect to the step
size h. Errors were computed as the absolute value of the difference
between the exact moment in the limit 7" — oo and the numerical
moment at final simulation time 7" = 1000. Column 1: The ab-
solute error in the first moment for the SH and RK3 schemes only,
showing the O(h) convergence predicted; EM and Mil are not shown
as they exactly recover the first moment. Column 2: The relative
error of the asymptotic second moment for each scheme. For the case
where 7 = 0.1 (first row), the higher-order schemes perform better,
and SH reaches machine precision for small h, with the accumula-
tion of floating point errors appearing to limit further gains. For the
case of larger n (second row), all schemes give similar error, with EM
outperforming the higher-order schemes as h gets closer to 0.

FIGURE 2.3: A comparison of the evolution of absolute first moment 39
error for the various discretization schemes up to time 7" = 20 for our
benchmark equation. The first row depicts the case when n = 0.1 for
step sizes h = 0.001,0.005,0.025, and the second row depicts when
n = 1.41 with the same range of step sizes. In agreement with our
analytical results, we see that the EM and Mil recover asymptotically
exact first moments, whereas RK3 and SH are asymptotically biased.

FIGURE 2.4: A comparison of the evolution of the relative error in second 40
moments by the discretization schemes versus the exact evolution up
to time T" = 20. The first row depicts the case when n = 0.1 for step
sizes h = 0.001,0.005,0.025, while the second row depicts the case
when n = 1.41 with the same range of step sizes. At late times, we
see substantial accuracy gains from higher-order schemes only when
7 is small.



FIGURE 2.5: Examples of the particular drift and diffusion coefficients

used in the nonlinear example (2.20) (left column), along with the
equilibrium measures computed by numerical integration (right col-
umn). The top row shows the case where 7 ~ 0.05633; while the
bottom row shows the case where n &~ 1.1267. We see from the equi-
librium measures that larger values of n leads to significant skew in
the distribution.

FIGURE 2.6: Numerical errors in the asymptotic means for discretizations

of the SDE with non-affine coefficients (2.20), plotted against time
step size. The difference between the sample mean at time 7" = 16
taken over 4 x 10* trajectories against the equilibrium mean deter-
mined by numerical integration is plotted. We see that the accuracy
decreases linearly with step size, as predicted by our analytic results
for the benchmark equation.

FIGURE 2.7: A comparison of the evolution of the first moment for dis-

cretizations of the nonlinear problem (2.20) for the sets of parameters
producing small and large values of 7. The plots compare the means
predicts with a fine step size h = 0.01 and a coarse step size h = 1,
averaged over 4 x 10* sample trajectories. We see that the low-order
schemes appear to predict the first moment evolution more consis-
tently across a wide variation of time steps, and there is evidence that
SH is unstable for the large value of 17 and large time-step, consistent
with our stability analysis on the simpler benchmark.

FIGURE 3.1: Error functions for a 2D system with initial mean in equi-

librium (po = (0,0)) plotted against A € [1.1,1000]. Top Row: Ap-
proach 1 2-Wasserstein Distance, Kullback-Leibler Divergence, and
Total Variation Distance. Bottom row: Approach 2 2-Wasserstein
Distance, Kullback-Leibler Divergence, and Total Variation Distance.

FIGURE 3.2: Error functions for a 2D system with initial mean out-

side of equilibrium (po = (1,0)) plotted against A € [1.1,1000]. Top
Row: Approach 1 2-Wasserstein Distance, Kullback-Leibler Diver-
gence, and Total Variation Distance. Bottom row: Approach 2 2-
Wasserstein Distance, Kullback-Leibler Divergence, and Total Vari-
ation Distance.
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FIGURE 3.3: Error functions plotted against time lags in the range of
t € ]0,10] for a case where the initial mean is outside of equilibrium
o = (1,0). Here, A = 1.1. Top Row: Approach 1 2-Wasserstein
Distance, Kullback-Leibler Divergence, and Total Variation Distance.
Bottom row: Approach 2 2-Wasserstein Distance, Kullback-Leibler
Divergence, and Total Variation Distance.

FIGURE 3.4: Error functions plotted against time lags in the range of
t € [0, 10] for a case where the initial mean is outside of equilibrium
po = (1,0). Here, A = 1000. Top Row: Approach 1 2-Wasserstein
Distance, Kullback-Leibler Divergence, and Total Variation Distance.
Bottom row: Approach 2 2-Wasserstein Distance, Kullback-Leibler
Divergence, and Total Variation Distance.

FIGURE 3.5: Top row: Eigenvalue gap (left) and theta values (right)
plotted against values of k2. Bottom row: Errors plotted against ko,
for initial mean out of equilibrium gy = 0
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FIGURE 6.1: PINN results s; (left) and sq (right) as a function of time for
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solution.

FIGURE 6.2: Multifidelity physics-informed neural network
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FIGURE 6.4: Stacking PINN results for an illustrative example of s; (top)
and sy (bottom) as a function of time for the pendulum problem up

to nine stacking steps.

FIGURE 6.5: Pendulum relative ¢, training errors after each stacking step
for ten initial seedings.
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FIGURE 6.10: Results for the multiscale problem. (a) Single fidelity re-
sults for a variety of network sizes. (b) Multifidelity stacking results.
(c) Relative ¢, errors for the stacking PINN. The black dashed line in
(c) is the lowest error from the single fidelity training for the 5 x 64
network. For the stacking PINN;, step 0 is the single fidelity step and
step 1 is the first multifidelity step.

FIGURE 6.11: Results for the stacking PINN for the wave equation for
Case 1. The top left figure is the exact solution. The results from
training steps 0, 2, and 14 are in the middle column. Their respective
absolute errors are in the right column.

FIGURE 6.12: Results for the stacking PINN for the wave equation for
Case 3. The left column has the exact solution for the value of ¢ used
for a given stacking step. The results from training steps 0, 2, and
10 are in the middle column. Their respective absolute errors are in
the right column.

FIGURE 6.13: Relative 5 errors for the stacking PINNs for the wave equa-
tions for Case 1 (circles), Case 2 (triangles), and Case 3 (squares).
The relative /5 is calculated using the exact solution for the wave
equation with ¢ = 2.

FIGURE 6.14: t = 0.6
FIGURE 6.15: t =1

FIGURE 6.16: Results for the 2D wave equation at two different times,
t=0.6(a) and t =1 (b).

FIGURE 6.17: Relative /5 error for the 2D wave equation calculated at
125,000 evenly spaced grid points in the training domain.

FIGURE 7.2: Results with L = 2,8, and 32 subdomains for 7.10. (a)
Training data and plot of exact f(x). (b) Loss curves (7.9). (c) Plot
of the outputs f(z) and 37, w;(2)K;(x). (d) Pointwise errors f(z)—
Z]Lﬂ w;(z)K;(z). (e) Scaling results for Test 1 with L subdomains.
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FIGURE 7.3: Results for Test 1 with noisy training data; (a) Example
training data and plot of exact f(x) with 9.6% mean relative noise.
(b) Loss curves for an example training with 9.6% mean relative
noise. (c) Plot of the outputs f(z) and ¥, w;(x)K;(z) with 9.6%
mean relative noise. (d) Pointwise errors f(x) — Zlewj(:l:)le(x)
with 9.6% mean relative noise. (e) Relative ¢y error of the KANs and
FBKANs with respect to the magnitude of the noise added to the
training data.

FIGURE 7.4: Training loss curves for the data-driven test 2.

FIGURE 7.5: Reference solution (left), predicted solutions (middle) and
relative errors (right) for KAN-1 and FBKAN-1 for data-driven test
2. Note that the error plots have different color scales.

FIGURE 7.6: Reference solution (left), predicted solutions (middle) and
relative errors (right) for KAN-2 and FBKAN-2 for data-driven test
2. Note that the error plots have different color scales.

FIGURE 7.7: Results for physics-informed test 1 with L = 8. The
FBKAN clearly outperforms the KAN, reaching a lower loss with
fewer grid points.

FIGURE 7.8: Results for physics-informed test 2 with KAN-1 and
FBKAN-1, and a; = 1l,as = 4, L = 4. The solution along the
line = 0 is given in the bottom left subfigure. Note that the error
plots have different color scales.

FIGURE 7.9: Results for physics-informed test 2 with KAN-1 and
FBKAN-1, and a; = 4,a3 = 4, L = 4. The solution along the
line x = 0 is given in the bottom left subfigure. Note that the error
plots have different color scales.

FIGURE 7.10: Results for physics-informed test 2 with KAN-1 and
FBKAN-1 and a1 = a, = 6, with L = 4 and L = 16.The solu-
tion along the line = 0 is given in the middle left subfigure. Note
that the error plots have different color scales.

FIGURE 7.11: Results for physics-informed test 3 with ¢ = v/2 and L = 4.
Note that the error plots have different color scales.

FIGURE 7.12: Results for physics-informed test 3 with ¢ =2 and L = 4.
Note that the error plots have different color scales.
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FIGURE 7.13: Predicted solution by the initial PINN for the Helmholtz
equation (Eq. 7.28) with a; = 1,ay = 4 (left) and learned subdo-
mains by the POUnet (right). In this figure, the prediction on the
left is used as data for the POUnet, which outputs the subdomains
on the right.

FIGURE 7.14: Comparison of the subdomains learned by a POUnet for
the Helmholtz equation with no added penalty terms to enforce wider
overlaps (left), and the subdomains learned by a POUnet with Lapla-
cian penalty term (right). The Laplacian penalty term has a weight of
ALap = 0.0001. The subdomains with Laplacian penalty have a wider
transition between subdomains, which aids in downstream FBPINN
training.

FIGURE 7.15: Graphical abstract of the ADD-FBPINN

FIGURE 7.16: Predicted and exact results for the 1D Sine ODE with
2000 base points (left) and with 2000 base points + oversampling in
the overlap (right).

FIGURE 7.17: Collocation points used to solve the 1D Sine ODE with
oversample factor of e = 4.0. Collocation points are plotted along the
exact solution. Blue points denote points in only one subdomain, and
red points denote collocation points active in two subdomains.

FIGURE 7.18: Predicted and exact results for the 1D Sine ODE with
2000 base points and an overlap width of § = 0.1 (left) and § = 0.3
(right). The wider overlap results in a more accurate solution.

FIGURE 7.19: Distribution of collocation points for the 2D Helmholtz
equation ablation study with an overlap width of 6 = 0.09. 10000
base collocation points are sampled over the entire domain using
Hammersley sampling. Then, extra points are added to regions where

2 or more subdomains are active with an oversampling factor of a =
4.0.

FIGURE 7.20: Results for the 2D Helmholtz equation with a; = 3 and
a; = 8. On the left, we see the predicted, exact, and absolute er-
ror for both Stage 0 (initial PINN), and Stage 1 (ADD-FBPINN).
On the right, we see the learned subdomains used as the domain
decomposition in Stage 1.
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FIGURE 7.21: Results for the 2D Helmholtz equation with a; = 1 and 149
a; = 9. On the left, we see the predicted, exact, and absolute er-
ror for both Stage 0 (initial PINN), and Stage 1 (ADD-FBPINN).
On the right, we see the learned subdomains used as the domain
decomposition in Stage 1.

FIGURE 7.22: Results for the 2D Poisson equation with multiscale fea- 151
tures for Case 3 with w = [1,2,4,8]. On the left, we have predicted,
exact, and absolute error for both Stage 0 (baseline PINN) and Stage
1 (ADD-FBPINN). On the right, we see the learned domain decom-
position used in Stage 1. In this case, the subdivision is still uniform,
but the adaptive method is able to learn the ideal overlap width.

FIGURE 7.23: Results for the 2D Poisson equation with multiscale fea- 152
tures for Case 3 with w = [1,2,4,8,16]. . On the left, we have pre-
dicted, exact, and absolute error for both Stage 0 (baseline PINN)
and Stage 1 (ADD-FBPINN). On the right, we see the learned do-
main decomposition used in Stage 1. In this case, the subdivision
favors more subdomains with sharper transitions.

FIGURE 7.24: Subdomains learned for various cases of Burgers equation 153
by a POUnet.
(Paphdomains learned for Burgers Equation 7.32 with sharp gradient
at 21530, . . . L. -
subfigure((b)). Subdomains learned for Burg-

ers Equation 7.33 with sharp gradient at x = —0.25. 153

FIGURE 7.25: Predicted and exact solution and absolute error for Burg- 154
ers equation comparing fixed domain decomposition with a standard
FBPINN to that of an ADD-FBPINN.

FIGURE 7.26: Comparison between the fixed domain decomposition sub- 155
domains and the learned subdomains for Burgers equation with shock
located at x = —0.25. This case highlights the ability of the adaptive
domain decomposition to perform feature-aligned domain decompo-
sition automatically.
(BiXpd domain decomposition used for Burgers Equation 7.32 with

sharp gradient at x = —0635.. . . . . . . . . ... -
subfigure((b)). Subdomains learned for Burg-

ers Equation 7.33 with sharp gradient at x = —0.25. 155



FIGURE 8.1: Wave equation: Relative testing errors at 500 initial condi-
tions, averaged over 5 different network initializations, and average
elapsed time to run on a NVIDIA A100 GPU.

FIGURE 8.2: Results using a DeepONet to solve the wave equation.
Top Row: Exact solution (left), Predicted solution using the CK
(middle), distribution of weights throughout the space-time domain
(right). Middle row: Predicted solution using the NTK (a0 = 0.5)
(middle) and distribution of weights throughout the space-time do-
main. Bottom row: FEigenvalues of the sub-matrices of the NTK
and CK corresponding to various loss terms (residual, initial condi-
tions, and boundary conditions, respectively) calculated at the end
of training.

FIGURE 8.3: Spectrum of various kernels at regular intervals during train-
ing for the wave equation solved with a PI-DeepONet

FIGURE 8.4: Burgers Equation: Testing errors on 500 initial conditions,
with results for 5 randomly initialized networks

FIGURE 8.5: Burger’s equation spectrum at the end of training with
v = 0.01 for the sub-matrices of the NTK or CK corresponding
to the residual, initial condition, or boundary condition loss terms,
respectively.

FIGURE 8.6: Burger’s equation spectrum at the end of training with
v = 0.001 for the sub-matrices of the NTK or CK corresponding
to the residual, initial condition, or boundary condition loss terms,
respectively.

FIGURE 8.7: Burger’s equation spectrum at the end of training with
v = 0.0001 for the sub-matrices of the NTK or CK corresponding
to the residual, initial condition, or boundary condition loss terms,
respectively.

FIGURE 8.8: Eigenvalues of kernels during training for Burgers equation
with viscosity ¥ = 0.01. The eigenvalues in all cases converge quickly
to stabilized value, indicating accurate and efficient training.

FIGURE 8.9: Eigenvalues of kernels during training for Burgers equation
with viscosity v = 0.0001. The eigenvalues during training are more
dispersed and stabilize slower, if at all, when compare to other cases.
This highlights a difficulty in training.
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FIGURE 8.10: Sample results for Burgers equation with v = 0.0001

FIGURE 8.11: Burgers Equation: Testing errors on 500 initial conditions
for v = 0.0001, with results for 5 randomly initialized networks.
This plot includes errors for when the combination of NTK and CK
is applied.

FIGURE 8.12: Stokes flow sample results exact, predicted, and absolute
error for a representative boundary condition from the testing set
using the NTK with a = 0.5.

FIGURE 8.13: Stokes flow sample results exact, predicted, and absolute
error for a representative boundary condition from the testing set
using the CK with a = 0.5.

FIGURE 8.14: Stokes flow: Box plots of testing errors over 100 various
obstacles over 5 network runs. The points denoted by red crosses are
outliers, which extend past 1.5x the inter-quartile range of the box.

FIGURE 8.15: Stokes flow: Mean testing errors at 500 testing ellipse
sizes, averaged over 5 different network initializations, and average
elapsed time to run on a NVIDIA A100 GPU. The NTK/CK case
computes NTK weights for the residual loss terms, and CK weights
for the boundary loss terms. All cases have oo = 1.

FIGURE 8.16: Stokes flow: Mean testing errors at 500 testing ellipse
sizes, averaged over 5 different network initializations, and average
elapsed time to run on a NVIDIA A100 GPU. The NTK/CK case
computes NTK weights for the residual loss terms, and CK weights
for the boundary loss terms. All cases have o = 0.5.

FIGURE 8.17: Stokes flow. Top row: Spectrum of residual kernels with
respect to u,v,c using the NTK and CK for a case in which the
DeepONet fails to reach a solution. Bottom row: Spectrum of resid-
ual kernels with respect to u, v, ¢ using the NTK and CK for a case
in which the DeepONet trains successfully.

FIGURE 8.18: Eigenvalues during training for Stokes’ flow

FIGURE 8.19: Stokes flow sample results for the NTK with o = 1 and
weight distribution for the residual kernels
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LIST OF ABBREVIATIONS

ADD-FBPINN An acronym for adaptive domain decomposition finite basis physics-

informed neural network.
CK An acronym for the conjugate kernel of a neural network.
DeepONet An acronym for deep operator network.
EM An acronym for the Euler Maruyama numerical method.
FBPINN An acronym for finite basis physics-informed neural network.
GBM An acronym for geometric Brownian motion.
KAN An acronym for Kolmogorov-Arnold network.
Mil  An acronym for the Milstein numerical method.
NTK An acronym for the neural tangent kernel of a neural network.
ODE An acronym for ordinary differential equations.
PDF An acronym for probability density function.
PI-DeepONet An acronym for physics-informed deep operator network.
PINN An acronym for physics-informed neural network.
RK3 An acronym for the 3rd order Runge Kutta numerical method.
SciML, An acronym for scientific machine learning.
SDE An acronym for stochastic differential equations.

SH  An acronym for the stochastic heun numerical method.



CHAPTER 1: INTRODUCTION

Many problems in the physical sciences demand mathematical models that can
simulate and predict system behavior, such as solid materials modeling for nano-
materials manufacturing [4], ice sheet friction modeling for climate science [5], and
particle diffusion in porous materials [6, 7]. As such, a major focus in the field of
applied mathematics is the development of mathematical models with significant ap-
plications in mind and accompanying rigorous numerical analysis to guarantee their
reliability and effectiveness. Numerical methods designed for the simulation, predic-
tion, and analysis of physical systems range from classical numerical schemes, such as
time integrators, to scientific machine learning approaches, such as physics-informed
neural networks [8] and operator networks [9]. Machine learning models have been
shown to effectively approximate solutions to equations that model fluid dynamics
[10, 11]. However, the performance of these methods is not yet well understood, the
computational cost is often high, and they require careful hyperparameter tuning. In
this work, I address the recent debate regarding the efficacy of machine learning-based
models over classical mathematical methods [12, 13, 14] through a suite of projects
that examine the capabilities and shortcomings of both classical and modern methods
for problems in fluid and molecular dynamics. Rather than arguing for one approach
over the other, we explore the possibilities for each field to benefit from the other,
including novel machine learning methods that are guided by classical error analysis
and classical numerical techniques applied to improve the accuracy or efficiency of
machine learning approaches.

In addition to making the case that mathematical modeling benefits from applying

a variety of methods both classical and modern, the results of the seven projects in this
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dissertation support the importance of three unifying pillars that must be balanced in
order to create trustworthy mathematical modeling frameworks: numerical stability,
modeling error, and computational cost. Numerical stability refers to the accuracy
of a numerical scheme that approximates the solution to a system. Modeling error
is introduced when a reduction is made to the full dynamics of a system in order to
make the approximation of a solution more efficient. Computational cost refers to
the computational resources required to solve and predict system behavior. These
three facets are crucial to modeling frameworks regardless of numerical method used
or application domain, which is highlighted in the variety of projects presented here.

With numerical stability, modeling error, and computational cost being three nec-
essary quantities of interest when building trustworthy mathematical modeling frame-
works, this dissertation follows the exploration of each via classical numerical schemes
for stochastic differential equations, and then extends similar exploration to the ma-
chine learning setting. Chapters 2, 3 and 4 explore these modeling pillars in detail in
the context of solving stochastic differential equations (SDEs) via classical methods,
where techniques for analysis are well-known. We then pivot to the modern machine
learning setting, beginning in Chapter 5 with a preliminary description of the field of
scientific machine learning (SciML) and the models studied in this work. Chapters
6, 8, and 7 explore the importance of these pillars in the machine learning setting,
exposing how our proposed modeling framework transcends method choice and ap-
plication domain. Specifically, each chapter that follows is organized in the following

manner:

o Chapter 2 focuses on a novel benchmark equation for the analysis of the per-

formance of classical numerical SDE integrators.

o Chapter 3 discusses the use of the transition probability law as a short and long
time error metric for the modeling error introduced when a model reduction is

introduced via coarse-graining.
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o Chapter 4 extended the study of coarse-graining approaches in the previous
chapter with a leading first order estimate bound on the relaxation time of the
full and resolved dynamics, and then uses this analysis to guide the selection
of which variables to resolve and which to leave unresolved when making a

reduction via coarse-graining.

o A review of prominent scientific machine learning methods for fluids and molec-
ular dynamics is presented in Chapter 5. Common failure modes and best

practices are discussed.

« 6 presents the use of a novel stacked multifidelity architecture to improve the
accuracy of physics-informed neural networks and deep operator networks when
the system dynamics are chaotic due to the occurrence of a fixed point, show-
casing how techniques from classical numerical modeling can improve machine

learning approaches.

o Chapter 7 presents another study on the application of classical techniques to
improve mathematical models based on machine learning techniques. I explore
the use of classical domain decomposition techniques for Kolmogorov-Arnold
networks (KANs) and develop an adaptive domain decomposition technique for

finite basis PINNs (FBPINNS).

o In Chapter 8, I present the use of a theory-based, adaptive loss weighting scheme
used to improve the accuracy and efficiency of training physics-informed deep

operator networks.

o Finally, I conclude with a discussion regarding the implications of this work on
fluid and molecular dynamics modeling and provide areas for future work in

Chapter 9.



CHAPTER 2: NUMERICAL STABILITY REVISITED FOR CLASSICAL SDE
INTEGRATORS

This chapter is based on the work published in Numerical Stability Revisited: A
Family of Benchmark Problems for the Analysis of Explicit Stochastic Differential
Equation integrators by Thomas Hudson, Xingjie Li, and Sarah Helfert [15]. In this
work, we explore four classical numerical integrators for SDEs and provide a novel
benchmark equation with which to analyze their performance. The novel benchmark
we propose improves upon the standard benchmark, geometric Brownian motion, be-
cause it better captures the overall performance of the schemes in a nonlinear setting.
This work highlights the importance of carefully selecting benchmark equations and
parameters for numerical methods that highlight various application contexts, be-
cause lower-order schemes can outperform higher-order schemes in some cases. This
is a crucial insight that can offer improved analysis in the machine learning setting
as well, as shown in later projects. Further, this project highlights the nuances of
capturing the numerical error that is introduced when we approximate the solution
to a system, which is the first essential pillar of trustworthy mathematical modeling
frameworks. In later chapters, we introduce studies on modeling error and efficiency
as equally crucial pieces of modeling frameworks.

SDE models are important for modeling a wide range of real-world phenomena, and
combine both deterministic and random effects into a model describing the evolution
of degrees of freedom in time. In many cases, SDE models are ergodic, entailing
that the law of the process converges to an equilibrium distribution independently
of the initial condition. In practice, ergodicity is a desirable property for real-world

applications, with the equilibrium distribution representing a form of thermalised



steady-state for a system.

To simulate and predict the behavior of SDE models, numerical integration algo-
rithms are needed, and a wide range of algorithms have therefore been developed to
simulate SDE models. Even when an SDE is ergodic, it has long been recognized
that a numerical discretization of the evolution may not reproduce the equilibrium
distribution, leading to biased long-time statistics. For example, when the drift and
diffusion coefficients are only locally Lipschitz, explicit schemes can fail to be ergodic
and therefore yield biased asymptotic statistics, even when the underlying SDE is
itself geometrically ergodic [16, 17, 18, 19]. On the other hand, when the coefficients
are globally Lipschitz, explicit schemes admit strong and weak convergence guaran-
tees and can be proved to reproduce the equilibrium distribution when time step size
h tends to 0 [2, 1, 20]. Moreover, for a fixed simulation time 7', higher-order schemes
are provably more accurate than lower-order schemes as the time step tends to zero.
However, the associated error bounds typically involve prefactors that depend on T,
so these results do not by themselves imply that a higher-order method will consis-
tently outperform a lower-order one in the long-time limit for a fixed time-step size.
Motivated by this, we are interested here in comparing the long-time behavior of ex-
plicit schemes of a range of orders in the regime where T — oo while the time step h
remains moderately large, thereby focusing on the ability of the schemes we consider
to approximate the invariant measure and the resulting asymptotic statistics.

We note at this stage that where discretizations of SDEs are used as a method to
generate samples of a particular distribution with a known density, Monte Carlo algo-
rithms often use an accept-reject or Metropolis step to counteract the bias inherent in
the numerical discretization [21, 22]. On the other hand, when we are interested not
only in sampling the equilibrium distribution but also in the dynamics of the process,
performing accept-reject steps on entire trajectory segments may be costly, as they

involve discarding expensive-to-compute trajectories of high-dimensional systems of
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SDEs. As an alternative, we ask how accurately and stably numerical schemes are
able to capture asymptotic statistical properties of the underlying SDE model. If
we are able to quantify the errors committed, and these are at an acceptable level
for the required application, we may as a result be able to save extra computational
work. Furthermore, stochasticity and stiffness appear in a wide range of physical and
chemical systems, and the time-step size is often severely restricted to maintain nu-
merical stability and accuracy when integrating stiff stochastic differential equations
with fast diffusion process [23, 24, 25].
Classically, the stability of SDE schemes has been measured through an approach
known as mean-square stability analysis [26, 27, 28, 29]. These approaches have

tended to use geometric Brownian motion (GBM) as a benchmark, i.e.

dg, = —qdt + ngdWy,

extending the concept of linear stability from deterministic ordinary differential equa-
tions (ODEs) [27, 1]. In this work, we revisit the underlying assumptions of this
stability analysis, and propose a more generic benchmark SDE problem for the study

of statistical accuracy and stability properties, namely the one-dimensional equation

dgr = —qdt + (1 + nge)dW.

Here, n is a real parameter which controls the relative strength of the multiplicative
noise and the stiffness of the deterministic drift. By non-dimensionalising, we show
that this benchmark arises generically from a general first-order SDE in one dimension
with affine coefficients. While the study of the GBM problem benefits from a simple
exact expression for solution trajectories in terms of Brownian motion, we will argue
below that since it represents a less generic situation, it does not necessarily reflect

the performance of numerical integration schemes in a realistic nonlinear setting.
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Despite their superficial similarity, as a stark illustration of the contrast between the
two problems, the equilibrium distribution for GBM is always concentrated at x = 0
when it exists, while our proposed benchmark includes a wide range of algebraic tail
behavior for the resulting equilibrium distribution.

At this stage, we briefly comment on our reasons for selecting a one-dimensional
rather than a multi-dimensional test case. In higher dimensions, a non-dimensionalisation
strategy similar to that which we pursue below to derive our benchmark will lead to
a much richer parametric representation, which is therefore more complex to an-
alyze. These challenges are already recognised in the literature on mean-squared
stability; see for example [30, 28], and further discussion the complexities faced in
higher-dimensional cases is provided when deriving our benchmark below.

After deriving the benchmark problem, we use it to analyze the long-time perfor-
mance of some well-established explicit integration schemes. Our focus on explicit
schemes is motivated by the need for integrators which avoid costly implicit steps in
high dimensional problems. While there is no simple exact formula for solutions of
our test problem, we will see that it is nevertheless simple enough to allow for the
explicit computation of both the equilibrium distribution and the evolution of the
low-order moments of the law as the process evolves. We choose the latter as metrics
for assessing the accuracy of the schemes, reflecting the sorts of statistics which are
often of interest to practitioners.

Along with a discussion of the long-time statistical accuracy of the numerical meth-
ods considered, we obtain results characterising the range of time-steps for which the
methods are stable in the sense that they preserve the boundedness of first and sec-
ond moments as the number of time steps simulated tends to infinity. This is a
feature which we term statistical stability to distinguish it from other differing no-
tions [27, 31, 1]. The ranges of time step we find provide us with a meaningful way to

compare the stability of methods as the parameter 7 varies, allowing us to represent-
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ing a range of relative strengths for the multiplicative noise and drift. In modeling
contexts where long trajectories are important in order to enable the observation of
phenomena which would otherwise be out of reach, understanding and predicting the
stability of methods are important as a way to allow for increased time-step sizes,
which trade accuracy for physical insight which would otherwise not be available.

Finally, to verify the analytical results we obtain, we conclude by performing a
range of numerical experiments, and discuss the consequences of our results for a
more general application to a nonlinear example.?

In Section 2.1, we present the preliminaries on stochastic differential equations
(SDEs) that are the focus of this work. In Section 2.2, we review the numerical
schemes we study, and give an overview of established results on their local accuracy
properties. In Section 2.4, we use a nondimensionalisation argument to derive our test
problem from a general linear SDE, discussing various exactly computable properties
of the resulting equation. In Section 2.5, we derive expressions for the evolution of
discrete statistical moments under various numerical integrations, comparing to the
continuous counterparts for the benchmark problem, verifying the results numerically
and studying the corresponding stability regions. In Section 2.6.3, we demonstrate
the utility of our results in the context of a more realistic setting of an autonomous

equation where the drift and diffusion coefficients are both nonlinear.
2.1 Stochastic Differential Equations

This work focuses on approximating the solution to stochastic differential equations

of the following form

dg: = f(q)dt + g(q)dW,, te€0,T]. (2.1)

In this work, we assume the solution is subject to a deterministic initial condition x.

! Accompanying codes can be found at https://github.com/XingjieHelenLi/NumSDE_Revisit.
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For the purposes of comparing the numerical schemes we study, we will discretize
the simulation time interval into subintervals of fixed length h = T'/N, and define a
discrete time grid ¢t,, = nh for n = 0,..., N. For the different schemes we discuss, x,
will always be used to refer to the approximation of the solution generated at time
t,. For convenience in describing the numerical schemes below, we also introduce the

notation

fn = f(xn), and f7/1 = f/(l'n)a

and use analogous expressions g,, g, and ¢/ for the relevant functions evaluated at x,,.
We also introduce sequences of independent identically distributed Gaussian random

variables AW,, and AW,, with mean zero and variance h, i.e. AW,, AW, ~ N(0,h).
2.2 Overview of numerical schemes

We consider the stochastic initial value problem for the scalar autonomous 1t6 SDE
given by
dg; = f(qr)dt + g(q)dW;, t € [0,T]. (2.2)

We will assume throughout that the solution is subject to a deterministic initial
condition, x.

For the purposes of comparing the numerical schemes we study, we will discretize
the simulation time interval into subintervals of fixed length h = T'/N, and define a
discrete time grid ¢,, = nh for n = 0,..., N. For the different schemes we discuss, x,
will always be used to refer to the approximation of the solution generated at time
t,. For convenience in describing the numerical schemes below, we also introduce the

notation

fo=Ff(za), and  fl = f(zn),

and use analogous expressions g,, g, and ¢/ for the relevant functions evaluated at x,,.

We also introduce sequences of independent identically distributed Gaussian random
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variables AW,, and AW, with mean zero and variance h, i.e. AW,,, AW, ~ N(0,h).
We select four classical explicit numerical schemes to study with a range of levels

of accuracy. In particular, we consider:

1. The Euler-Maruyama (EM) method [32], [1, §9.1]:

Tpi1 = Tp + fuh + g, AW, (EM)

2. The Milstein (Mil) method [1, §10.3]:

Tnit = Tn + fuh + gu AW, + Sghgn (AW? = 1) . (Mil)

3. The Stochastic Heun (SH) method [27]:
Tn+1 = T, + % [Fl + FQ] h + % [Gl + Gz] AWn, (SH)

where setting F(z) := f(z) — 1¢'(z)g(x), the coefficients in the relation above

are defined to be

F1:F($n), G, :g(xn)a

F, = F(QTn + Fih + GlAWn), Gy = g(xn + Fih + GlAWn)
4. The improved 3-stage Runge-Kutta (RK3) method [2, 27]:

Tpi1 = Tp + 3 (F1 4+ 3F3) h+ 1 [G1 + 3G3] AW,

+ 5 (Frgn — G0 fn — S900%) AW, (RK3)
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Table 2.1: A summary of the strong and weak convergence orders of the methods
studied. The first two rows correspond to results proved in [1], while the latter two
rows correspond to results proved in [2, 3].

Method | Strong order | Weak order
Euler-Maruyama (EM) 0.5 1
Milstein (Mil) 1 1
Stochastic Heun (SH) 1 2
3-stage Runge-Kutta (RK3) 1 2

where we again denote F'(z) := f(x) — 54'(x)g(x), and the coefficients are

= F(z,), G1 = g(zn),
Fy = F(z, + $Fih + 1G1AW,), Gs = g(z, + 1Fih+ 1G1AW,),

Fy = F(2, + 2Fh + 2GoAW,), G3 = g(xn + 2Foh + 2G2AW,).

Established results on the strong and weak orders of these schemes are summarized in
Table 2.1, and the accuracy in terms of time-stepping h is summarized in Table 2.2.
As we can see, these schemes range significantly across the convergence order that

they exhibit.
2.3 Asymptotic moment stability for Geometric Brown Motion

In this section, we provide analysis of the stability of the schemes we study for

GBM as a benchmark, to later be compared with our novel benchmark.
2.3.1  Evolution of moments for geometric Brownian motion

To provide a clear comparison between the previous GBM benchmark

dg = —qedy + ngdW;

used to define MS-stability and our benchmark (2.10), we compute the analytic and
numerical first and second moments of various schemes for the GBM in this section.

Taking the GBM from a deterministic initial position 2(0) = zy and assuming that
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n? < 2, we have

dg = —qdt + ng,dW,.

In this case, the Fokker-Planck equation for the probability density p(x,t) of the state
is given by

Op = 0p(zp + 0, (3n°2°p)).

As in Section 2.4.3, we derive an equation for the first moment by taking time deriva-

tives and integrating by parts, giving

d 0 o 2 oo
gu(l)(t) = /_OO xOpdr = /_OO 0, (xp) dx + % /_oo 20*(x%p) de = —pV (1);

this equation has analytic solution pV(t) = u(V(0)e~*. Similarly, the second moment

satisfies

d o 00 2 )
%M(z)(t) = /_oo *Oyp da = /_Oo 2?0, (zp) dx + % /_OO 2202 (2%p)dr = —(2 — n2),u(2)(t)

with solution p® (t) = u®(0)e-2t7) Since the initial condition is assumed to be
deterministic, p(z,0) = d,,(x), and we have the following analytical expressions and

asymptotic values of the first and second moments:
pV(t) =z0e™" -0 and p?(t) = x%e_(Q_”Q)t —0 as t— o0.

2.3.2  Asymptotic moment stability regions for various schemes

In this section, we compute the asymptotic first and second-moment stability re-

gions for the geometric Brownian motion under the four numerical schemes of interest.
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2.3.2.1  Euler Maruyama (EM)

Taking expectations and using the scheme definition (EM), the first moment

evolves according to
u) ) = E[zns] = E[(1 — R)x, + nz h PAW,] = (1 — h)uh, (2.3)

and thus EM is first-moment asymptotically stable for |1 — h| < 1, ie., 0 < h < 2.

Following a similar approach for the second moment, we have

pith = El(@2)(1 — h+nh'2AW,)?)
= E[X2) (1 — h)? +2ph'/2(1 — WE[AW,] + ?RE[(AW,)?])  (24)

=P (1= h)* +7°h),

which leads to the stability requirement that
0<h<2—n%

These stability requirements are identical to those found for the benchmark (2.10) in

Section 2.5. In addition, the EM scheme for the GBM satisfies

EM: pV =0 p?=0

o0

which show that EM scheme recovers the exact analytic values of asymptotic first

and second moments for GBM.
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2.3.2.2  Milstein method (Mil)

We see a similar phenomenon for the Mil method applied to the GBM. The Mil

updates step for GBM is
Xpi1 = Xn (1 — h+nAW, + ;772((AW,1)2 - h)) :
Taking the first moment, we have
piy = nP (1= h). (2.5)

This leads to the stability condition for the first moment 0 < h < 2.

Taking the second moment, the recursion is

1
P =P (14 0 = 2)h+ (L Jnh2) (26)

which results in the asymptotic stability condition for the second moment to be

0<h<

Again, the first and second stability conditions for GBM under Mil are identical to
the stability conditions we found for the benchmark (2.10). In addition for Mil, we
have

Mil:  pl) =0, ul =0,

again, the Mil scheme recovers the exact asymptotic first and second moments without

bias for GBM.
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2.3.2.3  Stochastic Heun (SH)

The evolution of the first moment under SH reads
2
pll), = (1 —h+3(1+ 4p) h2> p = (1= h+ 302+ I?h? + In'h?) plh), (2.7)

which gives the stability region

2 8

0<h< =
(14 4p2)" AP d

Similarly, we have the recurrence relation for the second moment:
2
P = (14 OF = 2h+ (2= 7 = 1) 1°
+ (30° + 3t = 1) B+ (G + 20+ 3t p” + 5) h4) e,

which yields the stability condition

L+ =2h+ (2-n = ") W2+ (I + 3" — 1) BP + (&n° + In° + I+ I+ 1) Y < L.

These stability conditions for the first and second moments under SH are remain the
same when compared to the results for the benchmark (2.10). Moreover, we have the
asymptotic result that

SH:  pl) =0, p=0;

so the exact analytic values of asymptotic moments are recovered without bias for

GBM under SH discretization scheme.
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2.3.24  3-stage Runge-Kutta (RK3)

For RK3, we have for the first moment

= (1= (5= B) 1 (ot B ) )l

= (1= h+1n2(A—n") = KR +n?)) .

(2.8)

which indicates the first-moment is asymptotically stable when
L—h+ 124 —n') — KR+ < 1.
Next for the second moment, we have
uitly = RO (hn) ),
where R® is a polynomial in A of the form
R (h,n) = ag + arh + azh® + ash® + ash* + ash® + agh®,
with coefficients

a=1 a =n*-2, a2:%n4—2n2+2,

ag ==’ + 30" =5 as =g+’ — 0 =90+ 15
_ 1,10 5,8 5,6 5.4 1

as =g N T3l TRl T~

_ 1 12 1 .10 5 .8 5,6 5,4 1,2 1

Again, stability for the second moment requires that |[R® (h,n)| < 1. Both stability

conditions for the first and second moments for GBM under RK3 are still the same
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compared to the benchmark (2.10). Meanwhile, we have

RK3: u =0, u? =0,

(e 9] (e 9]

which shows that RK3 recovers the exact second moment without bias for GBM.
For each of the schemes studied, the above computations show that the stability
requirements for the GBM benchmark take the same form as for our benchmark
equation (2.10) in terms of the parameter n and timestep h. A stark difference
however is that all schemes are asymptotically exact in terms of the first and second
moment for GBM, with no bias. In part, this highlights the particularly special
feature of GBM, which is that the drift and diffusion both vanish at the same point,
and hence when it exists, the equilibrium measure is concentrated. As argued in
Section 2.4.1, this behavior is rather special when considering an SDE with affine

coefficients, highlighting the need for an alternative benchmark.

2.4 Derivation and properties of benchmark problem

To analytically compare the methods (EM), (Mil), (SH) and (RK3), we focus on a
test problem where f and ¢ are time-independent and affine in the spatial variable,
ie.

f(§) =—a—pB¢ and g(§) =7+ &

In other words, we consider the SDE

dé; = —(a+ B&)dT + (v + 68 )dW,, (2.9)

which is the most general form of autonomous SDE in one variable with coefficients
which are affine in &, driven by a single Brownian motion. This problem can be seen
as the linearised form of the general nonlinear autonomous SDE (2.2) about some

fixed spatial point.



18
In this section, we perform what amounts to a non-dimensionalisation of this equa-
tion, which allows us to reduce the equation to a single parameter family in the most

general case. We also discuss properties of the resulting reduced equation.
2.4.1  Reduction of cases

We proceed by rescaling and shifting time and space coordinates from (£, 7) to
(x,t). To do so, we define &, := Ag + B, and we introduce the time rescaling 7 = T't.
Here A, B and T are real parameters to be chosen, and T" > 0 is positive, so that the
direction of time is preserved. Substituting appropriately, and using the properties

of Brownian motion, we obtain the following equation in the new coordinates
dg, = — (TA*l(a + B8B) + Bth) dt + TY?A7" (y + 6B + 6 Ag,) dW,.

If  # 0, then we can set B = —a/5 and T' = 1/|| and obtain

B py —ad 0
dqt = —mqtdt + Aﬁ|ﬁ|1/2 + |ﬁ|1/2Qt th
Next, as long as By — ad # 0, we can set A = fjrﬁ—lf;i and 7 := WL”Q to obtain

dg = £qdt + (1 + TIQt)th; (2.10)

where the sign of the term in front of the drift term is opposite to that of 5. Equation
(2.10) provides the most generic dimensionless form of (2.9) in this sense, but there

are other possible cases:

o If 82 0 but v — ad = 0, then we can rescale to obtain geometric Brownian
motion

where again n = IML”Q‘
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« If 3=0but 6§ # 0, then we can set B = —/5, T = [6|7"/2 and A = —a|§|'/?
to obtain

o Finally, we could have § = 0 and § = 0, resulting in an equation which is simply

a translation of a Brownian motion.

In the existing literature on the numerical analysis of SDEs with multiplicative noise,
geometric Brownian motion (2.11) has been used as a common test equation for
numerical methods. A likely reason for the use of geometric Brownian motion is the
availability of an analytical solution; the derivation above shows however that both
this case and the case where (2.12) is the resulting equation form sets of zero measure
in the four-dimensional space of parameters «, 3, v and §. As such, we choose to
focus on consideration of (2.10) for n € throughout the remainder of this work. We
choose also to only consider the case with drift term being —x;dt in (2.10), which
guarantees ergodicity of the dynamics with respect to an equilibrium distribution;
this is discussed further in the following section.

As discussed in the introduction, we highlight some complexities which would arise
in the more general case where we consider an SDE in d dimensions, which motivate
our choice to focus on a one-dimensional case. Consider the general d-dimensional

system of SDEs where the drift and diffusion are affine, i.e.

d d d
dei = (o/’ +3 6“8) dr+3 (7”’ +3 6’7’“65) dwy,
j=1

j=1 k=1

where o, 89, % and §%% are real coefficients of the system for ¢, 5,k € {1,...,d}. In

this case, the number of independent coefficients is d+2d? 4+ d*. In higher dimensions,
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a general redefinition of the spatial variables takes the form

€= Ai—l—Zd:Bijx{, 1=1,....d,
j=1

along with the time rescaling 7 = Tt. This provides us with the flexibility to scale out
d?+d+1 parameters in the most generic case, but under such a rescaling, there would
remain d® +d? — 1 independent dimensionless parameters governing the system. Even
in two dimensions, there are therefore 11 possible cases (although we note further
reductions may be possible through finding other equivalences). This rapid growth in
the number of cases with dimension justifies our choice to focus on a one-dimensional
cases where there is exactly 1 dimensionless variable for simplicity. Note that in
the case where d = 1, the above argument predicts that we have exactly one free
dimensionless parameter, just as derived above.

For comparison, the particular case considered in [28] corresponds to a reduction
of the two-dimensional case with the further requirement that 3 is symmetric, 4% is
zero, 09 = 0 for k = 2, and i, € {1,2}. As in the case of geometric Brownian
motion in one dimension, this is clearly not a case that will arise generically from
a linearisation of nonlinear drift and diffusion about a fixed spatial point, but the
analysis remains challenging: there are 9 parameters that can be reduced to 2 by
scaling in space and time. This conclusion can effectively be seen from the result of
Theorem 1 in [28], which relies upon two independent conditions holding in order to

guarantee stability.
2.4.2  Equilibrium distribution

Since our focus is on asymptotic statistical properties of the dynamics and the
accurate recovery of these statistics by numerical schemes, we now consider the er-
godicity properties of our reduced equation (2.10). There are a range of established

approaches which can be used to demonstrate that the SDE is ergodic with respect
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to an equilibrium distribution. One such approach is provided by the results of [17],
which in turn relies upon the methodology introduced in [33, 34, 35]. The Fokker—
Planck equation which governs the probability density function p of solutions to the

model problem (2.10) is the PDE

Op = Oy (xp + 0, (%(1 + nx)zp) ) (2.13)

In particular, this approach to showing ergodicity requires verification a minorisation
condition for the transition kernel of the process, and the construction of a Lyapunov
function. In the case of the equation under consideration, the minorisation condition
can be shown to hold as a consequence of Hérmanderas theorem [36, 34], and V(z) =
V1 + 22 serves as an appropriate Lyapunov function. However, a detailed verification
of all conditions required to establish ergodicity is beyond the scope of the present
work.

Instead, we focus here on formally computing the equilibrium distribution for use
as a comparator for asymptotic statistics. When the SDE is ergodic, there exists
a steady-state solution p,, of (2.13) which is Lebesgue integrable on the real line
such that, for most sufficiently regular initial distributions, the probability density p;
converges to po, as t — +00. Because p,, is time independent, the steady state of

(2.13) becomes

0=0, (xpoo 10, (31 4+ ne)pec) ) _ &;( (n+ (n? + 1)) poe + 31 + nx)anpoo>,

which holds wherever p., is supported. We note that the coefficient of the highest

order terms in this equation vanish when x = —%, and this reflects the compact

support of the solution p,, when n # 0. Integrating once and rearranging, we have

K 2+ 2(n?

+ 1)z
(I+nx)2  (1+n)?

Poo + OzPoo,
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where K is some constant. Multiplying through by the integrating factor

I(x) :=exp (/x 21 z_lzin;qul)udu) = exp <2 1 ) (1 + nI)HiQ,

we have that

K exp (2 ) <1 + nw)n% =0, ({(7)pso(T)) -

21+ nx

We note that the term on the right hand side is not integrable in a neighborhood of

T = —%, so we must have that K = (. Integrating again it follows that

C 2 1 -2-5
~ - —C _= (1 4 ) K 7
P=o(®) I(x) P ( n* 1+ W) T

for some coefficient ', and to normalize appropriately, we can integrate. For now,

2 1

assuming that 7 > 0 and making the change of variable y = 2 Tome

Wwe can express

the integral using the Gamma function as

00 2 1 *277%2 —2 144
_Z 1 dox = 2 72 T(2).
/éexp< 7721+77$> ( +77£L'> X K 7] K (n2)

The density of the properly normalized form of the equilibrium distribution is there-

fore

2 14 2
2,]27] 72 < 1 ) —2—= )
5 xp | —— (1—1—77.75) T > —-,
pooa) ={ TGp) Lt ! (2.14)
0 r< -1
=

If n < 0, then we obtain the same form of the equilibrium distribution, but x and n
are replaced by —z and —n in the definition (2.14) above. In the special case where
n = 0, the SDE (2.10) has an additive noise term, and the distribution becomes a

standard Gaussian with zero mean and variance %
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We note that the resulting distribution (2.14) is in fact a translated form of the
inverse Gamma distribution, which is commonly parametrised with probability dis-

tribution function

L exp(—6/y),

py; o, B) = O

where o = 1 + 772—2 and f = 17%’ and y is related to x through the transformation
y = 1+ nx. Due to the algebraic decay of the tail of this distribution as z — 400, we
note that the kth moment of the equilibrium distribution is only well-defined when

2%ps () is Lebesgue integrable, which requires

2 . 2

When they exist, we can also explicitly calculate that the first and second moments

of the equilibrium distribution. These are

[e’e) o) 1
Mg:/ 2podr =0  and E{?:/ PP dr = s

— 772; (2.15)

explicit representations as rational functions of n can also be computed, but our focus
will be on the first and second moments. We note that, when the second moment
is finite, we can infer the value of n up to its sign, and hence identify the equation

governing the dynamics within the class of reduced equations (2.10).
2.4.3  Evolution of moments

In addition to finding the equilibrium distribution, our benchmark equation is
simple enough that we are also able to use the Fokker—Planck equation (2.13) to
find closed form expressions for the evolution of the moments of the distribution of

independent solutions to (2.10) over time. In particular, consider the evolution of the
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first and second moments of the position distribution, defining

D (t) = /OO zpdr and  p?(t) = /0O r*pdr.

We can now use the Fokker-Planck equation (2.13) to derive equations for these

moments. For example, we have

dl;;l) = /_OO xOipdr = /_OO 20, (xp + 0, (%(1 + T]:L’)Zp) ) dz.

Formally integrating by parts, we find that the first moment satisfies the ODE

dlu(l) ) 00 . , N
dt :_/_ooxpdx—/_ooaz (314 nx)’p) do = —pY,

and a similar argument allows us to show that the second moment satisfies

dM(Q)

o = 2= )@+ 2 41

If the initial condition is deterministic, so that p(z,0) = d,,(z), the corresponding
initial conditions for these moment equations are puM(0) = zy and p®(0) = 2.

Solving the first equation, we find that

p O (t) = zget. (2.16)

As expected, ™M () — 0 as t — oo, and the first moment tends to the first moment
of the equilibrium distribution, as expected from the discussion of ergodicity given
above.

For the second moment, we can substitute the expression for the first moment and



25

solve, yielding the solutions

p2e~ (2t 4 ﬁ(l — e (@) 4 fﬁ%(e’t —e= () oy £ £,

p? () = (2.17)

zie™t + 1 — et £ 2xpte™, n=+l1.

We observe that the long-time limit of ;(?) exists only in the case when 7% < 2, which

corresponds to the case where the second moment of the equilibrium distribution is

1
2—n?

finite, and in this case u®(t) — as t — oo, which is exactly the value given in
(2.15).
Even in the case where ;(® blows up as t — oo, we observe that we can still

determine the value of  (up to sign) by observing the exponential growth rate:

This demonstrates that first and second moment information are sufficient to recover

the n parameter which fixes the particular reduced problem (2.10).
2.5 Statistical stability properties of numerical schemes

We now turn our focus to the asymptotic stability properties of the numerical
schemes we consider. To study the asymptotic properties of the numerical schemes
considered across a range of time-step sizes h, we define the jth moment at step n of

the numerical scheme to be

Mg) = E[(xn)j]a

where x,, is the position predicted by one of the schemes described in Section 2.2 at
time t,, = nh.

By considering each of the schemes in turn, we will show that we can derive recur-
rence relations for these moments. We will focus on the cases where 7 = 1 and j = 2,

since as we have argued above, these are the moments which together can be used
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to characterise the reduced SDE (2.10) via the method of moments. Moreover, in a
general nonlinear setting, it is common to focus on wide-sense (or weakly) station-
ary processes; these are the class of processes which have time-invariant mean and
time autocovariance functions, rather than being strictly stationary (in which case
all finite time-marginals are time-invariant). Wide-sense stationary processes are of-
ten considered since the mean, variance and autocovariance are the most important
and readily-measurable statistics for applications, and being wide-sense stationary
is equivalent to being strictly stationary for Gaussian processes. The latter are a
common model for many data-generating processes in practice; see for example the

discussion in Section 4.18 of [37].
2.5.1  Asymptotic moment stability
For the purposes of our analysis, we define the following notions of asymptotic
stability and accuracy of a numerical discretization as applied to a particle SDE
problem.
For a given time step h, a numerical discretization scheme of an SDE is said to be
asymptotically stable for the jth moment if

lim sup W) — E[(th)j]‘ < +o00.

n—00

A numerical discretization if said to be asymptotically O(h™) accurate for the jth

moment if for all h sufficiently small,

lim sup | — E[(X1,)7]| = O(h").

n—oo

Clearly, the latter notion of asymptotic accuracy for the jth moment necessarily

requires that there exist some possible values of the time step A for which the scheme
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is also asymptotically stable for the same moment.

Before proceeding further, we comment on the distinction between the definition of
asymptotic moment stability given above and the existing condition of mean-squared
(MS) stability, which was first defined in [27]. In fact, our definition is simply a gen-
eralisation of the notion of MS-stability: MS-stability was introduced on the basis of
geometric Brownian motion as a benchmark, and corresponds to the requirement that
w2 — 0 as n — oo for fixed step size h. The choice of this condition was motivated
by the fact that it is convenient to understand a test problem in which all sample
paths concentrate at 0 as t — oo, as they do in the case of the benchmark ordinary
differential equation dq; = —q;dt. In the case of geometric Brownian motion as stud-
ied in [28], we have that lim,, .. E[(X;,)?] = 0. In this case, under our definition,
an integrator applied to the same equations with fixed timestep h is both stable and
o(1) accurate for second moments if and only if it is MS-stable.

By refining our understanding of stability and accuracy via the definition above, we
can consider the discretization of SDEs where jth moments tend to a stable non-zero
value as t — o0o. As explained in the introduction, this is often a desirable property
of SDEs used in applications, where some form of ergodicity is of interest. Moreover,
as we have already seen in the discussion of our benchmark given in Section 2.4.2,
there are examples of relatively simple SDEs in which E[(X;,)’] does not have a
finite limiting value, despite the SDE being ergodic. Our definition also covers such
cases, by requiring only that the limit supremum of the difference between moments
computed from the integrator and from the true SDE remain under control.

Over the course of the following subsections, we derive conditions under which
the schemes described in Section 2.2 are asymptotically stable for first and second
moments when applied to the model problem (2.10). A corresponding analysis for

the more standard GBM benchmark can be found in Appendix 2.3.
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2.5.2  Euler-Maruyama (EM)

We begin by deriving a recurrence relation for the moments as they evolve under
the EM scheme. Taking expectations and using the scheme definition (EM) in this

case, we find that
pil = Elwnga] = E[(1 = h)z, + (14 nz,) AW,] = (1= h)pll,

where we have used the fact that z,, and AW, ~ N(0, h) are independent, and
hence we can solve to obtain u{!) = (1 — h)"x,. For the expectation to vanish in the

long-time limit, we therefore require that
1—h| <1, ie. 0<h<2.

As we should expect, this is the classical stability region for the explicit Euler method.
When the scheme is asymptotically first moment stable, we have that u{) — 0 as
n — 00, so there is no asymptotic bias in the scheme.

Following a similar approach for the second moment using independence and the
properties of a standard normal random variable to deduce that the cross terms

vanish, we have

12y = El(2041)?] = E[(1 — h)*22] + E[(1 + nz,)2(AW,,)?]

= (1= h>* w2 + h(L+ 2np) + 0 D)

((1 —h)?+ th) 1P 4+ 2D 4 h.

Employing the standard linear stability analysis for discrete dynamical systems, the
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fixed point is stable when

‘85%2) (1= R+ b))+ 2y + h]‘ == R+ h| < 1

this reduces to the requirement that
0<h<2-—n% (2.18)

Note that this is (as expected) strictly more restrictive than the requirement that
0 < h < 2 when only considering the asymptotic stability of the first moment.
If the scheme is asymptotically first and second moment stable under the conditions

obtained above, then p(® — u which solves

1@ = ((1 —h)?+ hnz) 1 4+ h and hence pl?) = = [X2 ]+ O(h).

2—n2—h

The asymptotic second moment is therefore asymptotically first-order accurate for

the second moment.
2.5.3  Milstein (Mil)

For the Milstein scheme applied to test equation (2.10), the relevant coefficients

are

Jo=—Tn, gn=1+nz, and %[g/g]n = %Tl(l + ),

SO

Tpi1 = (1= h)z, + (1 + nz,) AW, + (1 + nz,) (AW, — h).

Taking expectations, the latter terms on the right-hand side vanish, and as with the

Euler-Maruyama scheme, we have

pith = (1= h)uld.
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The same step-size restriction therefore applies for asymptotic stability of the first

moment, i.e. we require 0 < h < 2. Similarly, when asymptotically first moment
stable, there is no error in the scheme; the limit point is u{) = 0.

To analyze the second moment, we find that after squaring, the expectations of the

cross terms again vanish, and we obtain

i1 = (1= h)’E[7] + E[(1+ 2, JJAWS] + §rPE[(1 + 52 JE[(AW — )]

= (1= h)’u? + b1+ 2nu) + *u@) + Sh202 (1 + 20p8) + ?u).

Once more, assuming that p{) — 0, the system has a stable fixed point under the

condition that

0
lgug)(ﬂ——hyug)+f(14—mﬂéu+ﬂfﬂgg_%;h%f<l+2nug)+qfﬂgg)‘

= (1= R+ P+ 300" = 1= 2= )b+ (1 + 3" )h? < 1.
For h > 0, this condition can be further reduced to

0<h<

2.19
1+ 37 (2.19)
Note that the latter condition for the stability of the second moment is more restrictive
than for EM; compare (2.18). When the scheme is asymptotically second moment

stable, the fixed point p(2) must solve

@ = ((1 — h)* + hn + %h2n4) u? + b+ LhP?,

which has solution

1+ 1hn? 1
2) — 2 — O(h
Mo = = h(+ 1) et (h),
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and hence the scheme is asymptotically first-order accurate for the second moment.
2.5.4  Stochastic Heun (SH)

To analyze the SH method, we note that the auxiliary function used in the scheme
F:=f- %g’ g is

F(z) = -z — in(1+nz).
Working through the algebra, and taking expectations, we find that
il = (1= h+ En22+ 7)) pl) + Inh?(2 + 7).
In this case, the criterion for first moment stability is

1—h+%h2(2+n2)2‘<1, or 0<h<m

When stable, the limiting fixed point z{!) is

O = snh(2+ 1)

= O(h).

1 Th@+ )

As such, the SH scheme is asymptotically biased, i.e. it has a first-order accurate
asymptotic first moment.
For the second moment, working through the algebra, we obtain the recurrence

relation:

i = (h = 3P40 + T+ )+ G (2 + ?72)2>
+ (2hn — 1Pn(10 4 3i) + 1h%n(2 + 51® + 20") + Hh'n(2 + 77)%) )
+ (1 — h(2—n?) — W(@ +n?)? — 12)

+ 1P (n° + 30" —4) + LAt (2 + 772)4>,u,(3).
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This recurrence relation is stable if the first moment converges, and if in addition
1= h@ =) = 12 (@2+77)7 = 12) + 1P0° + 30" — 4) + Lr' 2+ 0P| < 1.

In this case, the stability region does not have simple closed form expression, and
indeed we find that the SH method is in fact stable beyond the region in which the
SDE has an asymptotically stable second moment; see Section 2.6 below for further
discussion.

Using the asymptotic first moment obtained above and solving to find the fixed
point, we obtain that the second moment is first-order accurate, i.e. that

(2)

pos = + O(h).

2—n?

2.5.5  3-stage Runge-Kutta

Here, after working through the algebra and taking expectations, we find that
) = = Lh2n(2+30%) — LhPn(2 +%)? + (1 —h+ R4 —n") - LRP2+ 772)3) ns

The first moment is asymptotically stable whenever

1—h+ iR (4 —n) — Lh*2+n%)°| < 1,
and the fixed point is
hn(4 + 6% + h(2 + n?)?

48— 6h(4 —nh) + R2(2 + 23

We therefore see that, like the Heun method, the Runge-Kutta scheme is asymptoti-

cally biased, but is asymptotically first-order accurate for the first moment.
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For the second moment, we have

ul, = (h — 1IR3 =) + Lh3(8 — nt) — 4 (32 + 200 — 44n* — 27°)
+ m=h® (24072 (2+ T + 60%) + 5 R0 (2 4+ 7) )
+ (Zhn — Lp2p(38 — 9n%) + Lh3n(56 + 2% — 5n)
— 5ch*n(72 + 44n® — 500" — 27n°)
AR 4P+ 3) + glghn@ + o) )
+ (1 — h(2=n?) 4+ 1h*(8 — 87° + ') — 5 1*(32 — 36n* + 31°)
+ 155012 +77)?(28 = 520 + 27n") — o h° (2 4+ 77) (1 — 20%)

+ 55030 (2 + 1) )Mg)-

The stability criterion in this case is

1—h(2—n%) +ih*(8 = 8n* + ") — Lh*(32 — 36n° + 3n°)

+ RN (24072 (28 = 5207 4+ 27") — LRP(2+ ) (1 — 20%) + K02+ 1)) < 1.

Again, there is no simple closed form for the solution in this case.
Under the assumption that the first moment is stable, it can be checked that the
fixed point for this recurrence relation is
W=

the full expression is omitted due to its length, but we see that this method is asymp-

totically first-order accurate for the second moment.
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Table 2.2: A summary of the results of in Sections 2.5.2-2.5.5, i.e. the asymptotic
accuracy results for the first and second moments as predicted by the methods studied.

Method | 1st moment | 2nd moment

Euler-Maruyama (EM) Exact O(h)
Milstein (Mil) Exact O(h)

Stochastic Heun (SH) O(h) O(h)
3-stage Runge-Kutta (RK3) O(h) O(h)

2.5.6  Summary of results

The asymptotic statistical accuracy results we have obtained over the course of
the previous sections are summarized in Table 2.2, and a comparison of the stability
regions for the first and second moments is provided in Figure 2.1.

Concerning the asymptotic accuracy results in Table 2.2, we recall that the results
of [38, 2, 1] provide the strong and weak order of accuracy of various schemes over
a fixed time interval [0, 7], and were summarized in Table 2.1. While one might as-
sume a priort that schemes with higher weak order should give improved convergence
of moments since these are expressed as expectations, we see that there are marked
discrepancies between the sets of results. These gaps arise due to the time-dependent
prefactor which is typically included in convergence estimates when considering a
scheme over a fixed time interval [0,7]. As T — oo, this prefactor can blow up,
meaning that the convergence estimates break down, and hence we do not necessarily
achieve the same weak accuracy on asymptotic moments the the results on a finite
time interval would predict. As such, we have shown the surprising result that se-
lecting a higher-order scheme does not guarantee better approximation regarding the
accuracy of asymptotic moments in the long-time simulation, at least when measured
purely in terms of the time-step h, and indeed, higher-order schemes can in fact be
less numerically stable in recovering these moments in long-term simulations.

Turning to the stability regions shown in Figure 2.1, we see that for first mo-

ments, EM and Mil have identical stability regions, both regions being larger than
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Figure 2.1: Top row: 1st moment stability regions (boundaries shown as lines) and
2nd moment stability regions (pink shaded regions) for the schemes considered; in
each case, the stability region for second moments is strictly contained inside the
stability region for first moments. Bottom row: A comparison of 2nd moment
stability regions among all schemes plotted on the same axes. For asymptotic first
moments, we observe EM and Mil are more stable than the higher-order schemes in
many cases. For asymptotic second moments, RK3 is the most stable scheme when
7 < 0.5 or n > 1.145; and EM is the most stable when 0.5 < n < 1.145.
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SH, whereas RK3 is more stable than EM and Mil for n < 0.5245, and less stable
if n = 0.5245. This starkly illustrates the fact that when 7 is reasonably large, the
lower-order schemes recover bounded first moments over a much wider range of time-
steps h, while the higher-order schemes become unstable in long time simulations. As
such, we see there is not always a stability gain to be made from using a higher-order
method, in agreement with our analysis.

As our analysis predicts, we see that the regions in parameter space over which
second moments are stable lie inside the first moment regions, and these regions
coincide as 7 — 0, which is the case where the diffusion coefficient is no longer
position dependent. For 2nd moments, we observe that EM is stable over a strictly
larger region than Mil, and RK3 is stable over a strictly larger region than SH. When
71 is very small or very large, that is n < 0.5 or n > 1.145, RK3 is more stable than
EM, however, for 0.5 < n < 1.145, EM is better. For second moments, we only see
significant gains in the range of stable step sizes when 1 approaches v/2, but we note
that the bias observed in the first moments for the higher-order schemes would lead
to poor recovery of the variance even in this case.

Since the geometric Brownian motion (GBM) benchmark is more standard in the
analysis of SDE schemes than our benchmark (2.10) and was used in the original
definition of the notion of MS-stability [27], in Appendix 2.3, we present a paral-
lel analysis for the application of the schemes to our rescaled form of GBM (2.11).
In terms of the timestep h and dimensionless parameter 7 present in this equation,
we find that the stability regions take the same form, and so Figure 2.1 also illus-
trates these regions. We note however that a stark difference between the analysis
of schemes applied to our proposed benchmark (2.10) and GBM is that all schemes
are asymptotically exact in terms of the first and second moment for GBM. This
highlights a special feature of the GBM equation, which is that the drift and diffusion

both vanish at the same point, and this means that, when it exists, the equilibrium
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measure is concentrated at x = 0. As argued in our derivation in Section 2.4.1, this
behavior is rather special when considering a general SDE with affine coefficients, and
is not always typical in applications. Moreover, it hides the variability in long-term
performance; this will become clearer when we consider a nonlinear example equation

in Section 2.6.3.
2.6 Numerical verification

To verify and illustrate our analytical results, we performed a range of numerical
tests, both on the benchmark example equation, and on a nonlinear equation. These

results are presented over the course of this section.
2.6.1  Asymptotic accuracy of moments for methods considered

To verify the asymptotic accuracy results summarized in Table 2.2, we computed
the long-time errors of the first and second moments obtained by various numeri-
cal methods with respect to the step size h, and compared against the asymptotic
moments of the equilibrium distribution: these results are shown in Figure 2.2.

Recall that the reference exact asymptotic moments are given by

,ug):() and p® = L
2-n

oo

so we set the final simulation time to 7" = 1000 and considered two different parameter
values for the dimensionless parameter 1 where we expect different types of behavior.
The values chosen were n = 0.1 and n = 1.412, respectively. We see that errors
decrease consistently and approximately linearly in most cases as the time step h
decreases, following the estimates summarized in Table 2.2. For the small n = 0.1,
we note that the SH method appears to exhibit superlinear convergence rate for the
second moment; we hypothesise that this may be due to improved pre-asymptotic
performance of this scheme in the case where the diffusion term is close to being

position independent. In contrast, for the larger value n = 1.412, the EM scheme
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Figure 2.2: Asymptotic accuracy of the first and second moments obtained using the
various numerical methods with respect to the step size h. Errors were computed as
the absolute value of the difference between the exact moment in the limit 7" — oo
and the numerical moment at final simulation time 7" = 1000. Column 1: The
absolute error in the first moment for the SH and RK3 schemes only, showing the
O(h) convergence predicted; EM and Mil are not shown as they exactly recover the
first moment. Column 2: The relative error of the asymptotic second moment
for each scheme. For the case where n = 0.1 (first row), the higher-order schemes
perform better, and SH reaches machine precision for small h, with the accumulation
of floating point errors appearing to limit further gains. For the case of larger n
(second row), all schemes give similar error, with EM outperforming the higher-order
schemes as h gets closer to 0.
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is very competitive with the higher-order schemes in recovering the second moment,

but all schemes show similar performance at moderate time step sizes.
2.6.2  Pre-asymptotic moment evolution

To investigate the evolution of error in the regime as the final time T increases,
in Figures 2.3 and 2.4, we compare the analytic first and second moments computed
using (2.16) and (2.17) with the corresponding discrete moments over time up to
T = 20. We note that due to our nondimensionalisation leading up to (2.10), ' =1

corresponds to a typical relaxation time-scale in the evolution of the equation.
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Figure 2.3: A comparison of the evolution of absolute first moment error for the
various discretization schemes up to time 7" = 20 for our benchmark equation. The
first row depicts the case when 1 = 0.1 for step sizes h = 0.001,0.005,0.025, and the
second row depicts when = 1.41 with the same range of step sizes. In agreement
with our analytical results, we see that the EM and Mil recover asymptotically exact
first moments, whereas RK3 and SH are asymptotically biased.

The numerical results agree with our rigorous analysis: in Figure 2.3, we see that for
n = 0.1 and n = 1.41, the EM and Mil schemes are asymptotically stable and accurate
for the first moment, as their absolute errors decay exponentially as T" increases for
the values of 1 chosen and a range of time step sizes h. Meanwhile, the RK3 and

SH schemes exhibit asymptotic bias, with their discrete first moments stabilising at
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a value which deviates from the analytical values at late times. In Figure 2.4, we see
similar agreement: second moments tend to approach the correct values with errors

behaving linearly in the time step size h.
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Figure 2.4: A comparison of the evolution of the relative error in second moments by
the discretization schemes versus the exact evolution up to time 7" = 20. The first
row depicts the case when 1 = 0.1 for step sizes h = 0.001,0.005,0.025, while the
second row depicts the case when 1 = 1.41 with the same range of step sizes. At late
times, we see substantial accuracy gains from higher-order schemes only when 7 is
small.

We note that focusing on time T' = 1, the higher-order schemes tend to perform
better or at least comparably with the low-order schemes; this is to be expected from
the existing weak-order results on fixed time intervals. However, at late times where
T > 10, we see significant gains in accuracy from using a higher-order scheme only
for second moments and when 7 is small. In agreement with our analytic results,
these experiments therefore allow us to see that improved accuracy over fixed time
intervals does not necessary translate to better accuracy in asymptotic statistics, and
so the results in Table 2.2 do not contradict the weak order results summarized in

Table 2.1.
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2.6.3  Numerical comparison in a nonlinear case

As a further illustration of the utility of the benchmark above, we also investigated
a numerical example for a one-dimensional SDE with coefficients which are smooth
and globally Lipschitz, but not affine, in the general form (2.2). One application
area in which advection-diffusion equations for particle transport of this form arise
naturally as a homogenised limit are in the study of flows through porous media where
the statistical properties medium varies in space [39, 40]. In particular, variation in
the size of pores through which fluid can move leads to coupled spatial variation in the
flow velocity and molecular diffusion of the particles in the flow. At the single particle
scale, this yields variation in the drift and diffusion coefficients, f(z) and g(x). Study
of long-time statistics in this case is important for accumulation of pollutants in soils
where groundwater is being pumped out of the water table.

The particular case we consider is a stochastic diffusion process on an infinite

domain, governed by the SDE

dg; = — Aerf (Qt - )dt + <C+ Derf (q'f = )) aw;, (2.20)

where we have chosen a drift f(z) = —Aerf (%) and diffusion g(z) = C +
D erf (%) The coefficient functions exhibit sublinear growth and are globally Lip-
schitz, so strong solutions to the SDE exist.

Under the conditions that A, B > 0 and D > C' > 0, it can be shown that this
equation is ergodic with respect to an equilibrium distribution with exponentially
decaying tails. Moreover, we can Taylor expand the coefficient functions about x = x*

to obtain
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Neglecting terms at quadratic and higher orders, we see that the corresponding lin-
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Note that z* can be adjusted in the definition of f(z) and g(x) to ensure that the

earised benchmark has

variance of ¢; does not overwhelm its mean, thereby reducing sampling bias in Monte

Carlo simulations.
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Figure 2.5: Examples of the particular drift and diffusion coefficients used in the non-
linear example (2.20) (left column), along with the equilibrium measures computed by
numerical integration (right column). The top row shows the case where n ~ 0.05633;
while the bottom row shows the case where 1 ~ 1.1267. We see from the equilibrium
measures that larger values of 1 leads to significant skew in the distribution.
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For the purposes of numerical testing, we considered two sets of parameters, yield-

ing different values of 7:

e A=2B=1,C=1,D =15FE =1, and z* = 1, yielding the case of large
n ~ 1.1267; and

e A=2B=1,C=1,D =0.3,E =4, and z* = 1, yielding the case of small
n ~ 0.05633.

The particular functions f and ¢ in these cases are plotted in Figure 2.5, along with

the corresponding equilibrium distributions computed numerically using the formula

_ 1 ex °2f) where = [ ! ex ")
Poo(®) = Z49(x)? b (/_OO g(y)? dy) h 2 /—oo g(x)? P </—oo 9(y)?
(2.21)

The density was computed using versions of the trapezoid rule over a uniform grid,
using the functionality provided by the scipy.integrate package [41].

To investigate whether our late-time asymptotic accuracy and stability results for
the benchmark continue to be relevant for this nonlinear example, we simulated 4 x
10* realizations of the dynamics of (2.20) using the various schemes described, and
computed a sample estimate of the first moment at time 7" = 16 for a range of step
sizes h € 0.01 x 2116 = £0.01,0.02,0.04,0.08,0.16,0.32,0.64}. As a reference value
for comparison, we computed the first mean of the equilibrium distribution using a
numerical discretization of the exact expression (2.21) using the trapezoid rule. To do
so, the equilibrium distribution (2.21) and mean were computed and normalized on
the interval [—100, 100] using a uniform grid with step size Az = 0.0025. Refinement
of the grid allowed us to show this was sufficient to guarantee 5 digit accuracy in the
reference values of asymptotic mean. The distance between the sample mean and the
reference value for the equilibrium mean obtained by numerical integration is plotted

in Figure 2.6.

dy) dx.
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Figure 2.6: Numerical errors in the asymptotic means for discretizations of the SDE
with non-affine coefficients (2.20), plotted against time step size. The difference
between the sample mean at time 7' = 16 taken over 4 x 10* trajectories against the
equilibrium mean determined by numerical integration is plotted. We see that the
accuracy decreases linearly with step size, as predicted by our analytic results for the
benchmark equation.

We observe first-order convergence rates with respect to the time step size h for
all schemes considered. In addition, the EM scheme shows the smallest errors for
relatively large time step sizes h in both test cases. This result is consistent with
our asymptotic moment accuracy analysis, which indicates that the asymptotic first
moments are O(h)-accurate for all schemes, even in this nonlinear setting. We focused
on first moments, since the sample error for the statistical estimator of the second
moment is controlled by the fourth moment of equilibrium distribution, which is very
large in these examples, and eliminating this source of error to make a meaningful
comparison would have required excessive computational work.

To assess the evolution of the first moment over time in this example, we compared
the mean paths produced by various schemes for (2.20) using both a fine step size
h = 0.01 and a coarse step size h = 1; the results of this comparison are shown in
Figure 2.7.

For the case where a small value of 7 is predicted, we see stable recovery of the

mean, which is consistent with the point where n ~ 0.05633 and h = 1 being far



45
from the boundary of the first-moment stability region for all schemes. The picture is
somewhat different in the large n case. The lower-order schemes EM and Mil appear
more stable, with less variation in the evolution of the first moment. In contrast, the
higher-order scheme SH exhibits growing mean-path errors over time, and seems to be
unstable. This mirrors the fact that the point where h = 1 and n & 1.1267 lies outside
the first moment stability region shown in Figure 2.1. For the RK3 scheme, the same
point is inside the first-moment region for RK3, but is much closer to the stability
boundary than for the lower-order schemes, and as such, we see much larger variation
in the first moment evolution. This demonstrates that our analysis of the benchmark

equation (2.10) continues to be of relevance even in cases where the coefficients are

nonlinear.
0.8 T 1
Euler Maruyama |
P Milstein | 09l 1\\
N | Stochastic Heun TN
- — - 3-stage Runge-K utta 08} [ === S~ -
06 4 o 1 \
15 é 07F | N Euler Maruyama
go 5F = L Milstein
g Eo6F|{ 4 |- Stochastic Heun
B 2 ~ — —3stageRunge-Kutta| |
EOA F E 05
%0.3 5 04r
%]
8 Zo3
<< Yo
<(0.2
0.2
0.1 i o1
0

(a) 1 ~ 0.05633 (b) 0~ 1.1267

Figure 2.7: A comparison of the evolution of the first moment for discretizations of
the nonlinear problem (2.20) for the sets of parameters producing small and large
values of 7. The plots compare the means predicts with a fine step size h = 0.01
and a coarse step size h = 1, averaged over 4 x 10* sample trajectories. We see that
the low-order schemes appear to predict the first moment evolution more consistently
across a wide variation of time steps, and there is evidence that SH is unstable for
the large value of n and large time-step, consistent with our stability analysis on the
simpler benchmark.
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2.7  Conclusions

Motivated by the need by practitioners to capture meaningful statistical averages of
solutions to SDEs at late times, we used a nondimensionalisation to derive a family of
one-dimensional benchmark problems to evaluate the stability of numerical schemes
for SDEs. We argued that in a generic case, the performance of numerical schemes on
this benchmark provides more information about the long-time performance of these
schemes for a range of applications than the more usual benchmark of geometric
Brownian motion. We used our benchmark to present an analysis of the ability of
four explicit numerical schemes used for simulating SDEs to recover first and second
moments at late times both accurately and stably. We observed that lower-order
schemes such as the Euler-Maruyama tend to preserve asymptotic statistical accuracy
of both first and second moments better than higher-order schemes, a surprising trend
which persists even when testing a realistic nonlinear benchmark problem. Natural
next steps for this work would be to expand our analysis to include a range of implicit
schemes, and to explore similar benchmarks for higher-order and higher-dimensional
SDEs. In the context of this dissertation, this work provides a study on the numerical
error introduced by classical time integrators. However, in practice, simply using
a time integrator is insufficient for mathematical modeling frameworks, and often a
reduction in the representation of a system is required. In the next chapter, we explore
the need to also consider the modeling error that is introduced when a reduction in

the state variable is made by coarse-graining.



CHAPTER 3: MODELING ERROR ANALYSIS OF COARSE-GRAINED
STOCHASTIC SYSTEMS

In this chapter, we expand on the previous project with a study of the need to bal-
ance modeling error and computational cost as well as numerical stability. In some
cases, applying classical numerical schemes like those in the previous chapter to a
high-dimensional system is incredibly costly. This problem is particularly potent in
molecular dynamics, where an atomistic model of a system has thousands of inter-
acting degrees of freedom. Rather than adjusting the numerical scheme used, one
approach to balance the computational cost is to reduce the full system to a surro-
gate model, approximate the solution of the surrogate model, and then extrapolate
insights back to the full system. This process is known as model reduction, and mod-
eling error quantifies the information lost when the reduction is made. Together with
the previous chapter, we highlight the need to balance numerical stability, modeling
error and efficiency when modeling materials. In later chapters, we transfer these
insights from the classical setting to the modern machine learning setting, while also
exploring the additional complexities of modern methods.

Mathematical models that can simulate and predict the behavior of stochastic dy-
namical systems at the microscopic scale are needed for a range of scientific problems,
namely in molecular dynamics [42, 43, 44], climate science [45, 46], and materials sci-
ence [4, 47]. Often, these systems of interest require the accurate simulation of the
interaction of a large number of variables. Modeling the evolution of such systems at
high resolutions is extremely costly and infeasible in practice. Coarse-grained models
provide a means for reducing the dimensionality of such systems, resulting in approx-

imate models that rely on the contributions of only the most important variables in
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a system.

Recent work has shown the capability of coarse-graining for molecular simula-
tions, and numerous papers highlight means for improving existing coarse-graining
approaches. Coarse-grained models have been shown to extend the time and spatial
scales for which complex systems can be simulated [48]. Data-driven schemes have
been applied to improve the selection of coarse-grained variables and reduce overall
error [49, 50]. Tools from optimal transport and information theory have also been
shown to be used to analyze the performance of such methods [51, 52].

A current area of focus is to provide numerical guarantees on the performance
of coarse-grained models. In this work, we study the application of a hierarchy of
coarse-grained models in the overdamped linear Langevin setting. The models we
study, presented in [53], are derived similarly to how the Generalized Langevin Equa-
tions are derived in the Mori-Zwanzig formalism [54]. In particular, the dynamics
are reformulated in terms of the coarse-grained dynamics as an integro-differential
equation. Then, the integral terms that arise are approximated by a mathematical
truncation. The three approaches in this hierarchy are presented as follows: Ap-
proach 0 completely omits the integral terms, Approach 1 keeps one term from the
Taylor expansions, and Approach 2 keeps 2 terms from the Taylor expansions. The
full details of this procedure are presented in Section 3.1.

The primary error quantity used to evaluate these models was the stationary short-
time statistics, the equilibrium autocovariance function (ACF), for which the authors
established error bounds depending on spectral gaps and the alignment of coarse-
graining directions. In particular, this analysis suggested that Approach 1 performs
well at short time lags, but underestimates the ACF as time evolves. And, Approach 2
represents the ACF well in the long run, but can overestimate its value at short times.
In particular, this was shown to depend on the spectral gap, the ACF error decreases

as the spectral gap increases. This is in line with past findings that coarse-grained
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models are particularly useful in problems with significant scale separation.

While the equilibrium ACF provides insights into the models behavior when the
dynamics reach stationary status, it does not capture the full transition probability
law of the dynamics. The transition probability density function (transition PDF)
captures the conditional distribution of future states given present states, which is
essential for generating predictions [55]. In this work, we extend the analysis of
[53] by introducing transition PDF error analysis between coarse-grained models and
full dynamics. The ACF error analysis from the reference paper measures how well
the coarse-grained models capture correlations between present and future states,
however, it does not capture the full transition properties of the dynamics. The tran-
sition PDF allows us to compare the full probability law between models. Further,
we can utilize established error functions for probability distributions such as the
2-Wasserstein distance[56], the Kullback-Leibler divergence [57], and the total vari-
ation distance. These functions pull from various mathematical disciplines, namely
optimal transport, information theory, and probability theory respectively, and have
clear interpretations. While these metrics have been used in numerical analysis of
coarse-graining methods before [51, 52|, our work highlights not only the efficiency
of our proposed methods, but also that transition PDF analysis via the error func-
tions presented is a viable tool for assessing coarse-graining methods by short-time
probability laws.

In this analysis, we make use of the fact that, in the overdamped linear Langevin
setting, the full and coarse-grained models are Gaussian processes, which allows for
closed form expressions for the 2-Wasserstein distance and Kullback-Leibler diver-
gence between full and reduced models. The 2-Wasserstein distance pulls from tools
of optimal transport, and has been used to describe the work required to transform
one probability distribution into another [56]. This distance provides a clear depiction

of the geometric error in the state space. The Kullback-Leibler divergence is an in-
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formation theoretic tool that measures the relative entropy between two distributions
[57]. An interpretation of this is that we can measure the information lost by the
approximate model from the full model. The total variation distance measures the
worst-case discrepancy between the probability laws, which is helpful for bounding

the performance of coarse-grained models.
3.1  Coarse-graining of linear Langevin SDEs

Now we present the coarse-graining approaches that are explored in Chapter 3,
originally presented in [53]. In this setting, we consider the linear Langevin SDE

given by
dqt = —Aqtdt + Zﬁfldwt (31)

where A is an N x N symmetric, positive definite matrix, and q is a vector in RY.
The inverse temperature is given by § = k;;g% where k7 is the Boltzmann constant.
The assumptions on A ensure that the system is ergodic with respect to the invariant
measure corresponding to the Boltzmann-Gibbs equilibrium distribution. This system

has the following analytical solution

t
q = e Mo+ /0 A0, /25 1dw, (3.2)

and has a mean-zero Gaussian distribution at equilibrium A(0, 37'A~1), which

has the form

u(dq) = ;exp (—gq : (Aq)> dq (3:3)

where Z is a normalization constant. This setting is simple yet provides sufficient
groundwork to analyze and provide theoretical framework for a hierarchy of coarse-

grained models.
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We assume 3.1 represents some N —dimensional system of interest to be simplified
for predictive modeling. In particular, we want to reduce the degrees of freedom to
n < N by selecting n variables of interest, referred to as the resolved variables. We
assume we have a linear map ® € £(RY,R™) that selects the variables to be included
in the coarse-grained model. We can view ® as an n x N matrix. We assume this
matrix is full rank. The resolved variables are denoted by € = ®q.
We will utilize an orthogonal projection to decompose the full dynamics space into

a direct sum of the resolve dynamics and unresolved dynamics. To this end, we define

® = (00*)2d, ¢=dq=(dd*) 3¢ (3.4)

P =0*® = o*(0d*) 1. (3.5)

It is straightfoward to show that P is an orthogonal projection onto the range of
®*, which is a subset of RY. As such, we assume I = P+ ¥*¥, where ¥ € L(RY R™)
can be viewed as a selector map for the unresolved variables. And so, our resolved
variables are £ = ®q, our unresolved variables ( = ¥q, and together we can write
qr = ¢°& + ¥ (.

And so, with q; written in terms of the resolved and unresolved variables, we can
rewrite the full dynamics in terms of £, ¢ as well. The original SDE 3.1 can be written

in block format as

d & _ Aoét + agy dt + 41251 dwot

Gt a*& + A dwi

where
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Ay =DPAP* c RV" A} =TVATU" e R™™ o= PAY* ¢ RV

wo: = Pw, € R" wy, = ¥w, € R™.

Solving for the unresolved variables and then making a substitution allows us to

write this SDE in terms of only the resolved variables as

t
d§y = — (Aoft + OéefAltCO - / OéeAl(St)Oé*fsaLS) dt (3.7)
0

t
4 < /0 aeAﬂS-th/w—ldeS) dt + /25 1dwo,. (3.8)

Note that 3.7 is equivalent to the original SDE 3.1, but the only information we
need to know about the unresolved variables is the initial condition. However, this
equation is nonlocal in time due to the integral equations that arise. The coarse-
grained models are derived through approximating these integral terms to achieved

an approximate model that is local in time.
3.1.1  Approach 0

This coarse-grained model approximates the integral terms by omitting them com-

pletely. Using the notation defined above, this is given by

dg = — (Aok + ae™™1G) dt + /28~ dwa, (3.9)

3.1.2  Approach 1

Approach 1 approximates a portion of each integral term via a Taylor expansion.

Define B := Ay — aA;'a* and then Approach 1 is
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dé, = —(BE — ae™ ) dt + /23 1dwo, (3.10)

3.1.3  Approach 2

Approach 2 is the most robust approximation, derived again through time rescaling
dé = —C(BE — ae” MiG)dt + /2671 (a AT dwy, + dwy,)

where the rescaling factor C = (I + a(A;)2a*)7L.
3.2 Statistical Properties

The key contribution of this work is to extend beyond the ACF error analysis
provided in [53] to measure discrepancies in transition probability density functions
between the full dynamics and coarse-grained models. In this section, we derive the
transition probability density functions for the full dynamics and coarse-grained mod-
els. We then define utilize the 2-Wasserstein distance, the Kullback-Leibler Diver-
gence, and the Total Variation distance to measure deviation between the transition
PDFs of the true dynamics and coarse-grained models.

In the linear overdamped setting, the solution of the full dynamics is Gaussian.
The coarse-grained models are Gaussian for the same reason. Suppose at initial time
tg, we draw initial position qqg from the stationary distribution. The general form of

the transition PDF for a Gaussian process is known and takes the following form

1 1 Teot,
P(q,t|qo, tg) = o det() eXp(—z(q—u) ¥ (q u))- (3.11)

And so, we need only know the mean p and covariance ¥ in order to calculate the

transition PDF for the full dynamics.
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3.2.0.1  Full dynamics transition PDF

The full dynamics are governed by the SDE

where we assume A is symmetric and strictly positive definite. The transition
probability density function of the solution is Gaussian, and thus, uniquely determined
by the transition mean and covariance of the solution. Because of linear SDE, thus to
compute the transition PDF of the solution from time s to time ¢, one can compute

the mean and covariance as follows:

Elai/q.] = e 20 )q, (3.13)

Covlqy|q.] = B AT (I — e7?A079)) (3.14)

Plugging these into the Gaussian transition PDF formula will give the transition
PDF from s to t for the full dynamics. In order to capture only the contributions of

&, we then project onto the resolved subspace

E[¢i|q.] = ®eA*)q, (3.15)

Covlé|qs] = @ AT (I — e 2A07)) (3.16)

This is equivalent to using the Gaussian conditional formula and integrating out the
effects of (. This is what will represent the short time behavior of the full dynamics,

to be used as a comparison to the behavior of the coarse-grained models.



3.2.0.2  Approach 0 transition PDF

Approach 0 is given by

dgt = —Aoftdt -+ \/ QBildWO,t
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(3.17)

The transition PDF for this SDE is Gaussian and thus determined by the transition

mean and covariance from s to t. Since A is symmetric, so is Ag, and thus can solve

the integral in the covariance calculation exactly:

E[G]¢,] = el 7)g, = e Mg,

Cov(&le,) = 57 A7 (I — e 2A0=9)

3.2.0.3  Approach 1 transition PDF

Approach 1 is given by

d¢ = —B&dt + /28 1dwy,, B=A;—aA;'a

where B is symmetric because A is. The mean and covariance are given by

E[§t|§s] = e_B(t_S)gs = e_B(t_S)(I)qs

Cov(&]&) = B7'B7HI — e 2BUI9)

3.2.0.4  Approach 2 transition PDF

Approach 2 is given by

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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dé; = —CB&dt+1/28"'Cdwy,;, C=(I+aA;%a")™, B=A;—aAT'a" (3.23)

and has transition mean from s to t given by

E[St‘fs] = 6_CB(t_s)€s = e_CB(t_S)q)qs (324)

Since B and C are symmetric, (CB)* = BC. Define
F(’f’) — efCBr Bfl efBCr.

Since CB commutes with e ©B",

F'(r) = —e ©B" (CB B+ B_lBC)e_BCT = 2 OBrCeBO

Hence, with 7 =1t — s,

Cov(ty | &) =267 [ e OB CeBdr = 57 (F(0) - F())

:/3—1 (B_l _ e—CBTB—le—BCT)‘

Finally, (CB)’B~! = B }(BC)’ for all j > 0, so e “B"B~! = B71eB€" and
therefore
Cov(§ | &) = "B (T — e 2P97),
which reduces to 7'B71(1 — ¢72“B7) when n = 1.
3.2.1  Error Metrics

In this section we detail the error metrics used to compare transition PDFs of

the full dynamics and coarse-grained models. Three metrics are chosen from vari-
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ous contexts to provide robust error analysis. In the overdamped Langevin setting,
the 2-Wasserstein distance and Kullback-Leibler Divergence have closed forms for
Gaussians.

Throughout, the transition starts at time s = 0 from qg = ®*&, (so that {, = 0, as
set above), and 7 =t — s =t > 0 denotes the time lag. Denote the transition PDF

of the full overdamped Langevin dynamics, projected onto the resolved variables, by

Pu(1) = N(pe(7), X1(7)), where

Hp(r) = AT, Sy(r) = fBATN I — e A0, (3.25)

and denote the transition PDF of Approach k € {0,1,2} by Pi(7) = N (1 (1), Xk (7)),

where, from the previous section,

po(7) = e 7, So(r) = BTAF I — e 7207y, (3.26)
(1) = e B¢, Si(r) = BB I — e 2B7), (3.27)
pa(7) = e”PTE, S(r) = BIBTHI — e 2BCT), (3.28)

All metrics below are evaluated at 7 > 0; at 7 = 0 both laws are the point mass at
€o-

3.2.1.1 2-Wasserstein Distance

The 2-Wasserstein distance has been applied to measure the distance between Gaus-
sian distributions. In particular, the 2-Wasserstein distance for PDFs F, G with means

Iz, ty and covariance matrices X, ¥, is given by

d*(F,G) = [lpe — py[I* + Tr(S, + 2, — 2(2;7/22]3;2;/2)1/2) (3.29)

where ||| is the Euclidean norm. The 2-Wasserstein distance between the transition
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PDFs of the full dynamics and Approach k at lag 7 is therefore

P (PL(7), Pu(r)) = lin(r) = () + T (S0(7) + Belr) = 2 (Sa(0)22u(n)Se(n)2) )

(3.30)

As 7 — oo, both means decay to zero, X1 (1) — 37 'B~! (since PA~1d* = B71),
and Xo(7) — B71Ay", so for Approach 0 the distance converges to the equilibrium

value

(P, Py) = Tr (ﬁ—lB—l + A -2 (BB gAY B‘1/2)1/2> . (331)

while for Approaches 1 and 2 it converges to zero, since ¥1(7), ¥a(7) — 1B~ ! as

well.
3.2.1.2  Kullback-Leibler Divergence

The KL divergence utilizes information entropy to measure how far an approxi-
mating probability distribution is from a true probability distribution. We take the

full dynamics as the reference. In our case, it is given by

Dk (Pu(m)|Pi(r) = [ Pu()log (1;:52) da (3.32)

The Kullback-Leibler divergence for two n—dimensional Gaussian distributions

F, G with means i, ft, and covariance matrices X, >, is given by

1 det X _ _
DKL(FHG) = 5 (hl det Ey + Tr(zylzx) + (:uy - ,U/x)TEyl(:uy - ,ux) - n) )
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so that, suppressing the dependence on T,

1 det X _ _
DraPallP) = (10 g+ THERS0) + o ) 55 e = ) = ).

(3.33)

3.2.1.3  Total Variation

The total variation is also used to compare probability distributions. The formula

to calculate total variation between distributions Py (7) and Py (7) is given by

TV(Py(7), Pa(r)) = ; [ 1Pu(a) = PiCe)lda (3.34)

Unlike the previous two metrics, the total variation distance between Gaussians
does not have a closed form in general, so it is computed numerically by the Trapezoid

rule.
3.2.1.4  Non-equilibrium window

The resolved variables of the full dynamics have equilibrium law ¢ = A(0, 57'B™1).
To restrict attention to the regime before the full system has equilibrated, for a tol-

erance € > 0 we define
Teg(e) =nf{r > 0: d(Pr(7),m¢) < e}, (3.35)

and report errors for 7 € (0, 7, (¢)].
3.3  Cases of Analysis

Depending on the formulation of the transition PDF, we consider 2 applications of
the transition PDFs of the full and reduced models. Numerical results based on these

cases are in the following section. Given an initial time ¢5 and timesteps s < t, we
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could have the following scenarios:

o Transition PDFs from ¢, to ¢ with initial condition at equilibrium (the sta-
tionary distribution of the full dynamics). In this context, the transition PDF
captures long-time behavior of the system because marginal distributions stay
at equilibrium. Also allows study of short-time dynamics, because the condi-
tional evolution p(g: | Xt,) for small ¢ — ¢, reflects how trajectories move locally
around equilibrium. In this work, we use this case to show that transition PDF

analysis can recover the ACF analysis presented in [53].

o Transition PDFs from t, to ¢ with initial condition out of equilibrium (shifted
mean, altered covariance, or arbitrary non-equilibrium state). In this context,
the transition PDF captures short-time modeling error due to both drift and
memory approximations in CG models. This allows investigation of how CG
models reproduce relaxation toward equilibrium, which is our main contribu-

tion.

3.4 Numerical Experiments

In this section, we detail the numerical experiments performed to highlight the

importance of capturing modeling error using transition probability laws.
3.4.1 2D example

For adequate comparison, we follow the formulation of the 2-dimensional example
presented in [53]. The authors note that all 2-dimensional SDEs of the form 3.1 can
be described using two parameters A and 6. We choose a basis such that A is diagonal

and rescale so that the lowest eigenvalue is 1. Then, we can assume that

A= (3.36)
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with A > 1. In general, any choice of coarse-graining selector map can be described
) with

as a rotation of this matrix by some angle 6 € (-7, 5

® = (cosfsinf) W= (—sinfcosb).

With this formulation, A describes the scale separation present in a system, and
0 tunes how aligned the coarse-grained map is to the eigenspace corresponding to
the slowest timescale. As such, we consider values of 6 € {0.05,0.2,0.4, 7} and vary
A € [1.1,1000].

First, we calculate the 2-Wasserstein distance, Kullback-Leibler divergence, and
total variation distance between the full and reduced transition PDFs for a system
in which the initial mean is in equilibrium gy = (0,0). The errors are plotted in Fig.
3.1 against the range of A values and match the results found with ACFs in [53],
meaning that our analysis can recover the findings in that work. Namely, Approach 1
errors are accurate for small timescale separation, but increase and level out for large
timescale separation. Approach 2 is less accurate at small timescale separation but
errors decrease as timescale separation increases.

Second, we calculate the errors of transition PDFs when the initial mean is out of
equilibrium in some arbitrary state, namely py = (1,0), for which errors are similar
to that of the equilibrium case, and pg = (5, —4), for which errors present a more
significant change in trend. Errors plotted against A are shown in Figures 3.2 and ?77.

For the non-equilibrium case, we also plot errors for varying time lags. In Figure 77,
we plot errors for A = 1.1 and 6 € {0.05,02.,0.4, T} across time values in ¢ € [0, 10].

We plot the same for A = 1000 in Figure 3.4.
3.4.2  40-dimensional spring-mass system

To test this analysis in the multidimensional setting, we also consider a 40-dimensional

spring-mass system. The spring mass system describes masses along a spring and their
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Figure 3.1: Error functions for a 2D system with initial mean in equilibrium (ug =
(0,0)) plotted against A € [1.1,1000]. Top Row: Approach 1 2-Wasserstein Distance,
Kullback-Leibler Divergence, and Total Variation Distance. Bottom row: Approach 2
2-Wasserstein Distance, Kullback-Leibler Divergence, and Total Variation Distance.

Figure 3.2: Error functions for a 2D system with initial mean outside of equilibrium
(1o = (1,0)) plotted against A € [1.1,1000]. Top Row: Approach 1 2-Wasserstein
Distance, Kullback-Leibler Divergence, and Total Variation Distance. Bottom row:
Approach 2 2-Wasserstein Distance, Kullback-Leibler Divergence, and Total Variation
Distance.
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Figure 3.3: Error functions plotted against time lags in the range of ¢ € [0, 10] for a
case where the initial mean is outside of equilibrium py = (1,0). Here, A = 1.1. Top
Row: Approach 1 2-Wasserstein Distance, Kullback-Leibler Divergence, and Total
Variation Distance. Bottom row: Approach 2 2-Wasserstein Distance, Kullback-
Leibler Divergence, and Total Variation Distance.

Figure 3.4: Error functions plotted against time lags in the range of ¢ € [0, 10] for a
case where the initial mean is outside of equilibrium pg = (1,0). Here, A = 1000. Top
Row: Approach 1 2-Wasserstein Distance, Kullback-Leibler Divergence, and Total
Variation Distance. Bottom row: Approach 2 2-Wasserstein Distance, Kullback-
Leibler Divergence, and Total Variation Distance.
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displacement from equilibrium in one dimension. For this example, the number of
masses is set to be N = 40, and it is straightford to be extended in a more general
setting.

The 1D chain spring-mass system modeled by an overdamped Langevin under

inverse temperature [ takes the form

dqt = —thdt + Qﬁflth

where K is the stiffness matrix for the spring interations. This form is reached
through taking the limit as the friction constant v goes to infinity in the underdamped

example. In this setting, if k£ is uniform across springs,

_ 1 =1 0 0 _
~1 2 -1 0
K=kl0o -1 2 . 0 (3.37)
—1
0 0 -1 1
If each mass ¢i,- - - ,qy has a different spring coefficient k1, - - - , k,,, this becomes
- ky —ky 0 0 |
—ki ki+ke =k e 0
K=10 —k hothk 0 (338)
~ky
0 e 0 —kn_1 2kn_1

For the experiments, we set k; = 1, k3 = 100, and let ky vary from 0.1 to 20.01 with
increments of 0.1. We examine a system with N = 40 and select n = 2 resolved vari-

ables using the map ® = {12 0} , with the first and second masses being the resolved
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variables. We will then systematically vary the ratio between stiff and soft variables
to represent various timescale separation. Greater timescale separation corresponds
to when there is a larger gap in these values. Larger values of k correspond to faster
variables, variables that relax faster to equilibrium.

We compute the relative eigenvalue gap between slow and fast modes in the system

as

Relative Eigenvalue gap = (3.39)

and then plot this value against ks in Figure 3.5 to highlight that as ks increases
with k; and k3 fixed, the relative eigenvalue gap also increases. And so, ko controls
the spectral gap present in a given regime. In this case, we define the angle between

the resolved and unresolved variables to be

0 = min (7 — z, x), = ol

— ) 4
1Al (340)

We also plot the resulting 6 values against a range of ko values in Figure 3.5 to
show that 6 is also correlated positively with ky. The resulting transition PDF errors
for this example are also plotted in Figure 3.5, and again we see that when coupling

is weak, Approach 1 outperforms Approach 2, while Approach 2 prefers a larger gap.

We also see that all three error metrics roughly agree with each other.
3.5  Conclusions

In this chapter, we have presented a novel lens through which to view the modeling
error that emerges from reducing a system via coarse-graining. We utilize the error
in transition probability law between full and reduced dynamics to capture the entire
probability law of the dynamics, as opposed to just the first and second moments
that are captured by autocovariance-based analysis. Our analysis is qualitatively

consistent with the ACF analysis presented in [53], that Approach 1 outperforms
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Figure 3.5: Top row: Eigenvalue gap (left) and theta values (right) plotted against
values of k2. Bottom row: Errors plotted against ko, for initial mean out of equilibrium

po=0
Approach 2 only when the timescale separation is relatively small, and otherwise
Approach 2 outperforms the others. We also extend the analysis to quantify error
when a model has an initial state that is out of equilibrium. The autocovariance
analysis cannot capture this at all. Our analysis shows that the further a system
starts from equilibrium, the less reliable the spectral gap can become as a metric.
Overall, these findings suggest that modeling error in coarse-graining is not a fixed
property of the approximation, but rather that it depends on how far out of equi-
librium the system begins, and transitional PDF error uniquely captures this. With
the new finding that spectral gap is not the definitive metric for coarse-graining error
analysis, in the next chapter we explore the use of error in relaxation time for analysis
and propose a coarse-graining variable selection algorithm that uses this error as a

guiding principle.



CHAPTER 4: LEADING ORDER ESTIMATES FOR RELAXATION TIME
ERROR

With a more robust analysis result regarding modeling error given in the previous
chapter, we turn our attention to the practical concern of how to select coarse-graining
variables in real applications. This chapter provides a continuation of the study of
modeling error and explores how error analysis can be incorporated into a computa-
tional coarse-grained variable selection framework. Namely, we first perform further
error analysis, this time regarding the relaxation time of the full and reduced dynam-
ics.

4.1  Relaxation time of a linear Langevin SDE and coarse graining approaches

Recall a linear Langevin SDE with symmetric positive definite (SPD) drift matrix
A given by
dqt = —Aqtdt + \/ 25*1dwt. (41)

The asymptotic decay rate of (4.1) is
k(A) := minRe \;(A) > 0, (4.2)

and the relaxation time is its reciprocal,

el L= = 4.
Toel 1= (4.3)

Because A is symmetric positive definite the spectrum is real and positive, so we

have Tyep = 1/Amin(A).
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For coarse-graining approaches 0 and 1, the SDEs take the same form with a SPD
drift matrix and thus relxation times are computed in the same manner.

For Approach 0, the SDE and corresponding relaxation time are given by

1
A&, = —Ao&dt + /28 1 dwoy, T = ———— (4.4)
)\min(AO)
and for Approach 1,
1
dé, = —B&dt + /28 dwo,, T = Aom(B) (4.5)

where again B = Ay — aA7'a".

Now, Approach 2 has a drift matrix that is not necessarily symmetric, given by

¢, = —CB&dt+1/2671Cdwy;, C= (T+aA%a*)!, B=Aj—aA;'a" (4.6)

Unlike Approaches 0 and 1, the relaxation time formula is not automatic, since CB
is not necessarily symmetric. Its eigenvalues need not be real, let alone positive. We
verify both properties below. Although CB is not symmetric in general, it is similar

to a normalized symmetric case
B := C'/?BC"? = Cc"'/*(CB)C"?, (4.7)

via the invertible matrix C'/? as C = 0. Similarity transformations preserve eigen-

values, so

Mi(CB) = \(B)  for all 4. (4.8)

Since B > 0 and C'/? is invertible, B = C'/2BC"/? is also symmetric positive definite.
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Hence, the relaxation time of Approach 2 becomes

(2) 1 1
= = . 4.9
Trel Amin (CB) /\min(cl/2BC1/2) (4.9)

4.1.1  Non-perturbative bounds on the ordering of relaxation time

Let A = 0 with blocks as above, B = Ay — aA;'a* and C = (I + aA%a*)7L.
Then

Amin(A) < Anin(B) < Amin(Ao), Amin(CB) < Anin(B), (4.10)

equivalently Tf(?l) < Tr(ell) < Tr(fl) and Tr(ell) < Trel-

(i) We have that B™! = ®A~'®* with ® having orthonormal rows, so by the
Rayleigh quotient characterization Apax(B™!) < Apax(A™1), and inverting reverses
the inequality. (ii) aAj'a* = 0 gives B < Ay, hence A\pin(B) < Amin(Ag) by
the Weyl inequality. (ii) Since aA%a* = 0 we have C =< I, 50 A\pax(C) < 1.
Ostrowski’s theorem applied to the congruence B = CY2BC'? yields Apin(B) <
Amax(C) Amin(B) < Amin(B), and Ayin (CB) = Amin(B) by similarity.

Lemma 4.1.1 confirms that Approaches 0, 1 and 2 order themselves correctly re-
gardless of coupling strength. Consequently, the clock time scale of Approach 1 is
slower than that of Approach 0, and the clock time scale of Approach 2 is slower than

that of Approach 1. Moreover compared to the referece system, Approach 1 never

overestimates the true relaxation time.
4.2  Relaxation time error bound: Approach 1

We are interested in the error between relaxation times of full dynamics and resolved
dynamics, because it will give us insight as to whether the CG approaches preserve the
slow physics, and this error quantifies the cost of ignoring memory as our approaches

are Markovian approximations to non-Markovian CG derivations. All CG approaches
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reproduce the equilibrium statistics of the resolved variables exactly, and their only
error is dynamical. This is precisely what makes the relaxation-time gap the natural
error metric. Given the relaxation time formulas, we will now pull from perturbation
theory to derive leading order estimates on the error between relaxation time of true
and resolved dynamics.

Recall that the we decompose the full dynamics A into block matrix form by

splitting the contributions of resolved variables & and unresolved variables (; :

where

Ay =DPAP* e RV" A} =TVAU" ¢ R™™ o= PAY* € RV

wo: = Pw, € R" wy; =U¥w, € R"

The coupling between the resolved and unresolved dynamics is governed by the
matrix a. Now consider the case where the coupling is “small,” i.e, let o = I", where
¢ is some parameter that determines the magnitude of the coupling, and I is some
matrix that determines the shape of the coupling. This decomposes the coupling
into the structure, living in I', and the strength, measured by e, which is a common
approach in perturbation theory.

So, reformulating our problem in perturbation theory language gives
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Ay 0 0 T
A= +e
0 A r« o0
=AY 4+ cH

where H represents the perturbation block matrix and again, ¢ determines the
strength of the coupling. Denote the eigenvalues of A to be (Mg, vy). Denote the
eigenvalue/vector pairs of Ay to be (i, ), and the eigenpairs of A; to be (wg, ).
Via perturbation theory, we assume the eigenvalues and eigenvectors of A can
be Taylor expanded in powers of &, where the coefficients ag, aq, ... are scalars and

Tg,X1,... are vectors:

1
M) = A0) +eXN(0) + 52§X’(0) 4 -
= ag t+¢ea; + 826L2

v(e):x0+6x1+52x2+---

Here, ag,ay,--- and xg,x1,--- are correction terms. We additionally impose the
normalization condition xfzy = 1, which fixes the scaling ambiguity present in the
definition of eigenvectors, together with xJx; = 0.

To be precise about the methodology: these formulas track how a single eigenvalue
of the matrix A changes as ¢ varies from 0.We are treating the value of the eigenvalue
of interest as a function of £, and then Taylor expanding around € = 0.

We are interested in A,,;,(A). Note that the smallest eigenvalue of the unperturbed
block matrix A© is the smallest eigenvalue of either Ay or A;. For our purposes, we

assume that the resolved variables are slow and the unresolved are fast, and so we
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assume the strict inequality Apmin(Ag) < Amin(A1). And 50, Apin(A@) = X in(Ag)
exactly, while for the coupled matrix A (A(€)) = Anin(Ag) +O(£?), as we now show.
The strict inequality guarantees that A, (Ag) is a simple eigenvalue of the full block
matrix A (provided it is also simple within Ay, which we assume), which is required
for the perturbation theory to be valid; it also guarantees that the denominators

Amin(Ag) — wy appearing below are bounded away from zero.

v
The eigenvectors of A associated with the Ay block take the form : with

0

0
eigenvalue v, and those associated with the A; block take the form with eigen-
M

U
value wy. And 80, Apin(A©) = A\uin(Ag) and has eigenvector vy = ¢

0
And so, our Taylor expansion will focus on Ap,;n(A) and we start with

)\mm(A<€)) = )\mm<A0) +ea; + €2a2 -+ 0(63)

Rather than computing derivatives explicitly, we can exploit the eigenvalue problem
A(e)x(e) = Ae)z(e). We will substitute in A = A©® + ¢H and match powers of ¢
as follows. In what follows, we go through the details for a general eigenvalue, and

apply results to the minimum eigenvalue at the end.

(AQ 4 cH)(zg + e +e’a9 4+ -+ ) =
(a0+€CL1+€QCL2—|—"‘)<.’130+€£B1+€21‘2+"')
A2y +e(AQ2) + Hg) + (A2, + Hzy) +--- =

aozo + (apzy + arxo) + e2(aprs + a1y + agxg) + - - -
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Matching powers of € gives us the following:

o) : Az, = apzo
O(e): A9z + Hrg = agzy + arz

0(82) : A(O)$2 + HZL’1 = agT2 + a1x1 + a2

Hence, we now solve the O(e) equation for a; :

AOz, + Hzry = agry + a1
(AQ — g2y = (a1 — H) g

(A — goD)ay = 2T (a1 — H)zg

Note that

(A —aol) = 2T AO — 2Tag = (A2 — agzo)”

because A is symmetric, and

(A(O)l'o — aol’o)T =0

from the fact that A©zy = agzg, given by the O(1) equation.

Continuing, we have

(A(O)xo — apro) w1 = xf (a1 — H)ag
0 = 2 (a11 — H)wg
0= a1xt 2o — xf Hag

a; = xp Hay.
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This is the first-order correction. To remind us of our main goal, this means that we

can Nnow say:

)\mm(A(&T» = )\mm(AO) +ea; + €2a2 + -

= Amin(Ao) + ez Pag + - - -

We do the same with the O(g?) equation for ay. Taking the inner product with g,

we have

T A (0 T T T
x Az, + roHry = apxg e + a129 71 + ag

0)

By symmetry of A© we have 27 A2y = (AOz¢) 2y = agzlzy, and so the term

1 A© 1, on the left cancels exactly with the term agxl 75 on the right (note that no

condition on z] z, is needed for this), leaving

2t Pxy =yl zy + ay (4.12)

It remains to justify the condition zlz; = 0. The eigenvector z() is defined only

up to scaling at each order, and we may fix this freedom by requiring zlz(¢) = 1

for all € (the so-called intermediate normalization, standard in Rayleigh—Schrodinger

perturbation theory). Matching powers of ¢ in zf (xg + ey + e%z9 + -+ ) = 1 gives
O(1): afwo=1,

O(e): apxy =0.
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This cancels out the term aleTxl from above. With this, we can say that
T _
zyPx1 = ay (4.13)

Now, we will expand z; in the eigenbasis of A, Let {(\,vx)} be all eigenpairs of
A with (Mg, vo) the minimal pair as above. Write 21 = ¥, cxvy. Substituting into

the O(e) equation and we get

Xk: (A — Ao)vr = (I — H)vg (4.14)
Taking inner product with v; with j # 0 :

ci(Nj— o) = alvavo — U]THUO

—Uvao B U;‘-FHUO
Aj— Ao o — A

C; =

So x1 = Zk?go /\O vk Plugging into the equation for as :

Z |UI{HUU’2
Ao — A\

k£0

Putting everything together, we find that

T 2\~ [vi Huol? 3
)\mzn(A) = )\mzn(AO) + &V HUO +¢€ Z —_— + O(E ) (415)
k0 )\0 - )\k
T
Vy 0 I 120}
However, note that a; = 2 Pzy = = (0. And so we have

0 r of1o0

’Uk HUOP

Y +O(e"). (4.16)

k40
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I O
In fact, the remainder above is O(e?) rather than O(g3) : letting S = , we

0 —I
have SA(e)S = A(—¢), so A(e) and A(—¢) are similar and share the same spectrum.

Each eigenvalue is therefore an even function of €, and all odd-order corrections vanish,

not only a;.
Now consider the sum 37, .o — ‘U’“ Hvo' that ranges over all eigenvectors of A i.e.,
Vi
those coming from both the Ay and A; blocks. For an eigenvector vy, = coming
0
T
UV} 0 F 140}
from the Ay block, we have vIHuvy = = 0. Thus, only the
0 r= 0](0
0
eigenvectors from the A; block contribute; for these, v, = and we can write
M
v Pvy = pul T*1y. The perturbation equation now reads
T]_'\* 2
Anin(A) = Ain(Ag) + 223 L0l oy (4.17)

where the sum now ranges over the eigenpairs (wy, px) of Aj.

We can apply the same approach for the matrix B = Ag—?T' AT but let § = &2

and H = —T'A7'T™*. Taking the perturbation approach on Ay +§(—T'A7'T*), we get

)\mm(B) = )\min(AO) + 5 VO ( PA 1F*)V0 + O( )

TF*V0|2

Expanding vl TAT'T*1; in the eigenbasis of Ay, we get vy TA Ty, = 3, i T vol”

Now, taking the difference, we have
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1 1
Amin(A) = Amin(B) = €2 Ty 2( +>+O g
(A) (B) ijluk 0l o (Ag) —wn (%)

TF* 2
— 52Amin(AO) Z |#k,’ VO’

7 (Amin(Ao) — wi)wy +0(

Since 0 < Apin(Ag) < wyg for all k, each term of the sum is negative, and so
Amin(A) < Apin(B) to leading order, consistent with the Schur complement inequality

derived earlier. Define

|/~L;‘§I‘* o |2

50 that Apin(A) — Apin(B) = —2g + O(g?), e,

9 = Amin(Ao) Zk: (o > 0, (4.18)

Amin(B) = Apin(A) + %9 + O(e?).

Taylor expanding,

1 1 A
1
= IR O(e*)
)\mzn(A) (1 + 7)\min(A))
1 2
= 9 40

Amin(A)  Apin(A)?

where the geometric series expansion in the last step is valid provided ¢ <
Amin(A); the remainder is O(g?) only in this regime. Also taking note of the fact that
Amin(A)? = Anin(Ag)? + O(e?), we have
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1 1 £2g \

In this form, in which ¢ is written in terms of the eigenbasis of A, we can see

exactly which unresolved modes contribute and how strongly.
4.3  Relaxation time error bound: Approach 2

We now extend the perturbative analysis to Approach 2. Since CB is not symmet-
ric, we perturb the symmetric matrix B = C'2BC'/? instead, which shares CB’s

eigenvalues by similarity.

With a = eI’ and X := TAT?T™,
C=(I+2X) T =1-2X+0(", CV=1-2X+0() (4.19)
Recalling B = Ay — €2V + O(g*) with Y := TA7'T™*, we multiply out
B =C'"’BCY? = Aj—2*|Y +3(XAg+AoX)| +0(e*) = Ag+£°Q+0(e*). (4.20)

This has exactly the same shape as B’s expansion, so the first-order perturbation

result derived above for B applies verbatim to B:
Amin(CB) = Apin(B) = Ain(Ag) + % vy Qi + O(e?). (4.21)
Using Ao = Amin(Ao)vp and symmetry of X, we have simplifies:

l/OTXAOVO = VOTAOXI/O = Amin(Ao) I/OTXI/O, (4.22)
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SO

vy Quo = —1 Y1 — Amin(Ag) vy X1p. (4.23)

Expanding in the eigenbasis of Aj, with ¢, := pu T* vy,

2 2
VJYI/OZZM, VS—XI/OZZ@, (4.24)
k Wk ko Wk
which gives
An’lln A
Main(CB) = Auia(Ag) — 23 a2 2 2mn B oy (o)
k i

Write A\g := Amin(Ag). All three eigenvalues Apin(A), Anin(B), Anin(CB) take the

common form \g — &% Y, |ex|? fi + O(e*) with mode weights

@_ 1 B _ 1 (CB):waer 196
fk wk_/\07 k wku fk wk ( . )

Since 0 < A\g < wy, for all &, one has f,EB) < f,E,CB) f,gA) pointwise, and therefore

) < <78 < T, (4.27)

Trel rel rel

/\min(A) < )\min(CB> < )\mln(B) —

confirming quantitatively that Approach 2 sits strictly between Approach 1 and the
true relaxation time.
Define

|cx|?
/\ > 0. 4.28
; wi(wg — No) ( )

A direct computation gives f\ — f%) = A2/ [w2(wy, — Ao)], so

Amin(CB) = Amin(A) + 2h + O(<?). (4.29)
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Taylor expanding as before,

2
h

= 5—2 +O(eh), VS.
Ao

e2g
o

(2)
Trel — Trel

1
Tr(el)

+O(eh). (4.30)

— Trel

Comparing h and g term by term, each mode’s contribution to h is exactly that

mode’s contribution to g rescaled by A\g/wy, € (0,1):

_ N _ o dola]?
h=) g <D g=9  gu= (4.31)
Wy, k (

wy, — Xo)wy

Thus the diffusion correction C in Approach 2 suppresses each unresolved mode’s
contribution to the relaxation-time error by precisely the ratio Ag/wy, of the resolved
to unresolved eigenvalues: modes with wy, > A¢ are corrected almost completely,
while modes with wy close to Ay (poor separation) retain most of their Approach-1
error. This is consistent with the fact that we require sufficient timescale separation

for this analysis.
4.4  Conclusions

This section presented new leading order estimates on the error in relaxation time
between the full and reduced dynamics, which rely on the coupling strentgh between
the resolved and unresolved variables. This work could be utilized to develop a
coarse-graining variable selection algorithm for cases in which the resolved variables
are required to have physical meaning.

So far, we have analyzed numerical stability in time integration and modeling error
in the classical setting. We have also showed the potential benefit of incorporating
machine learning approaches into classical frameworks. In light of the emergence of
machine learning based modeling approaches, the question arises: what changes and
when the approximation is represented by a Scientific Machine Learning model? In

the remaining sections, we carefully examine some popular machine learning-based
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modeling approaches, and explore ways in which classical techniques can improve their
accuracy. Meanwhile, we continue to highlight the importance of numerical stability

and modeling error, while introducing computational cost as a third consideration.



CHAPTER 5: PRELIMINARIES ON SCIENTIFIC MACHINE LEARNING
METHODS

In the following three chapters, we pivot to the machine learning setting and ex-
plore various error modes of common machine learning models and develop model
improvements to address them. In each of these projects, the focus is on some com-
bination of numerical accuracy, modeling error or efficiency, further elucidating the
need to balance these facets in mathematical modeling frameworks. Through these
efforts, we show that insights gained from the classical setting can be transferred to
modern methods.

We begin with an overview of the machine learning-based methods that have shown
promise in recent years for fluid and molecular dynamics modeling. Machine learning
methods can be data-driven or physics-informed, of a combination of both. This work
focuses primarily on the physics-informed versions of these models, however, any of
these approaches can be made data-driven by simply adding terms into their loss
functions that enforce the data. We focus on physics-informed approaches due to the
appeal of not requiring expensive data to train the machine learning methods, which

is not possible in classical approaches.
5.1  Physics-informed neural networks

In this section, we present physics-informed neural networks (PINNs). In recent
years, a huge research focus has been on scientific machine learning methods for
physical systems [58, 59, 60], for example, fluid mechanics and rheology [61, 62, 63, 64,
65, 66, 67, 68], metamaterial development [69, 70, 71], high speed flows [72], and power

systems [73, 74, 75, 76, 77], among many other applications. In particular, physics-
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informed neural networks, or PINNs [8], allow for accurately representing differential
operators through automatic differentiation, leading to finding the solution to partial
differential equations (PDEs) without explicit mesh generation. As physical systems
often lack robust data, PINNs incorporate the differential equations of a system in
the loss function of a neural network. Using automatic differentiation to minimize
the loss function, the physics acts as a constraint for potential output solutions. The
resulting models are able to train effectively using minimal training data. PINNs
have been used successfully in a host of problems (see [60] for a recent review and
future perspectives).

PINNs [8] allow for finding solutions to physical systems and discovery of ordinary
or partial differential equations with limited training data. PINNs, as illustrated in
Fig. 5.1, incorporate the dynamics of the system in the loss function of the network
to enforce physical laws or domain expertise. Specifically, we define a system over an

open, bounded domain 2 € R” with boundary 02 as follows:

st + Ng[s] =0, r e tel0,T], (5.1)
s(z,t) = g(z, 1), x € 0N, tel0,T], (5.2)
s(z,0) = u(x), x €€, (5.3)

where g and v are given functions for the boundary and initial conditions, respectively,
while = denotes the spatial coordinates, t is the temporal coordinate, and N, is a
differential operator with respect to . Our goal is to utilize deep neural networks
(DNNs) to approximate s(z,t). The parameters (weights and biases) for the network

are denoted by 6, which are optimized to minimize the following loss function:

L0) = NeLic(0) + M Loe(0) + MLy (6), (5.4)

with subscripts ic, be, r corresponding to loss terms with respect to initial conditions,
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boundary conditions, and PDE residual. We sample N;., Ny., and N, points in
the space-time domain for the initial conditions, boundary conditions, and residual

collocation points, respectively. The training data sets are denoted by

{(@ho), u(@io) 25 (@, the) s 9 (@hes o) Vit and {(a7, £5) 1

A common choice for the terms in the loss function is through the mean squared

errors (MSEs) according to

1 Nic 9

Lic(0) = 77 2 [Flale, 0:0) — u(al)] (5.5)
ic j=1
R i i ENE:

Loc(6) = 5 2 [F(@hes thei6) = 9(eher )] (5.6)
be j=1
AL 2

£:(0) = 57 2 |Filan 13:0) + N[ F o £1:0)]] (5.7)
=1

where F(z,t;0) denotes the output of the network with parameters 6 at (x,t).

The selection of the weights A;., Ay, and A, can have an impact on physics-
informed training and several methods have been developed for adaptively choosing
these weights, including soft-attention mechanism weights [78], the neural tangent
kernel weights [79], among other variations [80, 81, 82]. However, we have opted to
hand-pick these terms based on knowledge of the system being learned instead of fo-
cusing on the details of adaptive weight selection, which is not the focus of this work.
The exact values used in the examples shown here given in Section ?7. Nonetheless,
we note that any of the aforementioned adaptive weighting methods could be applied

in training stacking PINNs seamlessly.
5.2 Physics-informed deep operator networks

In this section, we present physics-informed deep operator networks (PI-DeepONets)

which provide the basis for the work in Chapter 8. Physics-informed operator training
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N (F(t,z))

Figure 5.1: Physics-informed neural network

allows for learning the solution as the map between two Banach spaces. While PINNs
learn the solution for a single initial condition and boundary condition, PI-DeepONets
learn the solution for a family of initial conditions forming a Banach space. Several
methods of operator learning are currently extremely popular [83, 84, 85, 86]. In this
work, we will focus on DeepONets [84].

Consider a general parametric PDE of the form

N(u,s) =0 (5.8)

with boundary conditions

B(u,s) = 0. (5.9)

The PDE solution is denoted by G(u) = s(u) for G : U — S, where U is the space of
input parameters, generally the initial conditions, with u € U, and § is the space of
PDE solutions on a domain €2. s € S is an unknown function governed by the PDE
system.

A standard DeepONet consists of two DNNs, the branch and the trunk. The
branch and trunk networks are trained simultaneously and combined in a dot product
to express the solution. The input to the branch network is the function v € U
discretized at a discrete set of M points, which are at fixed locations for each sample
in the training and test set. The input to the trunk network is the independent

variables, typically time and spatial coordinates. The output of the DeepONet is
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denoted by
Go(u)(x) = ]; b (ur, ..., un)te(x) (5.10)

where 6 denotes the trainable parameters of the unstacked DeepONet [87, 84].

As in our previous work [88], we choose to use “modified” DeepONets [89], which
introduce encoder layers for the branch and trunk nets. At each hidden layer, the
branch and trunk are combined in a convex combination with the encoder layers. This
modification has been shown to increase the accuracy of DeepONet training [89].

Physics-informed DeepONets (PI-DeepONets) are trained in much the same man-

ner as PINNs, with similar loss functions. The loss function is given by
Lpon(0) = MpeLpe(0) + NL(6) (5.11)

where A, and A, are tunable weighting terms and Ly.(6) and L,.s(0) are the MSEs

in satisfying the PDE system, given by

N R 9

L,.(0) = ]1”1% ZZ WV (u', Go(u') ()] (5.12)
1 1 N Bee . 12

Lro(t) = A Z; > B (v, Go(u') ()] (5.13)

The number of collocation points are R for the residual term and R, for the boundary
condition terms, which are randomly sampled in the domain €2 and the domain of B,

and denoted by {zi}_, and {z%}/5.
5.3 Kolmogorov-Arnold Networks

In this section, we present the formulation of Kolmogorov-Arnold networks (KANs),

which are the foundation of the work provided in Chapter ??. In [90], the authors
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proposed approximating a multivariate function f(x) by a model of the form

Mn;—1 Mn;—2 mo mi mo
F R D Ontimins | D o | D Prinin | D Plisin | D Poiinio (Tig) .

inj—1=1 inj—2=1 ip=1 i1=1 io=1

(5.14)
which they denote as a Kolmogorov-Arnold network. Here, n; is the number of
layers in the KAN, {m;}L, is the number of nodes per layer, ¢; ;; are the univariate
activation functions, and x = (1, ..., Zy,,). We denote the right-hand side of eq:KAN
as IC(x). The activation functions ¢j_1;, ;,_, in the kth layer are polynomials of degree

k on a grid with ¢g grid points. They are represented by a weighted combination of a

basis function b(z) and a B-spline,

o(x) = wpb(z) + wgspline(x), (5.15)
where
T
b =
(z) 14+e®
and

spline(z) = Z ¢;iBi(x).

Here, B;(z) is a polynomial of degree k, and ¢;, wy, and w; are trainable parameters.

KANSs evaluate the B-splines on a precomputed grid. In one dimension, in a domain
la,b], a grid with ¢; intervals has grid points {t, = a,t1,ts,...,t, = b}; cf. [90]. Grid
extension [90] allows for fitting a new, fine-grained spline to a coarse-grained spline,
increasing the expressivity of the KAN. The coarse splines are transferred to the fine
splines following the procedure described in [90] and [91].

In this work, we do not consider the method for enforcing sparsity of the trainable
activation functions as outlined in [90] and instead only consider the mean squared
error (MSE) in the loss function. Many variations of KANs have been proposed

recently. However, in this work, we consider only the formulation as outlined in [90],
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although we note that the domain decomposition method presented here could be

combined with many variants of KANs.
5.4  Conclusions

This chapter contained a presentation on three major methods of focus in the field
of SciML: PINNs, PI-DeepONets, and KANs. These methods show promise on their
own, as shown in referenced works, but it is important to provide an answer on what
practitioners can do when one of these models is desirable but not performing well. In
the next chapter, we discuss how the mathematical modeling framework changes when
improvements are made (pulling from classical approaches) to the models architecture

and training hierarchy.



CHAPTER 6: STACKED MULTIFIDELITY PHYSICS-INFORMED NEURAL
NETWORKS

We first explore how improving the models architecture and training hierarchy can
improve accuracy via the problem of training PINNs for chaotic dynamical systems.
Chaotic systems provide an ideal setting for this work because the presence of fixed
points presents challenges for PINNs to approximate without access to data. The work
in this chapter is based on the work in “Stacked networks improve physics-informed
training: applications to neural networks and deep operator networks,” published in
AIMS Foundation of Data Sciences.

Despite its promise, physics-informed training with little-to-no data can be chal-
lenging. For instance, PINNs tend to fail for dynamical systems for many possible
reasons. The fixed points of a system, whether stable or unstable, create attractive
optimal solutions that may not match the desired solution for a given initial condition
[92]. Solutions to dynamical systems must fit the physical laws of the system, initial
and boundary conditions, as well as data. Optimizing multiple objectives in this way
can create issues, as minimizing the full loss function does not guarantee convergence
with respect to each particular loss term. This can lead to a failure of the proposed so-
lution to represent the solution specified by the initial or boundary conditions, which
typically looks like a model training to the trivial solution. In a similar manner to
PINNSs, physics-informed DeepONets (PI-DeepONets) can be extremely difficult to
train in the absence of data [93].

Since the introduction of PINNs, several methods have been introduced to improve
their training [94]. One portion of these efforts have been devoted to building unique

architectures, including the works on multifidelity networks [95] and finite basis do-



90
main decomposition schemes [96, 97]. Multifidelity PINNs [95] traditionally use some
data [98, 99], in addition to a physics-informed term, to train more accurately than
allowed by physics alone. In finite basis PINNs, neural networks approximate the
solution to the differential equation as a finite set of basis functions with compact
support [96, 97]. Similarly for DeepONets, when some low-resolution numerical data
is available multifidelity DeepONets [100, 88, 101] have been shown to improve the

training for physics-informed problems.
6.1  When PINNSs fail to train

Despite the promising results of PINNs, there exist some important examples for
which PINNs fail to train with the standard framework, such as a pendulum with
damping and the wave equation [92, 102, 103, 104]. For dynamical systems in particu-
lar, solutions must fit the physical laws on the system, initial and boundary conditions,
as well as any given data. With complex loss functions, minimizing the full function
does not ensure convergence for each particular loss term.

A simple example, yet one where a PINN struggles significantly to train, is a
damped pendulum, shown in Fig. 6.1. The system is governed by a system of two

first-order ordinary differential equations (ODEs) for ¢ € [0, 7]

ds

ditl = S9, (61)
dsy b g .

o= 5 Esm(sl), (6.2)

where s; and s, are the position and velocity of the pendulum, respectively. The
initial conditions are chosen as s1(0) = s2(0) = 1. We take m = L = 1, b = 0.05,
g =9.81, and 7" = 20 as in [93].

While the trained outputs from the ten PINNs shown in Fig. 6.1 satisfy the initial
condition, the solutions decay to zero past t ~ 14. We note that s; = so = 0 would

be a true solution for the pendulum if the initial conditions were s;(0) = s2(0) = 0.
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Thus, once the solution decays to zero, the loss term associated with the residual is

minimized, however, the solution is not correct.

Figure 6.1: PINN results s; (left) and s, (right) as a function of time for the pendulum
problem for ten random initial seedings. In each case, the PINN solution decays and
does not agree well with the exact solution.

6.2 Methods

In this section, we describe multifidelity PINNs and stacking PINNs, and their
extensions to DeepONets. The preliminaries on PINNs and DeepONets were covered

in Sections 7.2.1.1 and 5.2, respectively.
6.2.1  Multifidelity PINNs

One method used to improve the training of PINNs is multifidelity learning, where
physics-informed cases can be augmented by a small amount of data or additional
physics knowledge to increase the accuracy of the final solution. Many approaches
and architectures for multifidelity PINNs have been proposed for a wide range of
applications, e.g., [95, 105, 106, 107, 108, 109]. In this section we summarize the
approach taken in this paper, based on the approach in [95].

A multifidelity PINN consists of two neural networks, which are trained simultane-
ously to learn the nonlinear, F,,;, and linear, J;, correlations between the low-fidelity
approximation and the high-fidelity approximation of the system, as shown in Fig.
6.2. The low-fidelity approximation can be the prediction of a neural network trained

with low-fidelity data as in [95]. The output of the multifidelity PINN is the convex
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combination of the learned correlation networks

Fur(z,t;0) = |a|Fu(z, t;0) + (1 — |a])Fi(z,t,0), (6.3)

where the set of trainable parameters of each network is denoted by 6 and « is
a trainable coefficient that controls the interplay between the linear and nonlinear
components. To enforce learning the linear correlation, F; does not use an activation

function. The multifidelity loss function is given by:

Lr(0) = NieLie(0) + MeLie(0) + ML (0) + . (6.4)

4 is chosen so that o is small, and the network predominately

The penalty term «
learns a linear correlation when possible. By maximizing the linear correlatin, the
nonlinear network can be smaller, reducing the number of trainable parameters.

Previous work with multifidelity DNNs and multifidelity PINNs howard2023continual,
meng2019multifidelity have chosen to add a regularization term that penalizes the
sum of the squares of the weights and biases of the nonlinear correlation network,
instead of the penalty term in Eq. 6.4. The goal of such a term was to prevent
overfitting of the nonlinear correlation, as well as enforce learning a linear correla-
tion when possible. In our tests, this regularization did not perform as well, perhaps
because we train PINNs without data, so overfitting to data is not a concern. In
addition, whether we use the exact same equation and loss function at every stack-
ing level or we allow small modifications between levels, we expect that the linear
correlation should be quite strong, in contrast with data-driven multifidelity training
which uses low- and high-fidelity datasets for the low- and high-fidelity models.

As a very general concept, multifidelity PINNs are flexible and can use data or

physics-informed training for both the low- and high-fidelity approximations. For

example, data generated by a low order numerical model could be used as low-fidelity



93

Linear network

(1—al)F}

Nonlinear network

(o)
(2
@ \N (@ = al)F (2,t) + ] Fiy (=, 1)] ‘
()
(%)

Figure 6.2: Multifidelity physics-informed neural network

data because it will have a high amount of error. Then, physics can be enforced for
the high-fidelity approximation using physics-informed training. In another case, a
low order approximation of the physics could be enforced for the low-fidelity training,
and a high order approximation of the physics could be used for the high-fidelity
training. The advantage of multifidelity PINNs is that they allow for combinations
of the available knowledge about the problem, producing more accurate and robust
approximations than training with the low-fidelity or high-fidelity data or physics
alone. We leverage this flexibility and consider the possibility of the low-fidelity
component being a multifidelity PINN on its own, and gradually build up a stack of

multiple multifidelity PINNs as described in 6.2.2.
6.2.2  Stacking PINNs

We propose the use of stacking PINNs, in which multiple multifidelity PINNs are
“stacked,” so that the output of each multifidelity PINN is taken as the low-fidelity
approximation for a new multifidelity PINN, as illustrated in Fig. 6.3. As we show
in this work, stacking PINNs allow for more expressive solutions and can train for
cases where single fidelity PINNs and traditional multifidelity PINNs cannot reach
a satisfactory solution. In addition, stacking PINNs can use smaller network sizes,
reducing the total number of trainable parameters needed to reach a given error.

The process is implemented through the following steps:
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Figure 6.3: Stacking multifidelity physics-informed neural network

1. Step 0: Train a single fidelity PINN to approximate the solution. This network

is denoted FO(z, t;6).

2. Stacking steps: for step i > 0, train a multifidelity PINN Fi(z,t; 0%) that takes
the output from the previous step F~1(z,t;0"1) as a low fidelity approxima-

tion.

One advantage of the stacking method is that we can use information from previ-
ously trained levels as a prior to inform the training of the current level. For example,
we transfer the weights from previously trained networks to the current network in-
stead of initializing the current network parameters randomly, akin to transfer learn-
ing. In notation ) = 0! and o} = o'~ for each stacking step i > 1, where 6
denotes the initial values of the trainable parameters. We also note that, unlike reg-
ular multifidelity PINNs where the low- and high-fidelity networks are often trained

simultaneously, we perform the stacking process sequentially. In other words, once
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a network is trained at level 7, its parameters (0° and ') are frozen throughout the
next stacking steps. This alleviates the computational burden of optimizing a large
number of parameters at once. Furthermore, it allows us to progressively increase the
number of stacking levels, e.g., using sanity checks to determine whether additional

stacking levels are needed, without the need to retrain the whole stack.
6.3  Results with PINNs

We first demonstrate the performance of stacking networks by exploring some cases
where PINNs are known to fail to train. In particular, we consider the damped
pendulum problem in Sec. 6.3.1, followed by a toy multiscale problem in Sec. 6.3.2.
After that, we thoroughly investigate solving the 1D wave equation by the means of
PINNs in Sec. 6.3.3. In particular, we consider the cases where the same equation
is enforced at all stacking levels as well as where different equations are imposed at

different levels to further illustrate the flexibility of the stacking idea.
6.3.1 Pendulum

To show how the method proposed in Sec. 6.2.2 works, we consider an undamped

pendulum. The system is governed by a system of two ODEs for t € [0, 7]

ds

ditl — 827 (65)

ds b

d—; =-_—s-7 sin(sy), (6.6)
(6.7)

where s; represents the position of the pendulum and s, its velocity. We choose
the initial conditions s1(0) = s9(0) = 1 and take m = L = 1,b = 0.05,9 = 9.81
and T" = 20. When a single fidelity PINN is used to solve this problem, the solution

matches the initial conditions but decays to 0 past ¢ ~ 14. The zero solution is a
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solution to this equation when the initial conditions are also set to 0, so the residual
loss term in the PINN formulation is minimized, but the solution is not correct.

To set up the problem, we first train a single fidelity PINN for the pendulum prob-
lem, as in Fig. 6.1. Clearly, this single fidelity PINN does not accurately capture the
dynamics of the pendulum for long times. For each of the ten random initializations
in Fig. 6.1, we iteratively train a stacking PINN for up to ten stacking steps. After
each stacking step, the solution gets closer to the exact solution for the pendulum,
shown in Fig. 6.6a.

We define the relative ¢y error by

||./_"i($,t; 91) - S(ﬂ?,t)“g
error = . 6.8
Is(e Ol (63)

After four to eight stacking steps, the pendulum reaches a fixed value of the relative ¢,
error, which does not decrease further with additional stacking PINNs. The relative
Uy errors after each stacking step are shown in Fig. 6.6b. The final relative errors are
close to constant, and the initial relative errors are also quite close. Interestingly, each
case seems to hit a critical point after which the relative /5 error begins to decrease
rapidly, before reaching and plateauing at the final value. The average training time
is 1.613 hours on one NVIDIA P100 GPU.

For the damped pendulum, stacking PINNs allows for accurate solutions up to

T = 20.
6.3.2  Multiscale problems

We now consider a toy model, inspired by [96]:

ds
dz
s(0) =0, (6.10)

= wy cos(w1 ) + wy cos(wa), (6.9)
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Figure 6.4: Stacking PINN results for an illustrative example of s; (top) and sg
(bottom) as a function of time for the pendulum problem up to nine stacking steps.

Figure 6.5: Pendulum relative /5 training errors after each stacking step for ten initial
seedings.

Figure 6.6: Stacking PINN training for the pendulum problem.

on domain 2 = [0,20] with w; = 1 and wy = 15. The exact solution for this problem
is s(x) = sin(wyx) + sin(wyx).

We consider several cases. This problem is possible to solve with a standard single
fidelity (SF) PINN, however, it requires a very large network. In Table 6.1, we show
that the stacking PINN can reach a relative ¢, error lower than the best single fidelity
PINN with just three stacking levels, and with less than one third the number of
trainable parameters needed in the single fidelity case. Importantly, the stacking
PINN continues to improve with more multifidelity steps, shown in Fig. 6.10, and

after ten stacking levels it reaches a relative error an order of magnitude lower than
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the best SF PINN, even though it has 61% of the trainable parameters.

The advantage of stacking PINNs for this problem is thus twofold. First, the stack-
ing networks can reach a similar relative /5 error to the relative /5 error from a single
fidelity network, but with a significantly smaller number of trainable parameters. For
large applications pushing the memory limits of contemporary GPUs, this can offer
an advantage where the network can be trained with a series of consecutive smaller
networks, each of which is easier to train and does not have memory limitations. The
cost of such training is, of course, the necessary wall clock time for sequential training
of the networks. The second advantage of the stacking PINNs is that by adding ad-
ditional levels, they can reach a significantly smaller relative ¢, error than the single

fidelity PINN, while still possibly having fewer trainable parameters.

Table 6.1: Relative ¢y errors and network sizes for the multiscale problem in Sec.
6.3.2. All stacking PINNs begin with a single fidelity network with size 3x32. For the
stacking cases, we report the first stacking level that has a relative ¢y error less than
the minimum single fidelity error, and the relative ¢y error after the tenth stacking
level.

Method Network size Trainable Final rela- | Run  time
parameters | tive error (h)
Single fidelity 3x32 2209 1.3419 0.169
Single fidelity 4x64 12673 0.6482 0.183
Single fidelity 4x128 49921 0.1123 0.185
Single fidelity 5x 64 16833 0.0265 0.196
Stacking 4x 16, 1x 5, 3 levels | 4900 0.0249 0.450
Stacking 4x 16, 1x 5, 10 levels | 11179 0.0061 1.579

6.3.3  Wave equation

The wave equation is given by

su(2,1) — s4p(2,t) =0, € (0,1) x (0,1), (6.11)
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where c is a scalar parameter for wave speed. We consider the following boundary

and initial conditions:

5(0,t) = s(1,t) =0, te€][0,1], (6.12)
s(x,0) = sin(rz) 4+ 0.5sin(4nz), « € [0,1], (6.13)
si(x,0) =0, ze€]l0,1]. (6.14)

The exact solution for the wave equation is given by

s(x,t) = sin(mx) cos(cmt) + 0.5 sin(4mx) cos(4ent). (6.15)

We use the wave equation to illustrate another key advantage of the stacking PINN
framework. While up to this point we have trained with the same equations for each
stacking level, it is possible, and in some cases advantageous, to change the equations
for each stacking level to make it easier to train the early levels. We have found that a
well-trained low-fidelity model, possibly for a slightly different and simpler equation,
can produce more robust results than training with the same equation for all stacking
levels. One advantage of training with an equation that is easier to learn with the
single fidelity network is that one can generally use a smaller network, limiting the
number of training parameters.

For the wave equation, we consider four cases, varying the parameter ¢ in Eq. 6.11
during each stacking level according to Table 6.2. When c is smaller, the PINN is
much easier to train. Thus, by starting ¢ small and increasing to our target value
of ¢ = 2 or ¢ = 4, we hope to begin with a very accurate prediction, for a slightly
modified equation, and then correct with the prediction for the correct equation.

In Fig. 6.11, we show the training for Case 1, where ¢ is held fixed at ¢ = 2. The
final relative ¢, error is 2.913 x 103 after 14 stacking levels. When compared with

Case 3 where c is varied, shown in Fig. 6.12, Case 1 reaches a lower relative ¢y error
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Table 6.2: Schedule for increasing ¢ with stacking steps for each of the cases considered
for the wave equation case. The right column has the relative ¢y error for the final
stacking step. Note that the relative error is calculated with respect to the exact
solution with ¢ = 2 for cases 1, 2, and 3, and ¢ = 4 for Case 4.

Case Schedule for ¢ Error
Case 1 c = 2 for all stacking steps and the single fidelity | 2.913 x 1073
network

Case 2 c = [1,1.25,1.5,1.75,2], and then ¢ = 2 for all | 4.274 x 103
remaining stacking steps
Case 3 ¢ = 1 for the single fidelity level and ¢ = 2 for all | 3.805 x 1073
stacking steps
Case 4 c = [1.0,2.0,2.0,3.0,3.0,3.0,3.0], and then ¢ = 4 | 8.396 x 10~
for remaining stacking steps
Case 5 c = 4 for all stacking steps and the single fidelity | 2.630 x 102

network
Single fidelity | ¢ = 2 4.129 x 1072
Single fidelity | ¢ =4 1.379

after many stacking layers, see Fig. 6.13. However, Case 3 converges to a smaller
relative /5 error in early stacking steps. Depending on the performance goal, Case 3
may represent a need for less training through using fewer stacking levels, while still
achieving accurate results. The final relative ¢, error for Case 3 is 3.805 x 1073, Case
2 reaches a final relative ¢, error of 4.274 x 1073. The average training time is 2.094
hours for 12 stacking steps and 5.010 hours for 20 stacking steps on one NVIDIA
P100 GPU.

Cases 1, 2, and 3 have relatively similar training performance as shown by similar
values of the final relative /5 errors, and all result in accurate predictions for the wave
equation with a one order of magnitude reduction in the error compared to the single
fidelity PINN. Cases 4 and 5 represent pushing to accurately predict a more difficult
problem, with ¢ = 4. In Case 4, ¢ is gradually increased, while in Case 5 ¢ = 4 is fixed.
In both cases, the stacking PINN is able to capture the fine-scale oscillations of this
problem. However, Case 4 is more accurate, with a relative ¢ error of 8.396 x 103

for the final stacking layer. This relative ¢5 error is three orders of magnitude smaller
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than the single fidelity training for the wave equation with ¢ = 4, and smaller than

the Case 5 relative /5 error.
6.3.4 2D wave equation

To show a more complicated example, we also consider the two-dimensional time-

dependent wave equation, given by

(6.16)

where ¢ = 2 is a scalar parameter for the wave speed. We consider the following

boundary and initial conditions:

s(0,y,t) = s(1,y,t) =0, yel0,1],¢te]0,1], (6.17)
s(2,0,t) = s(z,1,t) =0, z€[0,1],t € [0,1], (6.18)
s(z,y,0) = sin(27) sin(2ry), (z,y) € [0,1] x [0, 1], (6.19)
si(@,,0) =0, (2.y) €[0,1] x [0,1], (6.20)

The exact solution for the 2D wave equation is given by

s(x,y,t) = sin(2mz) sin(27y) cos(2v/2ert). (6.21)

The stacking PINN is able to accurately capture the solution over the full time domain
after several stacking levels, shown in Fig. 6.16. The relative ¢y error converges to a
final value of 0.0017, as shown in Fig. 6.17. The training time is 4.074 hours on one
NVIDIA P100 GPU.
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6.4  Conclusions

While PINNs showed promise for solving systems without the need for data, their
inability to train for chaotic systems demonstrated the need for the iterative mul-
tifidelity approach used in this chapter. This highlights a case in which a classical
technique (namely iterative solving) can be applied to a modern method to improve
solution accuracy. The following chapter has a similar format but explores a dif-
ferent failure mode for PINNs. Specifically, we explore how domain decomposition
(a classical numerical technique) can be used to improve the training of machine
learning methods for problems whose solutions exhibit complex geometries and high

frequencies.
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Figure 6.7: Single fidelity

Figure 6.8: Stacking PINN

Figure 6.9: Relative /5 errors

Figure 6.10: Results for the multiscale problem. (a) Single fidelity results for a
variety of network sizes. (b) Multifidelity stacking results. (c) Relative ¢y errors for
the stacking PINN. The black dashed line in (c) is the lowest error from the single
fidelity training for the 5 x 64 network. For the stacking PINN, step 0 is the single
fidelity step and step 1 is the first multifidelity step.
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Figure 6.11: Results for the stacking PINN for the wave equation for Case 1. The
top left figure is the exact solution. The results from training steps 0, 2, and 14 are
in the middle column. Their respective absolute errors are in the right column.
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Figure 6.12: Results for the stacking PINN for the wave equation for Case 3. The left
column has the exact solution for the value of ¢ used for a given stacking step. The
results from training steps 0, 2, and 10 are in the middle column. Their respective
absolute errors are in the right column.

Figure 6.13: Relative ¢, errors for the stacking PINNs for the wave equations for Case
1 (circles), Case 2 (triangles), and Case 3 (squares). The relative ¢, is calculated using
the exact solution for the wave equation with ¢ = 2.
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0.48

Figure 6.14: t = 0.6

0.48
Figure 6.15: t =1

Figure 6.16: Results for the 2D wave equation at two different times, ¢t = 0.6 (a) and
t =1 (b).
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Figure 6.17: Relative ¢y error for the 2D wave equation calculated at 125,000 evenly
spaced grid points in the training domain.



CHAPTER 7: DOMAIN DECOMPOSITION FOR SCIENTIFIC MACHINE
LEARNING METHODS

This chapter is based on the work in Finite basis Kolmogorov-Arnold Networks:
domain decomposition for data-driven and physics-informed problems by Amanda
Howard, Bruno Jacob, Sarah Helfert, Alexander Heinlein and Panos Stinis and an
upcoming manuscript titled Adaptive Domain Decomposition for finite basis Physics-
informed Neural Networks by Sarah Helfert, Amanda Howard, Wanxin Chen, Panos
Stinis, and Alexander Heinlein. These works highlight the benefits of blending classi-
cal numerical approaches with scientific machine learning methods. In particular, we
highlight the application of domain decomposition, a classical approach, techniques
to improve the performance of PINNs and KANs. Domain decomposition is a tech-
nique used for problems with complex problem domains, in which separate models
are trained on user-defined subdivisions of the entire domain. This work shows that
the numerical accuracy of PINNs and KANs can be improved for problems exhibiting
high frequency features and complex geometries using domain decomposition.

This chapter begins with a presentation of FBPINNs in Section 7.0.0.1, the domain
decomposition approach which is designed to apply a classical domain decomposition
approach to SciML methods. Then, this chapter is split into two sections: Section 7.1
focuses on a novel approach for domain decomposition KANs, and Section 7.2 presents
a novel approach for adaptively selecting the domain decomposition subdivisions for
PINNs. Both works are built upon the framework of Finite basis PINNs (FBPINNs),
presented in [96].

Domain decomposition techniques can improve training in such cases [110, 111,

112, 113, 96]; for a general overview of domain decomposition approaches in scientific
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machine learning, see also [114, 115]. Rather than training the network over the entire
domain, there are many approaches for breaking up the domain into subdomains and
training networks on each subdomain. A popular choice for domain decomposition
applied to PINNs is extended PINNs (XPINNs) introduced in [110], with a parallel
version presented in [116], and extended in [111, 117]. XPINNs employ a separate
subnetwork for each subdomain, which are stitched together across boundaries and
trained in parallel. Another class of domain decomposition techniques for PINNs
consists of time marching methods, where, in general, a network is initially trained
for a small subdomain, and then the subdomain is slowly expanded until it contains
the entire domain. Methods in this class include backward-compatible PINNs, which
consist of a single network shared by all subdomains [112]. Also similar is the time
marching approach in [113]. Finally, a particularly successful technique is finite basis
PINNs (FBPINNS) [96, 118, 119, 120], which use partition of unity functions to weight
the output of neural networks in each domain; these have also been extended to
randomized neural networks [121, 122]. In comparison to other techniques, FBPINNs
offer simplicity because the boundary conditions between adjacent domains do not
have to be enforced via additional penalty terms in the loss function. Section 7.1
describes how this approach can be extended to KANs to produce Finite basis KANs
(FBKANS), and Section 7.2 describes an approach to adaptively select the partitions

of the subdomains on which to train an FBPINN.
7.0.0.1 Finite basis PINNs

FBPINNS [123], use many small neural networks on overlapping subdomains whose
outputs are summed to represent the solution on the whole problem domain. They
have shown superior performance in cases where a solution exhibits high frequencies
or multi-scale features.

Given a problem domain € RY, we divide € into L overlapping subdomains

;. Each subdomain is assigned a separate neural network N'A;(x;6;), and smooth,
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differentiable window functions w;(x) are used to combine their outputs into a global

solution. The approximate solution @(x;#) is given by

i(x;0) = CINN (x;0)], (7.1)
where
NN (x;0) => w;(x) - NN;(norm(x); 6;). (7.2)

i=1

Here, NN ;(norm;(x); ;) is the neural network applied to domain ;, norm;(x)
denotes the normalization applied to inputs of the subdomain, C is a constraining
operator that enforces boundary or initial conditions on the solution ansatz (as in
Section 7.2.1.1), and w;(x) is a smooth window function that confines each network
to its subdomain. In particular, these window functions ensure each neural network
contributes only within its respective subdomain, with its influence rapidly decaying
to zero outside that region. This means that the neural network only has to be
evaluated on collocation points within its respective subdomain z € €2;. The window

functions satisfy a partition of unity (POU) constructed with the expression

w; = Lwiz where supp(w;) C €, (7.3)

A~

i=1 Wi

where w; denotes the unnormalized window function. Here, L represents the total
number of subdomains. The unnormalized window functions can be, for instance,

chosen as:

d o (1+cos(mt))?, |t <1,
0i(x) = H W < : ) ,  where Y(t) = (7.4)

J=1 hi ;
0, otherwise

(2
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where ¢ € R? are the centers of each subdomains and h € R? are the half-width of

its support in each dimension.

For uniformly spaced subdomains with center spacing d/ = CZ 1 cg, we parame-
terize the half-width as
N )
=00 (75)

where § denotes the total overlap width between adjacent subdomains.
The same approach used for PINNs is then used to train an FBPINN. In particular,
given a set of collocation points {x;}Y,, the loss function for the FBPINN is

=1

£0) = S (Pixis) — £(x0)? (7.6)

An example of an overlapping domain decomposition and of a single partition of
unity function with d =2 and L = 4 are shown in fig:POU,d.

Then, the FBPINN architecture reads

fo(x) = ;wj ()f(x; 67), (7.7)

where f;(+;67) is the neural network with parameters 6’ that corresponds to the sub-
domain €2;; it is localized to €2; by multiplication with the partition of unity function
wj, which is zero outside of (2;. The FBPINN model is trained in the same way as
the PINN model, i.e., using initial, boundary, and residual loss terms; cf. sec:pinns.
Note that, in the original FBPINNs work [96], hard enforcement of initial and bound-
ary conditions is employed, such that only the residual loss term remains. Moreover,
in [119] the approach has been extended to multilevel domain decompositions, in [120]
this domain decomposition approach has been applied to long-range time-dependent

problems, and in [121, 122] it has been extended to randomized neural networks.
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7.1  Finite basis Kolmogorov-Arnold Networks: domain decomposition for

data-driven and physics-informed problems

The methods discussed in the previous sections, namely PINNs and DeepONets,
are developed using the theory of multilayer perceptrons. In this section, we focus on
an alternative model architecture, based on the Kolmogorov-Arnold representation
theorem [124], which has recently been introduced in [90]. KANs offer advantages
over MLPs in some contexts, such as for continual learning and noisy data. While
MLPs use trainable weights and biases on edges with fixed activation functions, KANs
employ trainable activation functions represented by splines. This switch may be
beneficial because splines are easy to adjust locally and adapt to different resolu-
tions. KANs have also been shown to provide increased interpretability over an MLP.
Consequently, it is essential to provide a thorough analysis of the performance and
applicability of KANs. An active area of research involves exploring how to utilize a
KAN effectively and discerning in which cases KANs might be preferred over classi-
cal MLPs. In this work, we develop an architecture for KANs based on overlapping
domain decompositions, which allows for more accurate solutions for complex, and
particularly multiscale, problems.

Since the publication of [90], numerous variations of KANs have been released,
including fractional KANs [125], deep operator KANs [126], physics-informed KANs
(PI-KANSs)[127], KAN-informed neural networks (KINNs)[128], temporal KANs [129],
graph KANs [130, 131, 132], Chebyshev KANs (cKANs) [133], convolutional KANs [134],
ReLU-KANSs [135], among others. KANs have been applied to satellite image classifi-
cation [136], abnormality detection [137], and computer vision [138]. Although these
results are promising, many open questions remain about how KANs can be best
utilized and optimized. Many of the recent variations employ alternative functions
to the B-spline parametrization, while others extend KANs through well-developed

methods from the field of machine learning, such as physics-informed neural networks
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(PINNs) [8], deep operator networks (DeepONets) [87], and recurrent neural net-
works. Because KANs still follow the general network architecture of an MLP, aside
from the switch between the edges and neurons, it is often straightforward to apply

such techniques to KANs.
7.1.1  Methods

The formulation of KANs are detailed in Section 5.3 and the formulation of FBPINNs
are detailed in Section 7.0.0.1. In this section, we describe the method for applying

the FBPINN framework to improve the training of KANs as well, in the form of Finite
Basis KANs (FBKANS).

7.1.1.1  Finite basis Kolmogorov—Arnold networks

In finite basis Kolmogorov-Arnold networks (FBKANs), we replace the NN used

in FBPINNs with a KAN. The function approximation in eq:KAN then becomes

Mp;—1 Mny—2 m1 mo
j j ,
> P Lyin sinj—1 > | 2 Pl | 22 Foanio(®io) | | -+
an 1=1 inlfgil i1=1 i0=1

(x: 09), (7.8)

22

9~ Lo

where K;(x; 67) denotes the j* KAN with trainable parameters 6/ and w; denotes
the corresponding finite basis partition of unity function introduced in sec:fbpinns.

FBKANS are trained to minimize the PINN loss function

L) = NicLic(0) + McLoc(0) + A L1(0) + NdataLata(6), (7.9)
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composed of

2
Nic
»Czc(e ]\} (Z wj ch? 0J) U<X§C)> )

<
Il
=

L,(0) _]\1[; (; {Z% (x5 67) | + N ;%(@’Q(ﬁﬂ”]) ,

Ndata i=1 —1

2
1 Ndata . .
Edata<0) = Z (Z wj Xdata? 9]) - f(XZlata)) )

using the FBKAN model eq:FBKAN. Here, 6§ = {67}L_, is the set of trainable pa-

j=1
rameters, and the loss function £ contains both a term for data-driven training £gu¢q
and terms for physics-informed training L;., Ly, and L,. In this way, FBKANs are
adaptable to given problem characteristics.

For FBKANS, the grid of each local KAN K; is defined separately on each subdo-
main . To do so, we densely sample points z € Q and compute the partition of
unity function w;(x). We then take the boundaries of each subdomain based on the
partition of unity functions as

@’ = min =z,

z such that
wl (z)>10"%

V= max .
x such that
wl(z)>107%

Hence, we obtain a custom grid for each subdomain.

We evaluate the model performance using the relative ¢y error, calculated by

1/ (z) = S5y wj(@)K; (25 67)] |
17 (@)]]2 ’

where f is the ground truth solution.
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Our implementation is based on JAX [139], using the jaxKAN package [140] for the
KAN implementation. For simplicity, we employ the same hyperparameters for local
KAN models defined on the subdomains, including the width and depth; this reduces

the total number of hyperparameters. However, in general, the parameters for each

individual KAN K could be chosen differently.
7.1.2  Data-driven results

In this section, we consider data-driven problems, which are trained without physics
meaning that \;. = A\ = A\, = 0. These results specifically illustrate how FBKANs

can improve predictions for noisy data and multiscale oscillations.
7.1.2.1  Data-driven test 1

In this section, we consider a toy problem of fitting the function

f(z) = exp[sin(0.372?)], (7.10)

on z € [0,8]. This problem is designed to test both the scaling of FBKANs as we
increase the number of subdomains, as well as the impact of noisy data on training

FBKANS.
7.1.2.2  Scaling of FBKANs

First, we consider clean data, Ny, = 1200, which is sampled uniformly from the
interval [0, 8]. We present results for training on L = 1,2,4, 8,16, and 32 subdomains.
Note that the function described in 7.10 is highly oscillatory, which makes it difficult to
capture its behavior with a small KAN. As shown in fig: Test1a, increasing the number
of subdomains from L = 2 to L = 8 and L = 32 significantly decreases the pointwise
error in the FBKAN predictions. Doubling the number of subdomains doubles the
number of trainable parameters of the FBKAN model, increasing its expressivity.

We observe approximately first order convergence of the relative {5 error for a large
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Figure 7.2: Results with L = 2,8, and 32 subdomains for 7.10. (a) Training data
and plot of exact f(z). (b) Loss curves (7.9). (c) Plot of the outputs f(z) and
Yroy wi(@)KCj(x). (d) Pointwise errors f(x) — Sk, w;(x)K;(x). (e) Scaling results for
Test 1 with L subdomains.

number of subdomains in 7.2.
7.1.2.3 FBKANs with noisy data

One strength of KANs over MLPs is their increased accuracy for noisy data [90]. We
now test FBKANS on noisy training data using four subdomains (L = 4). Therefore,
we sample 600 training points from a uniform distribution in [0, 8] and evaluate f(z).
Then, we add Gaussian white noise with zero mean and varying magnitude to f(z),
up to an average relative magnitude of 20 %, as the training data set. The method is
then tested on 1000 evenly spaced points in [0, 8] without noise.

The training set and results are shown in fig:Test1b. In the case with the largest
noise, with relative noise of 18.1% added to the training set, the KAN yields a relative
{5 error of 0.1404, whereas the FBKAN yields a relative error of 0.0646. For all noise
levels tested, the FBKAN consistently has a lower relative error than the plain KAN

in fig:Test1b, and the predictions are robust to noisy data.
7.1.2.4  Data-driven test 2

Next, we consider fitting the function

f(z,y) = sin(67z?) sin(87y?), (7.11)
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Figure 7.3: Results for Test 1 with noisy training data; (a) Example training data and
plot of exact f(x) with 9.6% mean relative noise. (b) Loss curves for an example train-
ing with 9.6% mean relative noise. (c) Plot of the outputs f(z) and Zle w;(x)KC;(z)
with 9.6% mean relative noise. (d) Pointwise errors f(z)— 35 w;(z)K;(x) with 9.6%
mean relative noise. (e) Relative ¢y error of the KANs and FBKANs with respect to
the magnitude of the noise added to the training data.

for (z,y) € [0,1] x [0,1]. This data-driven example exhibits fine-scale oscillations.
We test two cases: (1) a KAN and FBKAN with a fixed grid, denoted by KAN-1 /
FBKAN-1 and (2) a KAN and FBKAN with grid extension, denoted by KAN-2 /
FBKAN-2. The FBKAN has L = 4 subdomains. The training set is composed of
10000 points randomly sampled from a uniform distribution.

In both cases, we begin training with ¢ = 5 grid points. In the grid extension case,
the grid increases every 600 iterations as listed in 7?7, and the learning rate drops
by 20% each time the grid is updated. As can be observed in fig:Test2a, the final
training loss for FBKAN-1 with a fixed grid is approximately the same as the training
loss for KAN-2 with the grid extension approach, even though each FBKAN network
has six times fewer grid points. This is also reflected in the relative errors reported
in tab:test2. Comparing the KAN-1 and FBKAN-1 models in fig:Test2b, KAN-1
struggles to capture the fine-scale features of the data accurately and has a larger
relative error. As can be seen in fig:Test2c, KAN-2 and FBKAN-2 both outperform
their counterparts with a static grid, but FBKAN-2 is better able to capture the data

than KAN-2.
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Figure 7.4: Training loss curves for the data-driven test 2.

Table 7.1: Relative ¢, errors for data-driven test 2.

name grid type relative error
KAN-1 fixed grid 2.36 x 1071
FBKAN-1 fixed grid 7.43 x 1072

KAN-2 grid extension ~ 8.10 x 1072
FBKAN-2 grid extension  2.27 x 1072
7.1.3  Physics-informed results
7.1.3.1  Physics-informed test 1

As the first physics-informed example, we consider the following one-dimensional

problem with multiscale features:

j = 4 cos(4x) + 40 cos(40z),
f(0) =0,

if
T

for x € [—4,4]. The analytical solution reads
f(z) = sin(4x) + sin(40x). (7.12)

We sample 400 collocation points from a uniform distribution (V, = 400) at every

training iteration. We start with a grid with ¢ = 5 and extend it by 5 every 1000
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Figure 7.5: Reference solution (left), predicted solutions (middle) and relative errors
(right) for KAN-1 and FBKAN-1 for data-driven test 2. Note that the error plots
have different color scales.

iterations. The KAN reaches a relative {5 error of 0.2407 with ggine = 20, whereas
the FBKAN for four subdomains (L = 4) reaches a relative ¢y error of 0.0898 for
Gfinat = 20. For eight subdomains (L = 8), the FBKAN reaches a relative error of
0.0369 with gine = 15 and 0.0662 with gfina = 10.

7.1.3.2  Physics-informed test 2

Next, we test the Helmholtz equation

0? 0?
ayj’: + aa:]; +hif —qlz,y) =0, (z,y) € [-1,1] x [-1,1],

f(_lay) = f(lvy) = 07 RS [_17 1]7

f(z,=1) = f(z,1) =0, z € [-1,1],

with

q(z,y) = —(a17)?sin(ay7) sin(aymy) —(aem)? sin(ay7x) sin(aymy)+-k; sin(aymr) sin(aymy)
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Figure 7.6: Reference solution (left), predicted solutions (middle) and relative errors
(right) for KAN-2 and FBKAN-2 for data-driven test 2. Note that the error plots
have different color scales.

which is obtained by using the solution

f(z,y) = sin(ay7z) sin(agmy).

In our tests, we vary a; and as.

For each choice of (aj,as) we consider three training cases. In the first case, we
use higher-order splines with k = 5 and a fixed grid with ¢ = 5 (denoted by KAN-1
/ FBKAN-1). In the second case, we take k = 3 and use grid extension to increase
g by 5 every 600 iterations, starting with ¢ = 5 (denoted by KAN-2 / FBKAN-2).
We use one hidden layer with width 10 for both cases. Additionally, we test a third
case, denoted by KAN-3 / FBKAN-3, where we consider the same hyperparameters
as KAN-1 / FBKAN-1 but with width 5 in the hidden layer. The relative ¢, errors
are reported in tab:error-pi2.

In all cases, the FBKAN outperforms the corresponding KAN model. The grid
extension KAN cases, where we increase the grid size during training, comes at the

expense of increasing the computational time by a factor of 1.4 — 1.5 in our tests. For
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Figure 7.7: Results for physics-informed test 1 with L = 8. The FBKAN clearly

outperforms the KAN, reaching a lower loss with fewer grid points.

a1 = 1 and ay = 4, the smaller FBKAN-3 network is sufficient to represent the solution

accurately. However, for larger values of a; and as, the larger network in FBKAN-1

is necessary. The results for KAN-1 / FBKAN-1 are shown in fig:Test4a,fig: Test4b

for (aj,as) = (1,4) and (a1,a2) = (4,4), respectively. In fig:Testdc, we consider

a1 = ag = 6 with L = 4,9 and 16, demonstrating the further refinement possible with

additional subdomains.

Table 7.2: Relative {5 errors for physics-informed test 2.

ai=1,a,=4 a,=4,a,=4 a,=06,a, =506

KAN-1 0.0259
FBKAN-1, L=4 0.0102
FBKAN-1, L=9 0.0213
FBKAN-1, L=16 0.0037
KAN-2 0.0180
FBKAN-2 0.0112
KAN-3 0.3771

FBKAN-3 0.0214

0.5465
0.0267
0.0239
0.0128
0.2045
0.0427
0.5488
0.2760

1.1254
0.1151
0.0399
0.0321
0.5854
0.2272
1.2825
0.9797



122

Figure 7.8: Results for physics-informed test 2 with KAN-1 and FBKAN-1, and
a; = 1,ao = 4, L = 4. The solution along the line z = 0 is given in the bottom left
subfigure. Note that the error plots have different color scales.

7.1.3.3  Physics-informed test 3

Finally, we consider the wave equation

Pf L0

o2~ € 9a2
£(0,6) =0, t €[0,1],

=0, (z,t) € [0,1] x [0,1],

f(1,t) =0, t€0,1],
f(z,0) = sin(nz) + 0.5sin(4nzx), x € [0,1],

fi(z,0) =0, z €[0,1],

which has the exact solution

f(z,t) = sin(mz) cos(enmt) + 0.5 sin(4mx) cos(4ent).

For ¢ = \/5, the KAN model has a relative /5 error of 0.1402, and the FBKAN with
L = 4 has a relative ¢y error of 0.0153, as illustrated in fig:Testba. We then consider

the more challenging case with ¢ = 2, shown in fig:Testbb. The KAN has a relative
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Figure 7.9: Results for physics-informed test 2 with KAN-1 and FBKAN-1, and
ay = 4,as = 4, L = 4. The solution along the line x = 0 is given in the bottom left
subfigure. Note that the error plots have different color scales.

{5 error of 0.1778 and the FBKAN with L = 4 has a relative ¢, error of 0.0587.

7.2  Adaptive Domain Decomposition for finite basis Physics-informed Neural

Networks

While FBPINNs and FBKANS show promise for improving the accuracy of PINNs
and KANs for problems with complex geometries, the number and placement of
subdomains for domain decomposition is not always obvious. In this section, we
develop an adaptive approach for discovering partitions that improve the accuracy
of FBPINN training, removing the need for practitioners to define the partitions by
hand.

FBPINNSs localize the approximation of the solution via overlapping subdomains
and window functions that form a partition-of-unity [123]. Here, independent net-
works are trained on overlapping subdomains, and their outputs are summed via
POU window functions to represent the global solution. FBPINNs ensure interface
continuity is strictly enforced across subdomain boundaries via the overlapping sub-
domains through the PINN solution ansatz, thus removing the need for additional

terms in the loss function. This approach was extended to use multiple levels of do-
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Figure 7.10: Results for physics-informed test 2 with KAN-1 and FBKAN-1 and
a1 = ay = 6, with L =4 and L = 16.The solution along the line x = 0 is given in the
middle left subfigure. Note that the error plots have different color scales.

main decomposition in the solution ansatz in [141], inspired by multilevel Schwarz
methods. Multilevel FBPINNs improve the performance of PINNS for high frequency
and multiscale problems.

In this work, we propose a method for adaptively defining the domain decomposi-
tion for FBPINNs. This adaptive domain decomposition combines partition-of-unity
networks (POUnets, [142]) with FBPINNSs to learn the optimal number of and lo-
cation of partitions of the problem domain. While adaptive approaches to domain
decomposition are currently limited in the literature, an adaptive domain decom-
position technique was introduced in [143], where a coarse global PINN’s spatial
residual profile is used to automatically place subdomain boundaries for localized re-

finement in regions of high residual. Also, [144] presented the dual adaptive domain
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Figure 7.11: Results for physics-informed test 3 with ¢ = v/2 and L = 4. Note that
the error plots have different color scales.

decomposition PINN (DADD-PINN), which uses a dual adaptive approach to locate
challenging features within subdomains while coordinating features between multiple
subdomains. Other works to note are AB-PINNs, which parameterize subdomains
as radial basis functions and add subdomains on-the-fly in regions with high residual
loss [145] and PINN Balls [146], which use adversarial adaptive sampling [147] to fully
learn the domain decomposition.

POUnets [142] are a data-driven approach inspired by partition of unity approach
to function approximation, where the solution is represented as a combination of
local polynomial basis functions. POUnets simultaneously learn the subdivisions
of the subdomain and the coefficients of the basis functions on each subdomain.
We use POUnets in this work to learn window functions that define subdomains for
FBPINN training. POUnets learn irregular shaped partitions of the problem domain.
However, we observe that, in the cases we study, regular shaped partitions result in
more accurate FBPINN predictions. And so, we propose separable POUnets, which
use a per-axis softmax to generate more regular shaped domains. POUnets have
successfully been extended to multilevel domain decompositions to accelerate adaptive

partitioning [148], and in [149], a POUnet is used to learn a domain decomposition
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Figure 7.12: Results for physics-informed test 3 with ¢ = 2 and L = 4. Note that the
error plots have different color scales.

for the forcing data that is then used to train a PINN.
7.2.1  Methodology
7.2.1.1  Physics-informed neural networks

PINNs approximate the solution to a PDE by minimizing a loss function that
enforces a differential operator given by the governing equations. We define a system

over an open, bounded domain €2 € R” with boundary 02 as follows:

Dlu] =1, reQ, telo,T)
Bk[u]:gk7 xerka k:1727"'7K7 tE[O,T], (713)
Glul=h reQ, t=0.

where x is an n—dimensional input vector in Q C R, 9 denotes the boundary of
the domain, D represents the differential operator, B denotes the operator enforcing
the boundary conditions and G denotes the operator that enforces initial conditions.
The solution to the PDE is denoted by u € R™, with forcing term f, initial condition
h, and boundary conditions gj. The total number of boundary conditions is K and

[, represents the k-th boundary, so that UX ,T'* = 0. The trainable parameters
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(weights and biases) for the network are denoted by 6, which are updated to minimize

the following loss function:

L(0) = NicLic(0) 4+ Mo Lpe(0) + \L1(6), (7.14)

with subscripts ic, be,r corresponding to loss terms with respect to initial condi-
tions, boundary conditions, and PDE residual. We sample N;., Ny, and N, points
in the space-time domain for the initial conditions, boundary conditions, and resid-
ual collocation points, respectively. The training collocation points are denoted by
{(x%,,0)} e {(p,, tk].)}l . and {(x%, )}, A common choice for the terms in the

loss function is through the residuals according to

z

Lo(0) = 5 Y- [GIVN(xL,0,6)] ~ h(x,,0)] (7.15)
Lul0) = 3. 5 3 BUNN G 00.0) — el ) (.10
£4(6) = - 30 [DINN T, 1,6)] - £, )] (7.17)

where NN (z,t;60) denotes the output of the network with parameters 6 at (z,t).
The multi-objective loss function (Equation 7.14) must balance the minimization
of the residual, boundary, and initial condition terms, which can contribute to the
failure of PINNs [150]. As such, the selection of loss weights \;., Ape, A significantly
impacts how well a PINN approximates the solution to the PDE, as the weights help
to ensure the loss terms are well balanced. Many methods for adaptively selecting
and updating these weights have been proposed and used in practice, including, soft-
attention mechanism weights [151] and neural tangent kernel weights [150]. Further,
the self-adaptive hybrid weighting and sampling scheme presented in [152] suggests
that adaptive re-weighting is most successful when coupled with adaptive resampling.

In this work, when a multi-objective loss function is required, we fix the loss weights
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(denoted in Table 7.10) to highlight the efficacy of adaptive domain decomposition.
However, in the following Section 7.2.1.1, we present an alternative method for hard

constraining the boundary and initial conditions, and use this approach when possible.
Hard constrained PINNs

The multi-objective loss function present in PINNs can cause complications during
gradient descent. Another approach, presented in [153], is to develop a solution ansatz
that strictly enforces the boundary or initial conditions, or both. More precisely, the
solution to the PDE is approximated by [Cu|(x;0) ~ u(x) where C is a constraining
operator that exactly enforces the boundary or initial condition. This approach allows
training to focus on minimizing the interior residual of the governing PDE. We use
this approach when such an ansatz can be easily defined.

For instance, in this work, we focus on example problems with Dirichlet boundary

conditions, given by

u(x) =gp(x), x €I, (7.18)

To exactly impose these conditions, we can choose a smooth scalar function ¢p :

002 — R with ¢p > 0 in Q and ¢plog = 0, and set

Up(x;0) = gn(z) + dp(X) NN (x;0). (7.19)

Then Gplsn = gp holds by construction, independently of 6. The choice of ¢ is
problem dependent, and we document the choice of ¢ for each problem in the results
section.

Note that this specific approach is restricted to problems with Dirichlet boundary
conditions. However, we also test our method on problems with periodic bound-
ary conditions, where hard constraining boundary terms is more challenging for

FBPINNs. For instance, to enforce periodic boundary conditions, one can apply
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a Fourier embedding [154, 155] inside each local network N A/, but the window func-
tion applied to each network may break periodicity. So, in this work, we strongly
enforce boundary /initial conditions for problems with Dirichlet boundary conditions,

and otherwise use the multi-objective loss function with fixed weights defined in Sec-

tion 7.2.1.1.
7.2.1.2  Partition-of-Unity Networks

Partition-of-Unity Networks (POUnets), presented in [156], are used to approxi-
mate functions by learning POU window functions that partition the problem domain
with a neural network while polynomial spaces with learnable coefficients make higher-
order approximations on each partition. For our approach, we use the POUnets in
an iterative manner to learn the window functions that are later used as subdomains
for training an FBPINN, as detailed in Section 7.2.1.3. In this section, we present
POUnets as they pertain to our method.

Consider a partition of unity ® = {w;(x)}22" satisfying 3 wi(x) = 1 and w;(x) >

0 for all x. POUnets approximate the solution y to some system with the approximant

Npart dlm(V)
yrou(x) = D wi(x) Y cijPi(x) (7.20)
a=1 j=1

where V' = span{P;} and ¢; ; € R are coefficients in the polynomial approximations.
A common basis choice is V = 7,,,(R%), which is the space of polynomials of order m.

One approach is to construct the POU @ prior to fitting the coefficients ¢; ; through
geometric meshing. Instead, POUnets represent the POU as a neural network, in
which the weights and biases £ are trained to fit the data in the L, sense. A variety
of architectures can be used to represent these window functions. The original work
[142] used a shallow RBF-network and a standard MLP to represent the window
functions. We relegate the formulation of the MLP architecture to Appendix 77, but

note that the learnable parameters 6., for the MLP are the weights and biases of
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the neural network. The RBF-Net [157, 158] has the form

_ eXp(—|X - 511|2/€§z)
> exp(—|x — & 512/&

w; (X3 Opou ) ), 1 <i< Npa. (7.21)

This shallow RBF-network uses a single hidden layer without additional nonlinear
transformations. Here, the learnable parameters for the POUnet are 0,0, = (&1,&2),
where &; are the RBF centers and & are the RBF shape parameters. The output
of the RBF-network is determined by the centers and width parameters of the RBF
functions, without additional nonlinear layers.

In practice, the partitions learned by a POUnet with either the MLP or RBF
architecture are often irregular in shape. An example of this phenomenon can be seen
in Fig. 7.13, where the subdomains group according to the regions of high frequency.
Depending on the problem of interest, however, the FBPINN may perform better
with a domain decomposition that consists of regular-shaped partitions. And so, we
also present Separable POUnets as an alternative POUnet architecture in Section

7.2.1.2 that generates more regular partitions.

Figure 7.13: Predicted solution by the initial PINN for the Helmholtz equation (Eq.
7.28) with a; = 1,ay = 4 (left) and learned subdomains by the POUnet (right). In
this figure, the prediction on the left is used as data for the POUnet, which outputs
the subdomains on the right.
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The localized basis coefficients and the localization (POU) are fit simultaneously

by minimizing a dual objective loss function:

2

Ndata |Npart dim(V)
emin ST baXisOpou) D capPs(xi) —ui| - (7.22)
pow€ i—1 | a=1 5=1

We use least-squares gradient descent (LSGD) [159] to alternate between updating
the polynomial approximation parameters ¢ and the network parameters for the net-
work that represents the window function 8. We describe this process in Algorithm
1. In essence, we first fix 6, and update ¢ which has an exact solution because it is
a typical least squares problem. Then, fix c¢*, and take one gradient descent step to

update 0 with the loss function

Naata
Epou<9pouv(:*> = i:t |ypou(xi;‘9i7C*) - yi‘Q- (723)

i=1
In our work, we introduce the addition of an optional penalty term to the loss
function of the POUnet to enforce wider overlaps. POUnets are trained to minimize
an objective that rewards localized window functions, which in practice results in
sharp transitions between subdomains. However, FBPINNSs require sufficient overlap
width between subdomains to ensure continuity of the learned solution. Our solution

to this problem is detailed in Section 7.2.1.2 and is further motivated by our fixed

domain decomposition ablation studies in Section 7.2.2.2.

Algorithm 1 Least-squares Gradient Descent (LSGD) [159]

Require: 0,04, o1d; Cold, Mepochs; 5 7]

Ensure: 0,4 new, Cnew

: function LSGD<9pou, old; Cold Mepochs 5 77)
Opou < pou, old; € ¢ Cold
C < Ls(epou)
Hpou — GD(onm c, 77)

end function

Coew ¢ LS(Opou)

Onew < Opou
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Separable POUnets

For the problems we consider, regular or nearly-regular subdomains consistently
produce the most accurate FBPINN approximation due to symmetry. As such, we
propose separable POUnets, which aim to generate more regular partitions by per-
forming a per-axis softmax. While this approach generalizes to n—dimensions, we
present the approach in 2D.

For x = (71, 23) € R? and total number of partitions N = n,, X n,,, where n,, and
n., are the number of partitions along the x; and z5 dimensions, respectively, each

partition, indexed by (i, ), has an associated partition function:

{wij(x) 2172,

Two independent one-dimensional functions f,,, f.,, in our case MLPs or RBF-nets,

produce axis-wise predictions:

w;i (x) = exp( fo, (15 0z, )i + fa, (225 332)>
Y anl 22121 exp(le(xl, 1171) +f12(x2; wg)q>’

t=1,...,n.,7=1,...,n,,.

The denominator factorizes,

p=14g=1

and we can rewrite w;; in the fully factorized form:

exp(fa, (215 0z, )i exp( fr, (72; 012)]’ ‘
Zzill exp(fa, (213 62, )p) 22121 exp(fu, (2202, )q)

wi(x) = (7.24)

These partitions satisfy the POU condition, ensuring that their sum is always one

at any point in the domain: ;71 302 w;i(x) =1 Vx € Q.

Zliexp fm(xlv 901) +fx2(x2’ x2 (Zl eXp fx1 1‘1, x1 )) (ZQGXI)(fo(fEQQzQ)q)
q=1

)
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And so, the single softmax is algebraically identical to first normalizing each axis
(X;w; = 1,2;w; = 1) and then taking their outer product. This compact for-
mulation preserves the POU property. We test both Separable-MLP-POUnets and
Separable-RBF-POUnets alongside the standard MLP and RBF-net formulations in
this work, but our default setting for each problem is the Separable-RBF-POUnet
because the subdomains derived from the Separable-RBF-POUnets often results in

better final error approximations after FBPINN training.
Overlap regularization term

We also introduce an overlap regularization term to the loss function of the POUnet
to ensure that the learned domain decomposition includes wide enough overlapping
regions between subdomains. The necessity of this is motivated in our ablation stud-
ies in Section 7.2.2.2, in which we show that simply adding collocation points to
the overlapping regions cannot reliably improve accuracy without increasing overlap
width.

We introduce a penalty term to Equation 7.22 that penalizes the Laplacian of the
window functions. The Laplacian of a window function w;; controls the curvature of
the subdomain, so this penalty term penalizes rapid blending between subdomains.
The penalty is given by

1 N Npart
Liap(Opou) = N nzz:l Zz]: | Awij (@, onu)Hg (7.25)
With the Laplacian penalty term, our composite loss function for a POUnet be-

comes

L(Opous ) = Lpou(Gpous ) + MapLiap(pou) (7.26)

To demonstrate the efficacy of this added penalty term, we use a POUnet to learn

a subdivision of the problem domain for the 2D Helmholtz problem presented in
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Equation 7.28. To highlight the impact of the overlap term, we plot the difference
between the window functions learned from a POUnet with and without the overlap
term in Fig. 7.14. In practice, no overlap penalization results in vary sharp partition
boundaries, which represents successful POUnet training as developed in [142], but

is ill-suited for downstream FBPINN training.

Figure 7.14: Comparison of the subdomains learned by a POUnet for the Helmholtz
equation with no added penalty terms to enforce wider overlaps (left), and the sub-
domains learned by a POUnet with Laplacian penalty term (right). The Laplacian
penalty term has a weight of Ap,p, = 0.0001. The subdomains with Laplacian penalty
have a wider transition between subdomains, which aids in downstream FBPINN
training.

7.2.1.3 ADD-FBPINNs

We propose adaptive domain decomposition via a hierarchical approach that relies
on a POUnet to learn optimal subdomains on which an FBPINN is trained. The
integration of POUnets and FBPINNs is motivated by the need for flexible, physics-
informed domain decomposition for solving PDEs. A key benefit of our method is
that no data, either of the forcing term or the solution, is needed. Since POUnets
are a data-driven approach, we use a naive approximation given by a standard PINN
to facilitate the POUnet training. POUnets allow the neural networks to focus on

partitioning the problem domain, and we utilize the learned partitions from a POUnet
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to define subdomains on which to train a FBPINN.
We present our approach in Algorithm 2 and provide an illustration in Fig. 7.15.

This adaptive algorithm has the following stages:

1. Initialization: A baseline PINN is trained on the entire problem domain )
to generate a low-fidelity approximation ). This solution serves as the first
target, Ytarget, for the POUnet. A schedule of increasing number of partitions

{N1, Ny, ..., Ng} is defined.

2. Iterative partitioning and refinement: The algorithm iterates through the
schedule of partition numbers in the schedule. For each number of partitions

N:Nl,N27...,N51

(a) POUnet training: A POUnet is trained to learn window functions for a

set of N partitions, &), using the most recent prediction yiarget-

(b) Collapse detection: The algorithm checks if any partition has “col-
lapsed,” i.e., at least one window function has maximum value drop below

the threshold 7.

o If a collapse occurs: The current partition number is marked as
Niag. The algorithm reverts back to the last successful partition con-
figuration (®* at Npyev) and trains an FBPINN using the window func-
tions ®* as subdomains to refine the approximate solution to the PDE.
The new solution becomes the updated yiarget, and the POUnet is re-
tried on Ngj. If the collapse occurs again, training terminates and
returns the last successful result.

« If no collapse occurs: The learned partitions ®) are accepted as
the new best configuration ®*, and the algorithm proceeds to the next

parition number in the schedule.



136

3. Final FBPINN training: Once the loop completes, either by exhausting the
schedule or terminating early due to a repeated collapse, a final FBPINN is
trained on the last successful number of partitions ®*. This yields the final

solution.

Algorithm 2 ADD-FBPINN

10:
11:
12:
13:
14:
15:
16:
17:

Train PINN and obtain 40;  yiarger < @V
Schedule partition numbers { Ny, Na, ..., Ng};  choose collapse threshold 7
P+ W Ny ¢+ N
for N € {Ny,...,Ng} do
Train POUnet at N using Yiarget; Obtain partitions W) = {QSZ(N) N

if Ja s.t. maxy ¢\ (x) < 7 then > Collapse detected at N
Train FBPINN at N, with ®* to get @(Nerev)
Viarger < 00Vorev) > Update target with a better solution
Train POUnet at N using new yiarget and obtain new oW) > Retry
POUnet training for N
if o s.t. maxy ¢ (x) < 7 then > Collapse again at N
return last FBPINN (at Np.e,) and ®* > Stop

end if
P W), Nprev < N > Update partitions and proceed to next N
end if
end for
Train FBPINN at Ny, with ®*
return last FBPINN and ¢*

Figure 7.15: Graphical abstract of the ADD-FBPINN

A partition is fully effective when its maximum value is 1, and its influence di-

minishes as its maximum value approaches zero, because a value near zero means
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the partition never achieves exclusive ownership of any point in the domain. And
so, a collapse is defined as the maximum value of any partition dropping below a
threshold 7. Setting 7 = 1.0 can result in false detection of a collapse so we take
7 = 0.8 to appropriately balance partition effectiveness and collapse detection. We
also note that, to replicate the normalization of inputs to subdomains in FBPINN
training (Equation 7.2), we treat learned subdomains as a rectangle that covers the
extent of the subdomain.

In the following section, we test this approach on the 2D Helmholtz equation, 2D
Poisson equation with multiscale features, and viscous Burgers equation. We tested
four architectures of POUnets in our experiments and found that the separable RBF-
POUnet most often results in the lowest final relative Ly error, and so we present
only those results and discuss the impacts of the standard RBF, MLP and separable

MLP POUnet architectures in Appendix ?7.
7.2.1.4  Sampling Methods

The placement and spatial coverage of the collocation points in the domain €2
are critical to the training of PINNs, as they strongly affect the convergence and
accuracy [160]. For our 1D examples, we default to sampling these points from a
uniform distribution over 2. For the 2D examples, we default to the Hammersley
[161] sampling approach as a low-discrepancy quasi-random sequence that provides
more uniform coverage of the domain than standard random sampling.

During training, residual-based adaptive distribution (RAD) resampling [160] can
be applied, which periodically resamples collocation points with probability propor-
tional to the local PDE residual magnitude, concentrating points in regions of high
error. Our experiments suggest that resampling points according to residual error
results in improved FBPINN predictions. For brevity, a presentation of this approach

is included in Appendix 77.
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7.2.2  Results
7.2.2.1  Problems studied
1D Sine ODE

As an ablation test (Section 7.2.2.2) on the importance of subdomain overlap width

and density of collocation points in the overlapping regions, we consider the equation

;ZZ = sin(wyz) + sin(wez), u(0) =0 (7.27)

which has the exact solution

11— 1—
u() = ch(wlsc) N CZ}S(UJZ:C)-
1 2

We consider the case where w; = 1,wy = 45.
Helmholtz equation

We consider the following two-dimensional Helmholtz problem. The equation in

the spatial domain (z,y) is given by

Uz + Uy + Eu — q(z,y) =0
(7.28)
u(m,y) :07 xayeaﬁa 0= [_171] X [_]—71]

where ¢(x,y) is the following forcing term with & set to 1 :
q(z,y) = — (a1m)* sin(armz) sin(azmy)
— (agm)?sin(a, ) sin(asmy)

+ k% sin(ay ) sin(aymy).

With this, we have the closed-form, analytical solution

u(z,y) = sin(a;mz) sin(aymy).



139

This problem is used as a benchmark test for the performance of our ADD-FBPINN
method. For this purpose, we vary the values of ay,as to increase the difficulty of
the problem. We also use this problem with a; = 1,as = 4 in an ablation study
with standard FBPINNs to gauge the impact of increasing overlap width between

subdomains, detailed in Section 7.2.2.2.
Poisson equation with multiscale features

Next, we study a two-dimensional Poisson equation that is used in [141] given by

—Au=f inQ=][0,1]

(7.29)
u=0 on 0,
where the source term f(z1, ) is
2 .
flz,20) = — Z % sin(w;may ) sin(wiTas), (7.30)
n —
which corresponds to the exact solution
1 n
u(wy, x9) = — Y _ sin(w;ma) sin(w;wzs). (7.31)

n =1
In this case, multiscale features are present in the solution, and we can tune n and

w; to adjust the number of components and the frequency of each component.
Burgers equation

For the final benchmark, we employ two cases of Burgers equation. Case 1 is given

by
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up + uugy — (0.01/m)ug, =0, x€[-1,1], te]0,1]
u(0,x) = —sin(nrz) (7.32)
u(t,—1) =wu(t,1) =0

where v is the viscosity.

We can strongly enforce boundary and initial conditions using the following ansatz:

u(t,z) = —sin(rx)(1 —t) + (1 — 2*)t(NNy(t, z))

We also consider the same PDE with a shifted initial condition, denoted Case 2,

u(0,2) = —sin(mx + %)
u(t,—1) = u(t, 1) (7.33)
U (t, —1) = ug (¢, 1).

For this example, we choose to enforce boundary conditions via a term in the loss

function,
1 Npe ) 1 Npe )
Ly(0) = N S INN(t;, —1,0) = NN (8,1, 0)] + STINNL(t, —1,0) — NN, (t;,1,0)]
be j=1 be j=1

but keep strongly enforced initial conditions with the ansatz:

s V2

u(t,z) = —sin(mx + Z)(l —t)+ 7(1 — 2*)t(NNy(t, 7))

7.2.2.2  Impact of subdomain overlap width

In this section, we perform an ablation study using standard FBPINNs with varying
overlap widths. This ablation study aims first to show that increasing the overlap

width can greatly improve the accuracy of FBPINNs. We demonstrate that there
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exist cases where an FBPINN can fail to accurately capture the dynamics of the
solution, yet when the same network is trained with a larger overlap region, the
prediction from the FBPINN improves significantly. To do this, we fix the number of
subdomains in a non-adaptive FBPINN via Equation 7.4 and vary only the overlap
width. We select examples exhibiting multiscale or high-frequency behavior, which
are known to improve the performance of a standard PINN [123], to isolate the effects
of varying overlap widths on FBPINN accuracy. These are the 1D Sine equation 7.27,
2D Helmbholtz 7.28, and 2D Poisson 7.29. The 2D Helmholtz equation and 2D Poisson
equation are selected as benchmarks for our ADD-FBPINN, and each equation has
multiple cases tested at varying levels of frequency/multiscale features. And so, for
the ablation study, we selected the lowest frequency cases. Specific parameter choices
are described below.

For each test case, we over-saturate the collocation points in the overlapping regions
with the smallest width. The extra collocation points are sampled according to the
following scheme. First, we assign each overlap a density, given by

N
Pbase = @; Nextra = Phase = O ‘Qoverlap|- (7.34)
where N denotes the number of collocation points in each dimension before over-
sampling, |©2| denotes the size of the domain, |Qoyertap| denotes the size of the overlap,
and o > 1 is an oversampling factor that determines how many extra collocation
points will be placed in the overlapping region. For this study, we set a = 4.0 to
ensure that the overlapping regions are indeed oversaturated with collocation points.

We first test this on the 1D Sine ODE in Equation 7.27. The total width of the
overlap between two adjacent subdomains is set via a parameter d, as described in
Equation 7.5. As the overlap width increases, the relative L2 error decreases, as seen
in Table 7.3. On the other hand, simply adding collocation points to the overlapping

regions does not significantly improve accuracy. In fact, we see that when the overlap
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is wider, 0 = 0.3, we still see a reduction in error from the thinner overlap § = 0.1
even when the number of points in the overlapping regions is similar. For our method,
this means the adaptive domain decomposition must capture a wide enough overlap
to ensure high accuracy with the FBPINN. In Fig. 7.16, we plot the predicted and
exact solutions for the cases with and without oversampling in the overlap. As the
errors suggest, the mismatch in dynamics is not recovered from the case without
oversampling. We also visualize the collocation points in the oversampled case in
Fig. 7.17. In contrast, Fig. 7.18 depicts the predicted solutions with narrow overlap
0 = 0.1 and wide overlap 6 = 0.3, and the improvement in the prediction from an
FBPINN with wider overlapping subdomains is clear.

This pattern continues for the 2D examples as well, with errors for the Helmholtz
equation depicted in Table 7.4 and the 2D Poisson equation with multiscale features
in Table 7.5. For Helmholtz, when the points are oversampled in a narrow overlapping
region no meaningful improvement in accuracy is seen. For this case, we also plot the
distribution of collocation points for the cases with narrow overlap with and without
oversampling in the overlap region in Fig. 7.19. In all cases, we see that the reduction
in error is linked specifically to wider overlapping regions, not simply the number of
collocation points in each overlap.

With these results, we conclude that overlap width rather than the density of collo-
cation points in overlapping regions is a dominant factor controlling the accuracy with
FBPINNSs. This is in alignment with the findings in [123] and has a direct implication
for our adaptive domain decomposition framework: it is insufficient for the POUnet
to simply learn the optimal number and placement of subdomains. The learned par-
titions must also exhibit wide enough overlapping regions to ensure smooth blending
between subdomains, which results in higher accuracy for the downstream FBPINN
training. However, the POUnet architectures naturally reward sharp partitions, since

sharp boundaries reduce the approximation error in the POUnet’s own training objec-
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Figure 7.16: Predicted and exact results for the 1D Sine ODE with 2000 base points
(left) and with 2000 base points + oversampling in the overlap (right).

tive (Equation 7.22), because points active in multiple subdomains are represented by
a blend of local polynomial models from the two subdomains which may disagree and
increase error. Left unconstrained, the POUnet learns sharp partitions with insuffi-
cient overlap widths that are well suited for function approximation but ineadequat
for FBPINN training. The adaptive domain decomposition results in the follow-
ing section demonstrate that the Laplacian penalty regularization term increases the

overlap regions between subdomains to allow for effective FBPINN training.

Table 7.3: Relative L2 errors and number of collocation points active in exactly 2
subdomains for the 1D Sine equation with w; = 1 and ws = 45 across a range of
overlap widths 6 = 0.1,0.2, 0.3 and 30 uniform subdomains. The second row denotes
a case where more collocation points were placed in the overlapping regions with an
enrichment factor of 4.0, showing that more collocation points does not substantially
boost accuracy.

Overlap ¢ | Relative L2 error | Num points active in 2 subdomains
0=0.1 7.38 x 1073 533
0=0.1 3.89 x 1072 2206
6 =02 4.67 x 1073 1005
0=0.3 3.59 x 1073 1509

7.2.2.3 ADD-FBPINN results

In this section, we present the results for our ADD-FBPINN approach. All hyper-

parameters for each model can be found in Appendix 7.3.
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Figure 7.17: Collocation points used to solve the 1D Sine ODE with oversample factor
of a = 4.0. Collocation points are plotted along the exact solution. Blue points denote
points in only one subdomain, and red points denote collocation points active in two
subdomains.

Figure 7.18: Predicted and exact results for the 1D Sine ODE with 2000 base points
and an overlap width of § = 0.1 (left) and 6 = 0.3 (right). The wider overlap results
in a more accurate solution.
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Table 7.4: Relative L2 errors and number of collocation points active in exactly 2
subdomains for the 2D Helmholtz equation with a; = 1 and ay = 4 across a range
of overlap widths ¢ = 0.09,0.14,0.19,0.24 and 25 uniform subdomains. The second
row denotes a case where more collocation points were placed in the overlapping
regions with an enrichment factor of 3.0, showing that more collocation points does
not substantially boost accuracy.

Overlap ¢ | Relative L2 error | Num points active in 2 subdomains
0 =0.09 1.46 x 1072 3353
0 =0.09 1.96 x 1072 42,346
0=0.14 1.29 x 1072 4887
0=0.19 5.52 x 1073 6225
0=0.24 1.50 x 1073 7370

Table 7.5: Relative L2 errors and number of collocation points active in exactly 2
subdomains for the 2D Poisson equation with multiscale features with w; = [1,2,4]
across a range of overlap widths 6 = 0.09,0.14,0.19,0.24 and 25 uniform subdomains.
An oversampling factor of a = 4.0 is used.

Overlap ¢ | Relative L2 error | Num points active in 2 subdomains
0 =0.09 1.53 x 1071 7440
0 =0.09 3.10 x 10~ ¢ 44,266
0=0.14 8.33 x 1072 8100
0=0.19 9.07 x 1072 11,245
=0.24 2.84 x 1071 14,876

Helmholtz equation

We first evaluate our ADD-FBPINN on the 2D Helmholtz equation presented in
Equation 7.28. The Helmholtz equation is a classic benchmark for domain decompo-
sition methods [141, 162] because its solution complexity is closely linked to the wave
numbers a; and as. Importantly, anisotropic cases where a; # as produce solution
with very different length scales along each axis, which uniform domain decomposi-
tion cannot efficiently capture with a small number of subdomains. And so, we use
this example to show that our adaptive method can learn decompositions that are
aligned with challenging regions of the solution.

We consider multiple cases by varying the mode number a;, a; with examples rang-
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Figure 7.19: Distribution of collocation points for the 2D Helmholtz equation ablation
study with an overlap width of § = 0.09. 10000 base collocation points are sampled
over the entire domain using Hammersley sampling. Then, extra points are added
to regions where 2 or more subdomains are active with an oversampling factor of
a=4.0.

ing from low-to-high frequency, as well as isotropic and anisotropic cases. The cases
are listed by mode numbers in Table 7.6 with relative L2 errors and number of sub-
domains learned for each case. For each case, we compare the relative L2 errors given
by a baseline PINN, a FBPINN with fixed uniform domain decomposition, and the
ADD-FBPINN. We select a range of overlap widths centered around the baseline
overlap used in our main experiments. The fixed domain decomposition FBPINN
always uses the same number of subdomains learned by the adaptive method to pro-
vide a fair comparison. For all cases, the separable RBF architecture is used for the
POUnet, and the Laplacian penalty term with a weight of A, = 0.0001 is used,
selected based on results from a preliminary sweep over 0.01,0.001,0.0001 based on
training stability and resulting overlap widths.

The baseline PINN’s performance drops in accuracy as the mode numbers increase,
which is consistent with the well-documented failure mode of standard PINNs to

capture the dynamics of high wave-number Helmholtz problems. Our ADD-FBPINN
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improves the error of the fixed DD by one or two magnitudes of error in all cases,
and improves error over standard PINNs by two or three magnitudes of error. In
some cases, the optimal domain decomposition is still mostly uniform, but shifted
slightly to align with regions of high error. For instance, see the subdomains learned
from Case 3 in Fig. 7.20. The partition locations correspond to regions of higher error
given by the initial PINN prediction at Stage 0, by nature of the data-driven POUnet.
The initial PINN has a lower error in the bottom right corner, so the POUnet places
one large subdomain in that region, while the work in the higher-error regions is split
by the remaining subdomains. This demonstrates that the adaptive framework does
not simply impose a uniform domain decomposition strategy, but actually allocates
subdomains in direct response to where the baseline solution is least accurate.

The largest relative gains are found in the anisotropic cases, where a; = 3, a9 = 8
and a; = 1,a9 = 9. In particular, the baseline PINN completely fails to capture any
meaningful dynamics in the highly anisotropic Case 4, but the adaptive framework is
still able to recover and produce an accurate solution. The evolution of predictions
from Stage 0, the initial PINN, to Stage 1, the FBPINN with learned subdomains,
for Case 4 are depicted in Fig. 7.21. Rather than uniform subdomains, the POUnet
adapts the size and placement of each subdomain to the local complexity of the
solution, as seen in Fig. 7.21.

It is also worth noting that the fixed domain decomposition FBPINN, while con-
sistently outperforming the baseline PINN, does not achieve competitive accuracy in
most cases. This is partly due to the fact that we constrain the fixed domain de-
composition FBPINN to the same number of subdivisions learned by the adaptive
method, which is often a small number. Beyond subdomain count, the fixed domain
decomposition is not guaranteed to align with the length scales of the solution. If
more subdomains are used, the fixed decomposition errors improve at the cost of

significant increase in computational cost. This highlights a key advantage of our ap-
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proach: by learning subdomain placements aligned with features of the solution, the
adaptive method achieves high accuracy with fewer subdomains. The POUnet only
requires 2000 iterations to train, which is negligible compared to the cost of training
an FBPINN on a larger number of domains.

Table 7.6: Relative L2 errors for a standard PINN, FBPINN, and ADD-FBPINN
on the 2D Helmholtz equation. Results are shown for a range of wave numbers to
highlight the ability of this method to capture both high-frequency isotropic cases
and high-frequency anisotropic cases.

Case | Mode numbers |  PINN FBPINN | ADD-FBPINN | umber of
subdomains
Case 1l | ay=1,a0=4 | 235 x 1072 | 1.50 x 1073 | 5.88 x 10~ 4
Case 2 | a1 =6,a3=6 | 780 x 102 | 254 x 10 | 6.41 x 1073 4
Case3 | a1 =3,a,=8 | 980 x 10" | 455 x 101 | 3.89 x 103 4
Cascd | ay=1,az=9 | 990x 101 ] 6.02x 102 | 473 x 103 9

Figure 7.20: Results for the 2D Helmholtz equation with a; = 3 and ay = 8. On the
left, we see the predicted, exact, and absolute error for both Stage 0 (initial PINN),

and Stage 1 (ADD-FBPINN). On the right, we see the learned subdomains used as
the domain decomposition in Stage 1.

Poisson equation in two dimensions with multiscale features

We use the 2D Poisson equation from Equation 7.29 to demonstrate the ability of
adaptive domain decomposition to capture multiscale features. Unlike the Helmholtz
equation, where frequency is determined by a pair of wave numbers, the Poisson
equation is constructed as a superposition of n modes of frequencies {w;} ;, like in

[141]. This allows us to directly control the spread and number of scales present in
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Figure 7.21: Results for the 2D Helmholtz equation with a; = 1 and as = 9. On the
left, we see the predicted, exact, and absolute error for both Stage 0 (initial PINN),
and Stage 1 (ADD-FBPINN). On the right, we see the learned subdomains used as

the domain decomposition in Stage 1.

the solution. We consider 4 cases of increasing frequency, and test our ADD-FBPINN
against a baseline PINN and fixed DD FBPINN.

Final relative L2 errors are presented in Table 7.8. In Cases 1 and 2, both the fixed
and ADD-FBPINNs offer modest improvements over the baseline PINN, which is
consistent with the expectation that domain decomposition provides the most benefit
as solution complexity increases. In Case 3, the fixed DD FBPINN only slightly
outperforms than the baseline PINN despite using the same number of subdomains
as the adaptive method. For Cases 1-3, the adaptive approach learns 4 subdomains
that are more or less uniformly placed in the problem domain, similar to the partitions
of the fixed DD FBPINN. So for these cases, placement is not the true gain of the
adaptive approach, but optimal overlap width. While overlap width can be selected
according to the problem in a standard FBPINN, the adaptive approach immediately
finds the correct overlap without the need for hyperparameter tuning, as seen in Fig.
7.22.

A similar effect is present in Case 4 (Fig. 7.23), where the frequency is highest
with w; = [1,2,4,8,16], the fixed FBPINN only slightly outperforms the baseline
PINN, although both cases have higher errors than the ADD-FBPINNs. In this case,
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however, the ADD-FBPINNs learns 16 subdivisions and favors a higher number of
sharp partitions. Because the FBPINN does not reach the same accuracy as the
ADD-FBPINN, this suggests that 16 uniformly-placed subdomains are not enough to
resolve the full scale of the solution, whereas 16 learned subdomains can.By contrast,
the adaptive approach reduces the error by roughly an order of magnitude using the
same subdomain count, by concentrating subdomains where the multiscale structure

of the solution demands it.

Table 7.7: Relative L2 errors for a standard PINN, FBPINN, and ADD-FBPINN on
the 2D Poisson equation with multiscale features. Results are shown for a range of
frequencies.

Case | Frequencies {w; }
Case 1 w=[1,2]
Case 2 w=1[1,2,4]
Case 3| w=1[1,2,4,8]
Case 4 | w = [1,2,4,8,16]

Burgers equation

We use viscous Burgers equation to highlight the ability of the ADD-FBPINN to
accurately subdivide a problem domain not only in space, but also in time. This
example also certifies that the POUnet accurately captures challenging regions of the
solution, specifically, the sharp gradient region that forms around ¢t &~ 0.3. We utilize
two test cases here: first, the standard benchmark version depicted in Equation 7.32
with the sharp gradient located at = = 0.0. Additionally, we consider Equation 7.33,
Table 7.8: Relative L2 errors for a standard PINN, FBPINN, and ADD-FBPINN on

the 2D Poisson equation with multiscale features. Results are shown for a range of
frequencies with training difficulty increasing for each case.

Case PINN FBPINN | ADD-FBPINN | Number of subdomains
Case 1 6.09 x 107* [ 2.89 x 107* | 9.77 x 107° 4
Case 2 1.76 x 1072 | 1.12 x 1073 7.82 x 107* 4
Case 3 1.45 x 1072 | 1.33 x 1072 4.33 x 1073 4
Case 4 842 x 107! | 5.84 x 10~* 4.51 x 1072 16
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Figure 7.22: Results for the 2D Poisson equation with multiscale features for Case
3 with w = [1,2,4,8]. On the left, we have predicted, exact, and absolute error for
both Stage 0 (baseline PINN) and Stage 1 (ADD-FBPINN). On the right, we see the
learned domain decomposition used in Stage 1. In this case, the subdivision is still
uniform, but the adaptive method is able to learn the ideal overlap width.

a non-symmetric variant where the shock is located at x = —0.25.

We test these two cases to confirm that the POUnet does in fact learn subdomains
that are aligned with challenging regions of the problem. In this case, the subdomains
can locate the sharp gradient. The subdomains learned for each case are plotted in
Fig. 7.26. In fact, the POUnet for the periodic equation locate the position of the
sharp gradient at x = —0.25 but also adds a wider overlap at the time where the
shock forms ¢ ~ 0.3.

Relative L2 errors and number of subdomains learned are shown in Table 7.9. Note
that, again, in the case where the shock is located at x = —0.25, the baseline PINN
even outperforms the FBPINN. We compare the predicted solutions and errors for
this case in Fig. 7.25. In Fig. 7.26(b), we see that the subdomains the adaptive
FBPINN learns are aligned with the challenging region of the problem, whereas the
fixed DD subdivisions are uniform. The ADD-FBPINN can even find correct place-
ment for subdomains even for problems where the difficulty arises in space-time. Our
approach offers feature-aligned domain decomposition without the need to define such

subdomains by hand for each problem of interest.
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Figure 7.23: Results for the 2D Poisson equation with multiscale features for Case 3
with w = [1,2,4,8,16]. . On the left, we have predicted, exact, and absolute error for
both Stage 0 (baseline PINN) and Stage 1 (ADD-FBPINN). On the right, we see the
learned domain decomposition used in Stage 1. In this case, the subdivision favors
more subdomains with sharper transitions.

Table 7.9: Relative L2 errors for a standard PINN, FBPINN, and ADD-FBPINN
on Burgers equation. Results are shown for two test cases, one where the shock is
located at = 0 (Equation 7.32), and one where the shock is located at x = —0.25
(Equation 7.33).

Sharp gradi- PINN FBPINN | Adaptive DD FBPINN | Number of
ent location subdomains
=0 9.85 x 1072 | 4.59 x 102 1.26 x 1073 4

r=-—0.25 1.48 x 1072 | 3.11 x 1072 2.75 x 1073 4

7.2.3  Conclusions

We have developed an adaptive domain decomposition framework for FBPINNs in
which the window functions are learned rather than prescribed. POUnets are trained
on an initial coarse PINN solution and the window functions learned are subsequently
used as the subdomains for FBPINN training. No data is needed for the method,
and it is purely physics-informed. We have introduced separable POUnets to enforce
regular shaped subdomains and a Laplacian penalty term to enforce wide enough over-
lapping regions between subdomains. Across three problems, the high frequency 2D
Helmholtz equation, multiscale 2D Poisson equation, and viscous Burgers equation,

the adaptive method consistently outperforms a baseline PINN and fixed FBPINN.
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((a)) Subdomains learned for Burgers Equation ((b)) Subdomains learned for Burgers Equation
7.32 with sharp gradient at x = 0. 7.33 with sharp gradient at x = —0.25.

Figure 7.24: Subdomains learned for various cases of Burgers equation by a POUnet.

The ADD-FBPINN recognizes key features of the solution and proposes subdo-
mains such that the challenging regions of the problem are shared across multiple
subdomains. Further, with the Laplacian penalty term, the adaptive approach can
efficiently find the optimal overlap width between subdomains.

In future work we will consider adding local normalization of the input to the
Laplacian penalty term, similar to the input normalization in FBPINNs that ensures
the relative frequency each subdomain sees is low. We note that the size of the
subdomains shrinks as the number of subdomains increases. When subdomains are
smaller, the sharp transitions between subdomains learned by the POU loss occur
over shorter distances, resulting in window functions having larger second derivatives.
The Laplacian penalty term, then, grows as the size of subdomains decrease, which
results in wider overlaps for small subdomains. At high subdomain counts, this can
result in collapses of the subdomains. To further balance the sharpness enforced
by the POUnet with the overlap regularization, one can normalize the input of the
Laplacian penalty term to [—1, 1]. Normalization allows the POUnet to learn a larger

number of subdomains without overlaps swallowing the unique subdomain territory.
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Figure 7.25: Predicted and exact solution and absolute error for Burgers equation
comparing fixed domain decomposition with a standard FBPINN to that of an ADD-
FBPINN.

This could be beneficial when the complexity of a solution demands a higher number
of subdomains to reach sufficient accuracy, such as the highly anisotropic cases of the
2d Helmholtz problem.

Although the ADD-FBPINN framework can learn irregular shaped domains with
the MLP POUnet, regular subdomains yielded the highest FBPINN accuracy for
the problems studied, likely due to the underlying PDEs having axis-aligned solution
features. Additionally, the current implementation treats learned subdomains as a
rectangle that covers the extent of the subdomain for normalization. This provides
sufficient normalization for approximately rectangular subdomains, but may be less
suitable for irregular subdomains. Developing a normalization approach that con-
siders the geometry of an irregular subdomain is an additional direction for future
work.

In the context of this dissertation, this chapter highlighted the benefit of applying
classical domain decomposition approaches to PINNs and KANs to improve their
numerical stability for problems with complex geometries and high frequency features.

In the following chapter, we explore the intersection of all three pillars of trustworthy



((a))

xr = —0.25.

Fixed domain decomposition used for
Burgers Equation 7.32 with sharp gradient at
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((b)) Subdomains learned for Burgers Equa-
tion 7.33 with sharp gradient at x = —0.25.

Figure 7.26: Comparison between the fixed domain decomposition subdomains and
the learned subdomains for Burgers equation with shock located at x = —0.25. This
case highlights the ability of the adaptive domain decomposition to perform feature-
aligned domain decomposition automatically.

modeling in the machine learning setting. We explore an approach for adaptively

selecting the loss weights to balance the loss landscape of physics-informed deep

operator networks, in which our method offers a tradeoff in accuracy at the benefit

of reduced computational cost.

7.3

Model Hyperparameters

Table 7.10: Ablation Study Parameters

FBPINN Parameter 1d Sine ODE 2d Helmbholtz 2d Poisson
Learning rate 0.001 0.0001 0.0001
Network size [1,64,64,64,64,1] | [2,64,64,64,64,1] | [2,64,64,64,64,1]

Activation function tanh tanh tanh

Collocation points 2,000 40,000 40,000
Batch size 1,000 10,000 10,000
Iterations 40,000 40,000 40,000

RAD resample every 10,000 10,000 10,000

Subdomain count per dim 15 5) )




Table 7.11: PINN Parameters
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PINN Parameters 2d Helmholtz 2d Poisson Burgers
Learning rate 0.0001 0.0001 0.0001
Network size [2,64,64,64,64,1] | [2,64,64,64,64,1] | [2,64,64,64,64,1]

Activation function tanh tanh tanh

Collocation points 40,000 40,000 40,000

Batch size 10,000 10,000 10,000
Iterations 40,000 40,000 40,000
Table 7.12: Fixed DD FBPINN Parameters
FBPINN Parameters 2d Helmholtz 2d Poisson Burgers
Learning rate 0.0001 0.0001 0.0001
Network size [2,64,64,64,64,1] | [2,64,64,64,64,1] | [2,64,64,64,64,1]
Activation function tanh tanh tanh
Collocation points 40,000 40,000 40,000
Batch size 10,000 10,000 10,000
[terations 40,000 40,000 40,000
Number of subdomains Varies Varies Varies
Table 7.13: ADD-FBPINN Parameters
FBPINN Parameters 2d Helmholtz 2d Poisson Burgers
Learning rate 0.0001 0.0001 0.0001
Network size [2,64,64,64,64,1] | [2,64,64,64,64,1] | [2,64,64,64,64,1]
Activation function tanh tanh tanh
Collocation points 40,000 40,000 40,000
Batch size 10,000 10,000 10,000
Iterations 40,000 40,000 40,000
RAD resampling every 10,000 10,000 10,000
Table 7.14: ADD-FBPINN POUnet Parameters
POUnet Parameters | 2d Helmholtz 2d Poisson Burgers
Learning rate 0.001 0.001 0.001
Architecture Separable RBF | Separable RBF | Separable RBF
[terations 2,000 2,000 2,000
Collapse threshold 7=038 7=0.8 7=038
1,4,9,16,25,36, | [1,4,9,16,25,36, | [1,4,9,16,25,36,
POU schedule [49,64,81,100] [49,64,81,100] [49,64,81,100]




CHAPTER 8: EFFICIENT AND ACCURATE ADAPTIVE LOSS WEIGHTING
FOR PHYSICS-INFORMED DEEP OPERATOR NETWORKS

In this chapter, we study accuracy and computational cost in the context of physics-
informed deep operator networks. This work focuses on how accuracy can be improved
by optimizing the balance of loss terms in a PI-DeepONet, and how the balance of the
modeling pillars shifts when doing so. One direction of this research was to explore
the possibilities of physics-informed operator learning, which has recently received a
great deal of focus due to their ability to represent maps between infinite-dimensional
Banach spaces [83, 86, 85, 84]. PI-DeepONets provide a perfect landscape for this
study because they are extremely costly to train, but are desirable due to their ability
to solve problems with little to no data.

Deep operator networks have shown success in a wide range of applications, see,
for example, [163, 164, 165, 166, 167, 168]. Physics-informed DeepONets can train to
satisfy the solution of a differential equation, in a manner analogous to PINNs [169,
170], with successful applications including crack propagation [171], heat conduction
[167], and instability-wave prediction [172].

While PINNs and physics-informed DeepONets [169, 170] have shown tremendous
promise across a wide range of applications, e.g., [171, 172, 167, 58], training PI-
DeepONets can be difficult and can result in large errors when compared with exact
solutions [89]. Recent work on efficient methods for improving the accuracy of PINNs
and PI-DeepONets include schemes that implement causality [173], adaptive point
selection methods [174], iterative methods to successively reduce the prediction in
errors [175, 176, 177, 178, 179], and adaptive weighting schemes [151, 180, 152]. For

a summary of advancements in training in PINNs, see [181].
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In response to the challenge of physics-informed training, adaptive loss weighting
has been shown to be crucial for training both PINNs and DeepONets [79]. Adaptively
updating the loss weights improves training by incentivizing the network to balance
contributions from the various loss terms. For PINNs, loss weights have been used
to address gradient pathologies [182], enforce temporal causality [173, 112], and to
balance residual decay rates [152]. Max-min approaches to loss weight selection have
also shown promise [183] and facilitated the development of auxiliary networks that
dynamically update loss weights [184, 185]. Despite the variety of existing approaches,
these methods often depend on empirical findings, are task-specific, or require addi-
tional networks. In contrast, one method that has emerged for increasing training
accuracy is the use of the Neural Tangent Kernel (NTK) in a weighting scheme in
the loss function in PINNs [79] and PI-DeepONets [89].

The neural tangent kernel was presented in [186] as a theoretical framework for
understanding the dynamics of a network during gradient descent. This work linked
kernel regression to training neural networks by showing that, in the infinite width
limit, a neural network converges to a deterministic kernel during training. Further,
this work showed that the eigenvalues of the NTK characterize the rate at which the
loss function converges, which was then exploited in a loss weight selection algorithm
proposed in [79] and [89]. The NTK has been used to improve training for physics-
informed DeepONets in practice [187], but a limiting disadvantage of this approach
is the increase in computation time required. While the use of the NTK significantly
increases the accuracy of a network, it greatly increases the computational cost at
each iteration.

In this work, we present the use of the conjugate kernel (CK), an efficient ap-
proximation of the NTK, for adaptive weighting for training PI-DeepONets. While
significantly less expensive to compute, we show that the CK provides almost equally

accurate results for PI-DeepONets. We show that the CK can be used to offset the
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training time increase caused by the computation of the NTK for a range of prob-
lems. To provide further best practices for utilizing the CK, we highlight a trend that
emerges within the spectra of the CK during training. It has been shown for the NTK
that a more isotropic kernel spectrum corresponds to improved loss convergence dur-
ing training [?]. The evolution of the NTK spectrum during training was also utilized
to compare the performance of PINNs with physics-informed Kolmogorov-Arnold net-
works [188], suggesting that less variation in the spectrum across iterations indicates
more accurate and efficient loss convergence. Our work confirms these results via
comparison of the NTK and CK spectra. We show that, in cases where a DeepONet
finds an accurate solution operator, the eigenvalues of the CK or NTK matrix quickly
(within 1000 iterations of training) stabilize. In cases where the DeepONet fails to
train, the eigenvalues take longer to converge to a constant spread. This further
suggests that eigenvalues during training can be used to highlight cases where the

more computationally efficient CK might not perform sufficiently, and switching to

the NTK is required.
8.1  The Neural Tangent Kernel and Conjugate Kernel

In this section, we detail the Neural Tangent Kernel and Conjugate Kernel for
DeepONets.

The NTK (often called the empirical NTK) for a deep neural network (DNN) or a
DeepONet is defined as the Gram matrix of the Jacobian of the DNN with respect to
the network parameters [186], originally defined for infinitely-wide neural networks
(NNs). The NTK after training a finite-width NN is referred to as the after kernel
[189]. The CK [190, 191] is a “0O-order” approximation to the NTK, defined as the
Gram matrix of the Jacobian associated with the parameters of the last layer of
a DNN [?]. Here, we are only interested in kernels after training, and so both the
NTK and CK will denote empirical kernels obtained from finite-width NNs after some

amount of training.
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Mathematically, the NTK is represented as the kernel induced by the map

o 0
@NTK,k = éfgkNa k= 172a7|9| (81)

for a feedforward neural network f{, with trainable parameters #. The (empirical)

NTK is then given by

NTK(z,?) := ®nri(2) T @i (2). (8.2)

Denoting the parameters in the last layer of f&y by 6%, the CK is the kernel induced

by the map
9 fin L
d = k=12 ....16"|. 8.3
CK,k 89’% ) ) 4y ) | | ( )
The CK is then defined as
CK(z, %) := ®ek(2) Pk (2). (8.4)

If we define E as the contribution to the NTK for all but the last layer, we can write
the relationship between the NTK and CK as NTK(z, 2) = CK(z, 2) + E(z, 2).

The NTK has been shown to significantly improve the convergence of physics-
informed training, e.g., [79, 89, 177, 192], however it is extremely computationally
expensive to compute, thereby greatly increasing the training time of the NN or
operator network. The CK has been shown to be an efficient approximation of the
NTK, resulting in improved robustness, better conditioning, and increased accuracy

in some test cases [80].
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8.2  Results
8.2.1  Wave equation

We can generalize the wave equation presented in Sec. 7?7 to the operator learning
problem by taking the general initial condition u(z) = 3°_, b, sin(nmx). To generate
each initial condition u we generate a set {b,}>_, of normally distributed random
variables. We train with 1000 random initial conditions as the training set. The
exact solution is given by s(x,t) = 32°_, b, sin(nmx) cos(nmv/2t).

In Table 7?7 we report the relative ¢y errors between the exact solution and results.
We note that the CK error is very close to the NTK error, however, it takes only
about 50% of the computational time to achieve results of this accuracy. While
the CK does not offer additional accuracy over the NTK in most cases, the lower
computational time is a compelling argument for why one may consider using it. We
plot the predicted solution for a representative initial condition and the distribution
of weights throughout the problem domain in Fig. 8.2, which highlights that the CK
weights target generally the same regions as the NTK weights.

To further inspect the performance of the CK as an alternative to the NTK, we
compare the eigenvalues of each kernel at the end of training, also seen in Fig. 8.2. In
particular, we plot the eigenvalues of the submatrices of the NTK/CK that correpsond
to particular loss terms, in this case, the residual, initial conditions, and boundary
conditions. We will see across example problems that the eigenvalues of the CK
appear to be roughly scaled down versions of the NTK eigenvalues. Further, we plot
the eigenvalues at regular intervals during training in Fig. 8.3. We see that, in this
case where the NTK and CK both train successfully, the eigenvalues quickly converge
to some stabilized location. In the next section, we will see a case where this behavior

is not present, indicating a failure to train.
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Fixed NTK (¢ =|CK (¢ =|NTK (¢« =|CK (a =
1.0) 1.0) 0.5) 0.5)
Mean error | 2.84% +12029% £+ | 0.72% + | 1.43% + | 1.46% +
s 1.87% 9.14% 0.60% 0.88% 0.92%
Runtime 2:36:53 6:24:41 3:08.46 6:24:10 3:08:33

Figure 8.1: Wave equation: Relative testing errors at 500 initial conditions, averaged
over 5 different network initializations, and average elapsed time to run on a NVIDIA
A100 GPU.

Figure 8.2: Results using a DeepONet to solve the wave equation. Top Row: Ex-
act solution (left), Predicted solution using the CK (middle), distribution of weights
throughout the space-time domain (right). Middle row: Predicted solution using
the NTK (o = 0.5) (middle) and distribution of weights throughout the space-time
domain. Bottom row: Kigenvalues of the sub-matrices of the NTK and CK corre-
sponding to various loss terms (residual, initial conditions, and boundary conditions,
respectively) calculated at the end of training.

8.2.2  Burgers equation

The viscous one-dimensional Burgers equation with viscosity v and periodic bound-

ary conditions presented in [89, 169] presents a challenge for DeepONets. The system




163

Figure 8.3: Spectrum of various kernels at regular intervals during training for the
wave equation solved with a PI-DeepONet
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is given by

0s 0s 0%s

5% + Som Vot = 0, (z,t) €[0,1] x [0, 1] (8.5)
s(z,0) = u(zx), x € [0,1], (8.6)
s(0,t) = s(1,t), t € [0,1], (8.7)
950 =2500, ten] (8.8)
dx ox 7 T ’

where v is the viscosity. To provide a direct comparison with [89], we follow the pro-
cedure as outlined to generate a training and testing set by selecting initial conditions
u(x) from a Gaussian random field, and train using the same network hyperparam-
eters. The goal is to learn the solution operator mapping a set of initial conditions
u(x) to the set of associated solutions s(x,t). The approximate solution given by the
DeepONet is denoted by Gy.

Results comparing the CK, the NTK, and fixed weights are shown in Table 8.1.
The use of the CK not only leads to comparable or improved test accuracy compared
to the NTK but requires only 42.3% of the training time.

Performance of the DeepONet when v = 0.0001 highlights a scenario in which the
CK is not consistently strong enough to capture the full dynamics of the solution,
with training succeeding only in some cases. To illustrate the performance of the CK
weighting scheme accross multiple trials, we plot testing error box plots in Fig. 8.4.
The CK results are more varied across multiple trained networks when compared to
the NTK. To this point, we plot the spectrum of the kernels after training in Fig.
8.5, Fig. 8.6, Fig. 8.7. It has been shown that the eigenvalues of the NTK, and
subsequently the CK, characterize the rate at which training error decreases [79]. In
most cases, the eigenvalues of CK kernels appear to be "scaled-down" versions of the
eigenvalues for the corresponding NTK kernels. However, in the case of v = 0.0001,

the kernels computed for the initial conditions loss term break this trend.
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We also inspect the behavior of kernel eigenvalues during training to gain insights
on the performance of the CK weighting scheme. One might expect that in cases
where training is robust and efficient, the eigenvalues remain mostly unchanged during
training. We plot the evolution of kernel eigenvalues during training in Fig. 8.8
and Fig. 8.9. It is evident that, in the case of ¥ = 0.01 in which the DeepONets
consistently train well, the eigenvalues quickly converge to a stable spread (Fig. 8.8).
In contrast, in the more challenging case where v = 0.0001, the eigenvalues take

longer to reach their stable values (Fig. 8.9).

Figure 8.4: Burgers Equation: Testing errors on 500 initial conditions, with results
for 5 randomly initialized networks

8.2.3  Stokes flow

It is shown in [89] that 2-dimensional Stokes flow over an object presents a challenge
for DeepONets. In fact, convergence is only achieved when the modified DeepONet

structure is used along with the NTK. Upon investigating the application of the CK
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Figure 8.5: Burger’s equation spectrum at the end of training with v = 0.01 for the
sub-matrices of the NTK or CK corresponding to the residual, initial condition, or
boundary condition loss terms, respectively.

Figure 8.6: Burger’s equation spectrum at the end of training with » = 0.001 for the
sub-matrices of the NTK or CK corresponding to the residual, initial condition, or
boundary condition loss terms, respectively.

Figure 8.7: Burger’s equation spectrum at the end of training with v = 0.0001 for
the sub-matrices of the NTK or CK corresponding to the residual, initial condition,
or boundary condition loss terms, respectively.
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Figure 8.8: Eigenvalues of kernels during training for Burgers equation with viscosity
v = 0.01. The eigenvalues in all cases converge quickly to stabilized value, indicating
accurate and efficient training.

Figure 8.9: Eigenvalues of kernels during training for Burgers equation with viscosity
v = 0.0001. The eigenvalues during training are more dispersed and stabilize slower,
if at all, when compare to other cases. This highlights a difficulty in training.

to the same problem, we uncover a strategy for reducing computation time even in
difficult-to-train cases. As such, we follow the problem setup in [89] to show a direct
comparison for the CK.

In this example we consider Stokes flow of a fluid through a channel from left to
right with an inlet and outlet, bounded above and below by walls with an obstacle in
the middle of the computational domain. Our goal is to learn the operator G mapping
different obstacle shapes to the associated PDE solution (u,v,p), where u = (u,v)

represents the velocity field, and p is the pressure. The associated PDE is given by
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Figure 8.10: Sample results for Burgers equation with v = 0.0001

Figure 8.11: Burgers Equation: Testing errors on 500 initial conditions for v = 0.0001,
with results for 5 randomly initialized networks. This plot includes errors for when
the combination of NTK and CK is applied.

—Au+ Vp =0, (x,y) € Q\I' (8.9)
V-u=0, (x,y) € Q\I' (8.10)
u=0, (x,y) € AyUOT (8.11)

u=g, (z,y) € Ay (8.12)

p=0, (z,y) € A3 (8.13)
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Table 8.1: Results for Burgers equation for a range of viscosities v. The mean and
standard deviation of the relative ¢5 error are over 500 initial conditions in the test
set. Average run times are computed using an NVIDIA A100 GPU.

v Fixed weights NTK weights CK weights
0.01 3.65% +6.26%  0.63% £ 0.50% (o =1) 0.66% + 0.57% (v = 1)
0.001 0.18% + 8.03%  2.80% £ 3.00% (o = 0.5)  3.04% + 3.82% (a = 0.5)
0.0001 25.10% + 9.53% 11.44% £ 5.91% (o = 0.5)  8.34% % 3.62% (a = 1)
Run time (h) 1.582 6.071 2.568

where A is the Laplace operator, Q = [0,1] x [0, 1] denotes the computational

domain and I" represents the obstacle, with boundary OI'. The wall boundaries are
given by Ap, the inlet is given by A, and outlet by Az. The boundary conditions
include a no-slip condition at the wall and obstacle boundaries, an initial velocity at
the inlet of g = (sin(7y),0), and zero-pressure at the outlet. We aim to learn the
operator G mapping obstacles OI' to PDE solutions (u,v,p) where the obstacles are

ellipses centered at (3, 5) with varying axis lengths a,b > 0 :

al'(¢) = (a cos(¢p) + ;, bsin(¢) + ;) , ¢ €1[0,2m). (8.14)

The DeepONet produces an approximate solution operator given by OT o, [ éu), Q’(Sv), ép )]

via minimizing the loss function 7.14:

2 M

£(0) = = SN [TO @0, Go(0r ) (s, (8.15)
=1

where 7 denotes the operators in the loss function; either enforcing the physics
or boundary conditions. We train with a batch size of N = 1000 input closed
curves {OT'G) = [OT'(¢1)@, 0T (¢2) @, ..., O ()]}, evaluated at evenly spaced
grid points {¢}7, € [0, 27]. For each input curve, we calculate the loss with training

data sets {(xg"??y:'])}?:l? {(xl()lc)l,jﬂyll;cl,j) 11‘3:17{<I1(;Zc)2,j7?/gc2,j) £1a{(xlgzc):a,j7ygc3,j)}£1 for
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the residual and boundary conditions, calculated on Q\I', A; UJTL', Ay, and A3 respec-
tively. For training, we set P = 100 and ) = 2500. In the composite loss equation
8.2.3, N* = 2N(QP. To generate the training dataset, a, b are randomly sampled from
a uniform distribution 2/(0.05, 0.3) which creates our set of input curves {OT'W}¥ | ac-
cording to 8.2.3. The testing data set is generated in the same way for an additional
500 curves.

The individual loss terms are as follows. Residual loss is given by

1 N Q ; )
L£F(0) = NT);; ‘Rk (Or®)( M,ym) k=1,2,3. (8.16)
with individual PDE residuals calculated via
. 9Gy” (9T)(x,
REY (O () = ~ DG (0T ) + 200, (817)
. aGP) (0T (x,
R (0T)(z.9) = ~A6§" (@T)(o,y) + -, (8.15)
u) T (v) T
Loss for the boundary conditions are then calculated via
£0 0 = L 525 [160) om0 40 GO @D (), 0 P
ﬁ;; ‘ 0 xbcl]7ybclj ‘ +‘ 0 )('rbCIJbeclj)‘
(8.20)

1 N P : 9
cgmzwzz[\% (OTD) (a1, uhih ;) — sin(ryity )| + |65 (or¢ ><xb22j,y£céj>1]
(8.21)

i (8.22)

1 N P ;
L50(0) = 5 2 22 |G (0T ) (w12 5 vieh )

(8.23)
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We train 5 randomly initialized networks and test over 500 input curves. Predicted
solutions for a representative boundary condition from the testing set found by using
the NTK to select loss weights can be found in Fig. 8.12. For comparison, results
using a DeepONet with CK guided weights can be seen in Fig. 8.13. We also test
the performance of applying a combination of both CK and NTK weights. Here, we
use NTK weights on the residual loss terms, and CK weights on the boundary loss
terms. A combination of CK and NTK weights offers improved performance over just
using the CK, but still offers a reduction in computation time from using the NTK
exclusively. The distribution of testing errors across the testing dataset for each run
are illustrated with box plots in Fig. 8.14. The average of average testing errors
over 5 networks are depicted in Fig. 8.15 and Fig. 8.16. For Stokes flow, utilizing
the CK with a value of a = 0.5 performs consistently well across the board, whereas
using o = 1 is less consistent: sometimes achieving a low error and other times failing
to capture the dynamics completely.

For Stokes’ flow, the spectrum for the conjugate kernels in the cases that fail to
train differ significantly from the spectrum of the corresponding NTK. This is seen in
Fig. 8.17, where we plot the eigenvalues of the CK and NTK at the end of training
for two cases: one in which a solution is reached and one where training fails. Further,
the rate at which the eigenvalues stabilize during training correlates to the success of
training, highlighted in Fig. 8.18. Thus, the eigenvalues of the kernels provide insight
as to (1) when switching from the CK to NTK weights is necessary, and (2) which
loss terms need the added robustness of the NTK.

We also calculate the weight distribution over the domain during training for the

PDE residual loss as in [89], with weight distribution plotted in Fig. 8.19:

IH]|
IVoRY (OT) (2, )13

A (OT) (2, y) =

T

k=123 (8.24)
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Figure 8.12: Stokes flow sample results exact, predicted, and absolute error for a
representative boundary condition from the testing set using the NTK with a = 0.5.

8.3  Conclusions

We have shown that the CK is an efficient approximation of the NTK, and can
result in similar training accuracy for PINNs and physics-informed DeepONets, while
significantly reducing the computational time. In the cases presented, the CK results
have errors quite similar to the NTK in most cases, including outperforming the
NTK for the smallest viscosity for the viscous Burgers equation. While the accuracy
is similar between the two weighting schemes, using the CK rather than the NTK
cuts the training time by roughly two thirds, and for this reason, the CK should be
considered as an alternative for the NTK when training physics-informed DeepONets.

This work also highlighted the importance of the NTK/CK eigenvalues as a signal
during training as to whether the network will reach an accurate solution or not. We
showed that, consistent with all example problems, the eigenvalues converge quickly
in cases where the network trains successfully, and are more spread out in more
challenging cases. This insight can be utilized to flag cases in early training that will
require the additional robustness of the NTK.

This work highlighted an important trade-off in computational cost, modeling er-

ror and numerical stability. In the next chapter, I synthesize all the results from this
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Figure 8.13: Stokes flow sample results exact, predicted, and absolute error for a
representative boundary condition from the testing set using the CK with a = 0.5.

dissertation to provide a clear picture of the interplay between classical and modern
modeling approaches, as well as the importance of prioritizing not only numerical sta-

bility, but also modeling error and computational cost when building reliable models.
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Figure 8.14: Stokes flow: Box plots of testing errors over 100 various obstacles over 5
network runs. The points denoted by red crosses are outliers, which extend past 1.5x
the inter-quartile range of the box.

NTK NTK/CK CK

Mean error u | 2.75%=+0.89% | 36.49% + | 60.29% +

Mean error v | 8.14% £ 3.3% | 2.02% 0.22%

Mean error p | 5.48%+3.29% | 40.31% + | 68.35% +
4.75% 4.14%
43.52% + | 76.80% +
4.46% 4.29%

Runtime 2:54:00 2:22:12 1:46:12

Figure 8.15: Stokes flow: Mean testing errors at 500 testing ellipse sizes, averaged
over 5 different network initializations, and average elapsed time to run on a NVIDIA
A100 GPU. The NTK/CK case computes NTK weights for the residual loss terms,
and CK weights for the boundary loss terms. All cases have o = 1.
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NTK NTK/CK CK
Mean error v | 4.71%+1.89% | 5.31%+2.92% | 3.34%=+1.24%
Mean error v | 11.93% + | 10.61% + | 8.42%+1.60%

Mean error p | 2.41% 2.92% 5.05%+1.99%
7.10%+2.88% | 7.29%+3.71%
Runtime 2:54:00 2:22:48 1:46:48

Figure 8.16: Stokes flow: Mean testing errors at 500 testing ellipse sizes, averaged
over 5 different network initializations, and average elapsed time to run on a NVIDIA
A100 GPU. The NTK/CK case computes NTK weights for the residual loss terms,

and CK weights for the boundary loss terms. All cases have o = 0.5.

Figure 8.17: Stokes flow. Top row: Spectrum of residual kernels with respect to u, v, ¢
using the NTK and CK for a case in which the DeepONet fails to reach a solution.
Bottom row: Spectrum of residual kernels with respect to u, v, ¢ using the NTK and
CK for a case in which the DeepONet trains successfully.
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Figure 8.18: Eigenvalues during training for Stokes’ flow

Figure 8.19: Stokes flow sample results for the NTK with o = 1 and weight distribu-
tion for the residual kernels



CHAPTER 9: DISCUSSION AND FUTURE WORK

The work presented in this dissertation suggests that trustworthy scientific com-
puting requires careful consideration of numerical accuracy, modeling error, and com-
putational cost. Across a range of classical and machine learning-based modeling ap-
proaches, we have demonstrated that improving one of these aspects often introduces
new considerations for the others. Rather than treating these pillars as independent
objectives, reliable scientific computing requires understanding their interactions and
balancing them according to the needs of the application.

The first part of this dissertation focused on these modeling objectives through the
lens of classical numerical methods and model reduction. In Chapter 2, we showed
that classical stability analysis for numerical SDE schemes is dependent on the bench-
mark chosen, with more sophisticated themes performing worse than simplistic ones
depending on the benchmark used. Thus, we established the need for careful consid-
eration when benchmarking novel schemes as well. In Chapter 3, we introduced full
probability law modeling error analysis for a hierarchy of coarse-grained approaches,
showing the benefits of expanding upon traditional equilibrium stability analysis.
Again, we see that there is often more to the picture than standard benchmarking
and analysis provide. In Chapter 4, we revisit the coarse-graining analysis, this time
through the lens of relaxation time error. In future work, we hope to develop an
algorithm that selects optimal resolved variables for coarse-graining that uses this
estimate as an objective function.

The second part of this dissertation focused on developing and testing novel ma-
chine learning methods for fluid simulations. In Chapter 6, we developed a novel

stacking approach for PINNs that leveraged multifidelity training to iteratively refine
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the solution. In Chapter 7, we explored the classical approach of domain decomposi-
tion to improve the training of PINNs and KANs. And in Chapter 8, we focused on
the use of adaptive loss weighting via the conjugate kernel for PI-DeepONets, which
allowed us to explor a setting in which accuracy, efficiency, and modeling error have
a noticeable trade-off. Future work regarding these projects will be to incorporate
more rigorous numerical analysis regarding their performance and also applying these

approaches to large-scale problems.
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